The equality of the reduced and the full
(C*-algebras and the amenability of a topological
groupoid

Madalina Buneci

to appear in Recent advances in operator theory, operator algebras, and their
applications, 61-78. Oper. Theory Adv. Appl., 153, Birkhauser, Basel, 2005.

Abstract

C. Anantharaman-Delaroche and J. Renault have proved that the
amenability of a topological locally compact groupoid implies the equality
of the reduced and the full C*-algebras. In this paper we shall prove the
converse assertion under a technical hypothesis. We shall prove that if G is
a locally compact second countable groupoid endowed with a Haar system
having ”a bounded decomposition over the principal groupoid associated
to G”, then the equality C;.,(G) = C* (G) implies the amenability of
all quasi-invariant measures. In order to prove this we shall see that the
inequality ||IT, (f)|| < ||Reg. (f)|| for all f € C.(G) implies a similar
inequality for all f € I (G,v, ) (where Reg, is the left regular represen-
tation of C.(G) on a quasi invariant measure p, and II, is the trivial
representation on ).
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1 Introduction

For establishing notation, we include some definitions that can be found in
several places (e.g. [5], [7], [9], [12]). A groupoid is a set G endowed with a
product map

(z,y) = zy [: G? - G]

where G is a subset of G x G called the set of composable pairs, and an inverse
map

r—r ' [G =G



such that the following conditions hold:

() If (z,y) € GP and (y,2) € G?), then (zy,2) € G, (z,yz) € G? and

(wy) 2 =z (yz2).
2) (z~ ) =czforalzed.

)Forallz € G, (z,27!) € G?), and if (2,7) € G, then (22)z7! = 2.
4) Forall z € G, (z7%,2) € G?, and if (z,y) € GP, then 27! (zy) = y.

The maps r and d on G, defined by the formulae r (z) = zz~! and d(z) =
z~ 'z, are called the range and the source maps. It follows easily from the
definition that they have a common image called the unit space of GG, which
is denoted G(®). Tts elements are units in the sense that zd (z) = r (z)z = .
Units will usually be denoted by letters as u, v, w while arbitrary elements will
be denoted by z, y, z. It is useful to note that a pair (z,y) lies in G®@) precisely
when d (z) = r (y), and that the cancellation laws hold (e.g. zy = zz iff y = 2).
The ﬁbres of the range and the source maps are denoted G* = r=1 ({u}) and

G, = d=' ({v}), respectively. More generally, given the subsets 4, B C G,
we define GA = r~! (A), Gg = d"'(B) and G4 = r~* (A) Nd~' (B). The
reduction of G to A C G(¥ is G|A = G4. The relation u v iff G¥ # ¢ is
an equivalence relation on G(®). Its equivalence classes are called orbits and
the orbit of a unit u is denoted [u]. A groupoid is called transitive iff it has a
single orbit. The quotient space for this equivalence relation is called the orbit
space of G and denoted G©/G. 7 : G — G)/G,x (u) = u is the canonical
projection. A subset of G(°) is said saturated if it contains the orbits of its
elements.

A topological groupoid consists of a groupoid G and a topology compatible
with the groupoid structure. This means that:

(1) z —» 27! [: G — @] is continuous.

(2) (z,y) [ G® — @] is continuous where G has the induced topology
from G x G.

We are exclusively concerned with topological groupoids which are second
countable, locally compact Hausdorff. It was shown in [10] that measured
groupoids (in the sense of Definition 2.3./p. 6 [5]) may be assume to have
locally compact topologies, with no loss in generality. A subset U of G is said
conditionally compact if for every compact subset K of G(©), U nr~! (K) and
UnNd~! (K) is compact in G. If G is locally compact and G is paracompact
then G has a fundamental system of conditionally compact neighborhoods
(Proposition I1.1.9/p.56 [12]). If X is a locally compact space, C. (X) denotes
the space of complex-valuated continuous functions with compact support. The
Borel sets of a topological space are taken to be the o-algebra generated by the
open sets.

Let G be a locally compact second countable groupoid equipped with a Haar
system,.i.e. a family of positive Radon measures on G, {v*, u € G(?'}, such that

1) For all u € G, supp(v*) = G*.
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2) For all f: G — C continuous with compact support,

u— /f (z)dv" (z) [: G0 - C]

is continuous.
3) For all f: G — C continuous with compact support, and all z € G,

[twar® e = [ f@ate

As a consequence of the existence of continuous Haar systems, r,d : G —
G® are open maps ([14]).

