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Abstract. For developing an algebraic theory of functions on a locally compact groupoid, one needs an analogue 
of Haar measure on locally compact groups. This analogue is a system of measures, called Haar system, subject to 
suitable invariance and smoothness conditions called respectively "left invariance" and "continuity". Unlike the 
case of locally compact group, Haar system on groupoid need not exists, and if it does, it will not usually be unique.  
However on locally compact second countable groupoids one can construct systems of measures satisfying "left 
invariance" condition. But the continuity assumption has topological consequences for groupoid. It entails that the 
range map (and hence the domain map) is open (Proposition I. 4 [14]). A. K. Seda has proved that the "continuity" 
condition is crucial in construction of the groupoid C*-algebra ([13]). 

In this paper by a pre-Haar system we shall mean of system of Borel measures satisfying "left invariance" 
condition. The "continuity" condition is a consequence of "left invariance" condition for any locally compact 
second countable transitive groupoid. Let G be a second countable locally compact groupoid (not necessarily 
transitive) with a given a pre-Haar system. We shall prove that there is a reduction G|L such that we can replace the 
topology induced from G on G|L with a locally compact topology having the property that the pre-Haar system is 
Haar system on G|L. The reduction G|L is an inessential reduction with respect to each transitive measure induced 
by the pre-Haar system. If all orbits of G are locally closed, then the reduction G|L can be taken to be the entire G.   
Therefore, replacing the topology on G (and eventually passing to a reduction), any pre-Haar system can be viewed 
as a Haar system, and consequently, one can construct a C*-algebra associated with the pre-Haar system.   

 
 

1. Definitions and Notation 
 

For establishing notation, we include some 
definitions that can be found in several places (e.g. [3], [6], 
[7] and [9]). A groupoid is a set G, together with a 
distinguished subset ( ) GGG 2 ×⊂ , and two maps: a 
product map  
 ( ) ( ) Gxyy,xG 2 ∈∋  
and an inverse map 
 GxxG 1∈∋ −   
such that the following relation are satisfied: 

(1) ( ) xx
11 =
−−  

(2) If ( ) ( )2Gy,x ∈  and ( ) ( )2Gz,y ∈ ,  then 

( ) ( ) ( )2Gyz,x,z,xy ∈ ,   and  ( ) ( )yzxzxy =  

(3) ( ) ( )21 Gx,x ∈− ,  and if ( ) ( )2Gx,y ∈ ,  then 

( ) yxyx 1 =− . 

(4) ( ) ( )21 Gx,x ∈− ,  and if ( ) ( )2Gy,x ∈ ,  then  

( ) yxyx 1 =− . 
The set G(2) is called the set of composable pairs. 

The maps r and d on G, defined by the formulae r(x) =xx-1 
and d(x) =x-1x, are called the range and the source maps. It 
follows easily from the definition that they have a common 
image called the unit space of G, which is denoted G(0).  Its 
elements are units in the sense that xd(x) =r(x)x=x. Units 
will usually be denoted by letters as u, v, w while arbitrary 
elements will be denoted by x, y, z. It is useful to note that 
a pair (x,y)  lies in G(2) precisely when d(x) =r(y), and that 
the cancellation laws hold (e.g. xy=xz if and only if  y=z). 
The fibres of the range and the source maps are denoted Gu 
=r-1 ({u})  and Gu

 =d-1 ({u}), respectively.  For u and v in 
G(0), u

vG  = Gu ∩ Gv. It is easy to note that u
uG  is a group, 

called the isotropy group at u.   More generally, given the 
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subsets A, B of G(0), we define GA =r-1(A) , GB =d-1(B) and 
( ) ( )BdArG 11A

B
−− ∩= . The reduction of G to a subset A is 

G|A= A
AG . The reduction G|A is a subgroupoid of G for 

any A. If A and B are subsets of G, one may form the 
following subsets of G: 

AB = { }xyz,By,Ax:Gz =∈∈∈  

A-1 = { }Ax:x 1 ∈− . 