The construction of the C*-algebra of a groupoid extends the well-known
case of a group. The space of continuous functions with compact support on
groupoid is made into a x-algebra and endowed with the smallest C*-norm
making its representations continuous. Let C. (G) be the space of continuous
functions with compact support on the groupoid G. For f, g € C.(G) the
convolution is defined by:

frg(e / fay)g (yh) '™ ()

and the involution by

fr@)=f ).

Under these operations, C. (G) becomes a topological x-algebra. A representa-
tion of C. (@) is a *-homomorphism from C. (G) into B (H), for some Hilbert
space H, that is continuous with respect to the inductive limit topology on
C. (G) and the weak operator topology on B (H). The full C*-algebra C* (G)
is defined as the completion of the involutive algebra C. (G) with respect to the
full C*-norm

1£1] = sup [IL ()]

where runs over all non-degenerate representation of C. (G) which are continu-
ous for the inductive limit topology. Let us single out a special class of repre-
sentations of C. (G) that serve as analogues of the regular representation of a
group. If u is a measure on G(*), then the measure v = [ v*du (u), defined by

/f dv (y /(/f ) dv* ) u(u), f >0 Borel

is called the measure on G induced by u. The image of v by the inverse map
x — =1 is denoted v~!. p is said quasi-invariant if its induced measure v is
equivalent to its inverse »~! A measure belongings to the class of a quasi-
invariant measure is also quasi-invariant. We say that the class is invariant. If



@ quasi-invariant measure, then Indu (f) is the operator on L? (G, 1/’1) defined
by formula

Indp (f)€(x) = fx£(2)

and Ind, (f) is the operator on L> (G, (V“)_l) defined by formula

Ind, ()€ (@) = £ (@) = [ £an) € (u™") do )

The reduced C*-algebra C,, (G) is defined as the completion of the involu-

tive algebra C. (G) with respect to the reduced C*-norm

/1l = llTndw ()]

If i1 is a quasi invariant measure with supp (1) = G, then

||f||’r‘ed = ||Ind,u (f)”

If 1 is a quasi-invariant measure on G©) and v is the measure induced on G,
then the Radon-Nikodym derivative A = dl‘f’il is called the modular function of

Let 1(G,v,p) = {f € L' (G,w0),IIf,,, < oo}.

Under the convolution and the involution, I (G, v, u) becomes a Banach x-
algebra.

Every representation (1, G(*) x H, L) (see Definition 3.20/p.68 [7]) of G can
be integrated into a representation, still denoted by L, of I (G, v, u). The relation
between the two representation is:

w. Let v = A=zp.
For f € L' (G,vp) define

w— /|f|du“

w— /|f*|du“

£l = max{

)
oo

(L(f)&,&) = /f (@) (L (2) & (d (2)) , & (r (2))) A2 (@) dv* () dpuy (u)

where f € I(G,v,p), &,6 € f(e;w) H (u) dp (u).

Conversely, every non-degenerate x-representation of any suitably large -
algebra of I (G, v, u) is obtained in this fashion (see [6], [12]).

We denote by C* (G, v, 1) the completion of I (G, v, ) with respect to the
norm

1f1l = sup[[L (D)l

where L ranges over all representation of (G, v, ).



The (left) regular representation of G on p is the representation

(,u, GO x 2 (v) ,Regu)
where
Reg (z) : L? (l/d(z)) — I? (I/T(z))
is defined by the formula
Reg(z)€(d(2)) (y) =€ (z71y) -

The integrated form of this representation is called the (left) regular repre-
sentation of C. (@) (also, of C* (G) on u). The map

WL (v) —» L? (v '), W¢ = €Az

is a Hilbert space isomorphism that implements a unitary equivalence between
Reg,, and Indu (I1.1.10 [12]). Therefore, if p is a quasi invariant measure with
supp (1) = G and Reg, is the left regular representation of C. (G) on u, then

1fllea = I1Reg, (HII-

In [1], C. Anantharaman-Delaroche and J. Renault have proved the following
theorem:

Theorem 1 (Proposition 6.1.8/p. 146 [1]). Let G be a locally compact groupoid
equipped with a continuous Haar system {v*,u € GO}, If G is measurewise
amenable (amenable with respect to all quasi invariant measures), then C* (G) =
:ed (G) .
We shall prove that under a technical hypothesis the converse assertion is
true. We shall use the following result:

Theorem 2 (Theorem 6.1.4/p.142 [1]). The following conditions are equiva-
lent:

(1) (G,v, ) is amenable

(2) The trivial representation of C* (G,v,u) is weakly contained in the reg-
ular representation.

(8) The regular representation is faithful on C* (G,v,pu).

We shall also use the decomposition
= / Vaodiu (v) for all u € G©
of the Haar system for G over the principal groupoid associated to G (see Sec-

tionl [13], vy, is supported on G¥ for all u™v, n, is supported on [u] for all u
and 1, = n, for all u"v). We shall assume that the decomposition of the Haar



system over the principal groupoid is bounded. This means that there is a pos-
itive Radon measure 79 on G°) such that the family {Nu}yeqro is dominated
by 1o, i.e.

Nu (f) <m0 (f), for all positive function f € C. (G(O)) ,

Obviously, locally compact second countable transitive groupoids and locally
compact groupoids for which the applications d, : G* — G d, (z) = d(z)
are open (in particular, locally trivial groupoids) satisfy the hypothesis.

We shall prove that if the decomposition of the Haar system over the prin-
cipal groupoid is bounded, then the equality C},;(G) = C*(G) implies the
amenability of all quasi-invariant measures. In [3] we have proved the same
result for transitive locally compact second countable groupoids. In order
to prove the result for groupoids having the decomposition of the Haar sys-
tem over the principal groupoid is bounded, we shall show that the inequality
[ TTp () < ||Regu (f)]] for all f € C.(G) implies a similar inequality for all
f € I(G,v,u) (where Reg, is the left regular representation of C. (G) on a
quasi invariant measure p, and IT, is the trivial representation on ).

2 Functions approximated by continuous func-
tions in the norm of C* (G, v, )

First we present some results on the structure of the Haar systems, as developed
by J. Renault in Section 1 of [13] and also by A. Ramsay and M.E. Walter in
Section 2 of [11]. Let {v*,u € G©'} be a continuous Haar system on G.

In Section 1 of [13] Jean Renault constructs a Borel Haar system for G'. One
way to do this is to choose a function Fy continuous with conditionally support
which is nonnegative and equal to 1 at each u € G(9). Then for each v € G(©
choose a left Haar measure v, , on Gy so the integral of Fy with respect to v, ,,
is 1.

Renault defines vy, = zvy, if # € GY (where zvy,,, (f) = [ f (zy) dvy, ()
as usual). If z is another element in G¥, then 27!z € GY, and since v, , is a
left Haar measure on Gy, it follows that v, , is independent of the choice of z.
If K is a compact subset of G, then sup v, , (K) < co. Renault also defines a

u,v

1-cocycle § on G such that for every u € G, d|gu is the modular function for
Vy,u. 0 and 671 =1/6 are bounded on compact sets in G.
Let

R=(r,d)(G) ={(r(2),d(2)), = € G}

be the graph of the equivalence relation induced on G(®). This R is the image
of G under the homomorphism (r,d), so it is a o-compact groupoid. With
this apparatus in place, Renault describes a decomposition of the Haar system



{l/“,u € G(O)} for G over the equivalence relation R (the principal groupoid
associated to G). He proves that there is a unique Borel Haar system « for R
with the property that

vt = /V&tda“ (s,t) forall u € GO,

In Section 2 [11] A. Ramsay and M.E. Walter prove that

sup a* ((r,d) (K)) < oo, for all compact K C G

u

If p is a quasi-invariant measure for {V",u € G(O)}, then p is a quasi-
invariant measure for {a“, u € G(O)}. Also if Ag is the modular function asso-
ciated to {a“, u € G(O)} and p, then A = §Ag o (r,d) can serve as the modular
function associated to {v*, u € G(®} and p.

For each u € G the measure o is concentrated on {u} x [u]. Therefore
there is a measure 7, concentrated on [u] such that a* = €, X n,, where &,
is the unit point mass at u. Since {a%,u € G(O} is a Haar system, we have
nu = 1y for all (u,v) € R, and the function

s [ 1

is Borel for all f > 0 Borel on G(®). For each u the measure 1, is quasi-invariant
(Section 2 [11]) Therefore 5, is equivalent to d. (v*) (Lemma 4.5/p. 277 [9]).

Let p be a quasi-invariant measure and let gy = [n,du (u). Then py is
equivalent to . Indeed, let f > 0 Borel on G(® such that p (f) = 0.Since p
is quasi-invariant, it follows that for pa.a. u v*(f od) = 0, and since n, is
equivalent to d, (v*), it results n, (f) = 0 for u a.a. u. Conversely if p; (f) =0,
then n, (f) = 0 for p a.a. u, and therefore v* (f od) = 0. Thus the quasi-
invariance of p implies p (f) = 0.