The relation u ~ v if and only if u
vG  ≠ φ is an 

equivalence relation on G(0). Its equivalence classes are 
called orbits and the orbit of a unit u is denoted [u]. A 
groupoid is called transitive if and only if it has a single 
orbit. The quotient space for this equivalence relation is 
called the orbit space of G and denoted G(0)/G. A subset of 
G(0)  is said saturated if it contains the orbits of its elements. 

A topological groupoid consists of a groupoid G 
and a topology compatible with the groupoid structure. 
This means that: 

(1) x → x-1 [:G →G]  is continuous 
(2) (x, y) → xy [:G(2) →G]  is continuous  

where G(2) has the induced topology from G × G. 
We are exclusively concerned with topological 

groupoids It was shown in [8] (Theorem 4.1/p.330) that 
measured groupoids (in the sense of Definition 2.3/p. 6 [3]) 
may be assume to have a locally compact topology, with no 
loss in generality. If X is a locally compact space, Cc(X)  
denotes the space of complex-valuated continuous 
functions with compact support. The Borel sets of a 
topological space are taken to be the σ-algebra generated 
by the open sets.  By a measure we always mean a 
countable additive σ-finite positive measure. By a Borel 
measure we mean a measure which is finite on compact 
sets.  If X and Y are Borel spaces, p : X → Y a Borel map 
and λ a probability measure on Y, by  p*(λ) we denote the 
measure E → λ(p-1(E)). If λ is not a probability we can 
choose a probability µ in the class C of λ and define p*C  as 
the class of p*(µ). The class p*C depends only on C.  

 
2. Haar systems on locally compact groupoids 
 

There are several generalizations of the classical Haar 
measure associated with a locally compact topological 
group to the setting of a locally compact topological 
groupoid (see [3], [9], [11], [12], [15]). Now in general use 
is the definition adopted by Jean Renault in [9] : 

A (left) Haar system on a locally compact groupoid G 
is a family of (positive) Radon measures ( )}Gu,v{ 0u ∈  
with the following properties:  

1) supp( uv )= uG for all u ∈ G(0) 
2) For all f∈Cc(G), the map  

u → ∫ )y(dv)y(f u  

is continuous 
3) For all x ∈ G and all f∈Cc(G)  

∫ ∫= )y(dv)y(f)y(dv)xy(f )x(r)x(d  

 
Unlike the case of locally compact group, Haar system 

on groupoid need not exists, and if it does, it will not 
usually be unique. The continuity assumption 2) has 
topological consequences for G. It entails that the range 
map r : G →G(0), and hence the domain map r : G →G(0) is 
an open (Proposition I.4 [14]). A. K. Seda has proved that 
if for all u in G(0) the map ru : Gu →G(0), ru(x)=r(x) is open, 
then the continuity assumption 2) follows from the left 
invariance assumption 3) (Theorem 2/page 430 [11]). 
Renault has proved that a locally compact group bundle (a 
groupoid with the property that r(x) =d(x)  for all x) admits 
a Haar system if and only r is open (Lemma 1.3/p. 6 [10]). 
In [13] A. K. Seda has proved that the continuity condition 
2) is essential in the construction of the usual C*-algebra 
associated with a Haar system on G. 

In the sequel we shall call a pre-Haar system a family of 
positive Borel measures on G having the properties 1) and 
3) in the above definition. We shall show how to change the 
topology of G such that the continuity condition 2) hods 
automatically from 1) and 3). First we shall note that the 
condition 3) is a consequence of condition 2) for any 
second countable locally compact transitive groupoid. Then 
we shall consider a compact second countable locally 
compact groupoid G with a given a pre-Haar system. We 
shall prove that there is a reduction G|L such that we can 
replace the topology induced from G on G|L with a locally 
compact topology having the property that the pre-Haar 
system is a Haar system on G|L. The reduction G|L is an 
inessential reduction with respect to each transitive measure 
induced by the pre-Haar system. If all orbits of G are 
locally closed then the reduction G|L can be taken to be the 
entire G. Therefore, replacing the topology on G (and 
eventually passing to a reduction), any pre-Haar system can 
be viewed as a Haar system, and consequently, one can 
construct a C*-algebra associated to the pre-Haar system.   

 
Definition 1. Let G be a locally compact groupoid. A 

pre-Haar system on G is a family of (positive) Borel 
measures ( )}Gu,v{ 0u ∈  with the following properties:  

1. (1) uv  concentrated on uG  (∀) u ∈ G(0). 
2. (2)  For all x ∈ G and all Borel nonnegative function 

f:G → C 

∫ ∫= )y(dv)y(f)y(dv)xy(f )x(r)x(d  

 
Definition 2. Let G be a locally compact groupoid 

and let ( )}Gu,v{ 0u ∈  be a pre-Haar system on G. The 

pre-Haar system ( )}Gu,v{ 0u ∈  is said continuous at u0 if 
for all f∈Cc(G), the map 

u → ∫ )y(dv)y(f u  

is continuous at u0. The pre-Haar system is said continuous 
if it is continuous at every unit.  
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If the pre-Haar system ( )}Gu,v{ 0u ∈  is continuous 

and if supp(vu) = uG for all u ∈ G(0), then obviously it is a 
Haar system.  

 

Proposition 3. Let G be a locally compact transitive 
groupoid which is second countable. Let ( )}Gu,v{ 0u ∈  be 
a pre-Haar system on G. Then the pre-Haar 

( )}Gu,v{ 0u ∈ is continuous.(see Theorem 4.4/page 42 [1]). 

 
Remark 4. Let G be a locally compact second 

countable groupoid endowed with a pre-Haar 
system ( )}Gu,v{ 0u ∈ .  Let us consider an orbit [u]. Then 

(G|[u], ]}u[w,v{ w ∈  can be viewed as a measured 
groupoid (Definition 3.11/p. 39 [3]). According to Lemma 
4.5/p. 277 [7] all classes of measures determined by d*( vw) 
with w ∈ [u] are equivalent. We shall called a transitive 
measure a measure belonging to the class d*( vw).  
 
 
3. A locally compact topology in which G is a 

topological groupoid and the pre-Haar system 
( )}Gu,v{ 0u ∈  is a Haar system  

 
Let G be a locally compact groupoid, which is second 

countable, let ( )}Gu,v{ 0u ∈  be a pre-Haar system on G. 
Let us denote τ0 the topology of G.  Let us assume that 

transitive all orbits are locally closed with respect to τ0.  
For each orbit [u], let us denote by τ[u] the topology on the 
transitive component G|[u] induced from ( G, τ0). Let τ be 
disjoint union topology on  [ ]

[ ]u
u|G . Then G endowed 

with τ is a topological locally compact groupoid. The 
topologies induced by τ0 and τ on G|[u] are the same for 
every orbit [u]. Consequently the topologies induced by τ0 
and τ on each fibre Gu coincide. Therefore each measure vu 
can be viewed as a Borel measure on Gu with respect to 
both topologies. Now let us endowed G with the disjoint 
union topology. The orbits of the groupoid are open in the 
unit space. Applying Proposition 3, it results that the pre-
Haar system is continuous on each orbit [u] endowed with 
the topology induced from G(0). (note that ]}u[w,v{ w ∈  is 
a pre-Haar system on the locally compact second countable 
transitive groupoid G|[u]). Since each orbit is open in G(0), it 
follows that the pre-Haar system ( )}Gu,v{ 0u ∈  is in fact 
continuous in the sense of Definition 2.  Consequently, 

( )}Gu,v{ 0u ∈  is a Haar system on G endowed with the 
disjoint union topology.  Therefore we can state the 
following result: 
 

Proposition 5. Let G be a locally compact second 
countable groupoid with all orbit locally closed. Let 

( )}Gu,v{ 0u ∈  be a pre-Haar system on G. If supp( uv )= 
uG  for all u ∈ G(0)

., then we can endowed the groupoid G 
with a finer locally compact topology, such that 

( )}Gu,v{ 0u ∈  is Haar system on G with respect to the new 
topology.  

 
If an orbit [u] is not locally closed, then the topology on 

G|[u] is not locally compact. However, using the fact that 
]}u[w,v{ w ∈  is an invariant system of measure on G|[u] 

and a result in [8] (Theorem 4.1/p. 330), we can replace 
G[u] with an inessential reduction (with respect to d*(vw)) 
which has a locally compact topology in which it is a 
topological groupoid.  

We shall introduce a slight different approach for 
constructing a locally compact topology on G|[u]. We shall 
need the following lemma: 

 
Lemma 6. Let X and Y be metric spaces and let f : X 

→Y. If A is a σ-compact subset of X, K1, K2, …, Kn,… is a 
sequence of compact sets whose union is X, and Kn|f  is 
continuous for each n, then there is a Borel function g: f(A) 
→ A such that g(f(Kn))⊂Kn for each n and f(g(y))=y for all 
y in A. 

 
Lemma 5 is a slight reformulation (according to [8] p. 

317 or Lemma 4.12/ p. 99 [6], based on a result of Federer 
and Morse [2] , of the following lemma proved by Mackey, 
Lemma 1.1 [5]: 

 
Lemma 7. If X and Y are second countable, locally 

compact spaces, and f: X →Y is a continuous open 
function onto Y, then f has a regular cross section. This 
means that. there is a function g:Y→ X such that f(g(y))=y 
for all y in Y, and g(K) has compact closure in X for each 
compact set  K in Y. 

 
Let µ be a probability measure belonging to the class of 

d*(vw). We shall assume that G has a second countable 
locally compact topology. Thus G is a metric space and so 
is [u].  The fibre Gu is σ-compact and consequently we may 
apply Lemma 6 to the continuous surjection d:Gu →[u]. 
Thus, if K1, K2, …, Kn,… is an increasing sequence of 
compact sets whose union is Gu, then there is a Borel 
function σ : [u] → uG  such that d(σ(u))=u for all u in [u0] 
and σ(d(Kn))⊂Kn.  Since σ is a Borel function on [u] there 
is a sequence L1, L2, …, Lm, …. of  disjoint compact sets in 
[u] whose union L is conull, such that for each m, 

mL|σ  is 

continuous.  Let  
Gn,m = {x∈G|L : d(x) ∈ Ln and  r(x) ∈ Lm} 

and let ϕn,m : Gn,m → Lm × u
uG  × Ln be defined by 

ϕn,m(x) = (r(x), σ(r(x))xσ(d(x))-1, d(x)). 
It is easy to note that ϕn,m is a bijection whose inverse is 
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(u, z, v)  → σ(u)-1zσ(v). 
 The continuity of  

mL|σ  for all m, implies that ϕn,m is a  

homeomophism for all m and n.  Since u
uG  is a locally 

compact space and Lm is a compact space for each m, it 
follows that Lm × u

uG  × Ln is a locally compact space.  
Hence Gn,m is a locally compact space. The groupoid G|L is 
algebraically the disjoin union

( )m,n
m,nG .  Giving G|L the 

disjoint union topology, we obtain a locally compact 
topology on G|L. It is straightforward to verify that G|L 
(endowed with the disjoint union topology) is a topological 
locally compact groupoid.  Let us note that any compact set 
with respect to the disjoint union topology intersects only a 
finite number of sets Gn,m. The intersection with each Gn,m 
is also a compact set. The induced topology from the initial 
topology of G and the induced topology from the disjoint 
union topology coincide on Gn,m. Therefore any compact 
subset of  Gn,m is a compact subset of G|L. Consequently, 
any compact set in the disjoint union topology is compact 
in G|L and also in G. The measures in the pre-Haar system 
can be view as Borel measures with respect to the disjoint 
union topology.  Applying Proposition 3, to the transitive 
groupoid G|L the pre-system }Lw,v{ w ∈  is in fact a Haar 
system. Now we can replace each transitive component 
G|[u] by an inessential reduction of the form 

⎥⎦
⎤

⎢⎣
⎡u

L|G described above. Giving 
[ ]u uL|G

⎥⎦
⎤

⎢⎣
⎡

the disjoint 

union topology one obtains a topological locally compact 
groupoid.  The initial pre-Haar system can be viewed as a 
Haar system on this groupoid.  Consequently, we obtain the 
following result: 
 

Theorem 8. Let G be a locally compact second 
countable groupoid. Let ( )}Gu,v{ 0u ∈  be a pre-Haar 
system on G. For each orbit [u], let µ[u] be the 
corresponding essentially unique transitive probability 
measure.  Then for each orbit [u] there is µ[u] - conull 
locally compact subset L[u]. Giving 

[ ]u uL|G
⎥⎦
⎤

⎢⎣
⎡

the disjoint 

union topology one obtains a topological locally compact 
groupoid for which the pre-Haar system }Lu,v{ u ∈  can 

be viewed as a Haar system, where L = [ ]
[ ]
∪
u

uL .   

 
4. References 
 
[1] Buneci, M., Haar systems and homomorphism on 
groupoids, to appear in Proceedings of the 4th Operator 
Algebras and Mathematical Physics Conference, Constanta  
2001, Theta Foundation. 
[2] Federer, H. and Morse, A., Some properties of 
measurable functions, Bull. Amer. Math. Soc, 49 (1943), 
270-277. 

[3] Hahn, P., Haar measure for measure groupoids, Trans. 
Amer. Math. Soc. 242 (1978)1-33. 
[4] P. Hahn, The regular representations of measure 
groupoids, Trans. Amer. Math. Soc. 242(1978), 34-72. 
[5] Mackey, G.,W., Induced representations of locally 
compact groups. I, Ann. of Math., 55 (1952) 101-139. 
[6] Muhly, P., Coordinates in operator algebra, Book in 
preparation. 
[7] Ramsay, A., Virtual groups and groups actions, Adv. in 
Math. 6(1971), 253-322. 
[8] A. Ramsay, Topologies on measured groupoids, J. 
Functional Analysis 47 (1982), 314-343 
[9] Renault, J., A groupoid approach to C∗- algebras, 
Lecture Notes in Math. Springer-Verlag, 793, 1980. 
[10] Renault, J., The ideal structure of groupoid crossed 
product C∗- algebras, J. Operator Theory, 25 (1991), 3-36 
[11] Seda, A. K., A continuity property of Haar systems of 
measures, Ann. Soc. Sci. Bruxelles 89IV (1975), 429-433.. 
[12] Seda, A. K., Haar measures for groupoids, Proc. 
Royal Irish Acad. 76, Sec. A, no. 5, (1976), 25-36.. 
[13] Seda,, A. K., On the continuity of Haar measure on 
topological groupoids, Proc. Amer. Math. Soc., 96 (1986), 
115-120. 
[14] Westman, J., Nontransitive groupoid algebras, Univ. 
of California at Irvine, 1967. 
[15] Westman, J., Harmonic analysis on groupoids, Pacific 
J. Math.  27 (1968), 621-632. 
 
 
  
Universitatea Constantin Brâncuşi din Târgu-Jiu 
Bulevardul Republicii, Nr. 1, 1400 Târgu-Jiu, 
Romania 
email: ada@utgjiu.ro 