Let « the measure induced by pu; on R, and let Ag be the modular function
of u. Then A = %. It is easy to note that « is symmetric. Hence
Agr = 1. If A is the modular function associated to {l/“, u € G(O)} and pq, then
A =6Ago(r,d) =4.

The next lemma contains the properties of the decomposition of a Haar
system. For its proof see Section 1 [13], Section 2 [11], Theorem 4.4./p. 23 [3],
or [2].

Lemma 3 Let {V",u € G(O)} be a continuous Haar system on G. Let

vt = /I/u,vdnu () for all u e G

be the decomposition of the Haar system for G over the equivalence relation R.
Let p1 be a quasi-invariant measure and py = [ nydp (u). Let A be the modular
function associated to {V“,u € G(O)} and 1. Then



1) vy,v is concentrated on G, and vy, # 0, for all (u,v) € R.
2) For all f > 0 Borel on G,

(u,0) / f @) dvay () [: R R]

is an extended real-valued Borel function.
3) sup vy, (K) < o0, for all compact K C G.

w,v

4) For all f > 0 Borel on G,

/f (zy) dvg(a) /f )AVp(2) 0 () for all z € G, v € [d(7)]

5) For all f > 0 Borel on G,

/f ya: d’/ur(ac /f qudm) ) for all x € Go, u € [d(l.)]

6) A: G — R is a homomorphism.
7) A and A™! = 1/A are bounded on compact sets in G.
8) For all f > 0 Borel on G,

/ £ () vy (3) = / FO™Y) A () dve (v) for all (u,) € R

9) supey X 0y ((r,d) (K)) < oo, for all compact K C G

Throughout this section the Haar system {l/“, U € G(O)} and the systems of
measures in its decomposition (as in preceding lemma) will be considered fixed.
We shall need that sup 7, (K) < oo, for all compact K C G If there is a

u

positive Radon measure 7y on G(© such that the family {nu} yeqo is dominated
by 1o, i.e.

Nu (f) <m0 (f), for all positive function f € C. (G(O)) ,
we shall say that the decomposition of the Haar system over the principal groupoid

18 bounded.

Notation 4 Let B be a set with the property that it intersects each orbit in
exactly one element. Let e : G°) — G(©) be the function defined by e (u) is the
only element in BN [u]. Let dp be the function

5:GE 5 GO dp(z) =d ().



Lemma 5 If the function dg is open, then

sup ny, (K) < oo, for all compact K C GO,
u

Proof. Let K be a compact subset of G(°). Since G is locally compact and
dp is continuous and open from G® onto G(?, there is a compact L C G, such
that K C dg (LN GP?). We have

/lK (v)dn, (v) = /IK (v) dne(uy (v)

/1dB(LmGB) (v) dne(uy (v)

IN

/ ]-(r,d)(LﬁGB) (e (u) 7’0) dne(u) (U)
Hence supn, (K) < co. =
u

Example 6 Groupoids which satisfy the hypothesis (dp is open):

1) locally compact transitive groupoids

2) locally compact groupoids for which the applications d,, : G* — G, d, (z) =
d(x) are open. In particular, locally trivial groupoids satisfy the hypothesis.

3) locally compact group bundles having the bundle maps open.

Remark 7 If G is a locally transitive groupoid, then any Haar system on G
have the bounded decomposition over the principal groupoid.

Notation 8 Let pu be a quasi-invariant probability measure and let gy = [ mydp (u).
Then py is equivalent to . We replace p with py (see [4]). Let A be the modular
function associated to {I/“,u € G(O)} and py Let v be the measure induced by

w1 on G, and vy = A%y,
For f € L' (G, ) define f* by f*(y) = f(y1) and
fll7,, = max {||lu— [|fldv",|u— [1f*|ldv"|}
WAllzr, =sup{ [ 1f (¥) 7 (d(y) k(r(y) A (y) 2 dv(y):
j:k € L2 (G(O)a,ul) 7f |]|2d/~j‘1 - f |k|2d,u1 - 1}
It is easy to see that ||f||L1(G,V0) = ”f*HLl(G,VO) < ||f||[[,u = ||f*||11,u <
Wfllr,, = ILFllp .-
Let 1(G,v,p) = { f € L' (G, ), lIfl;,, < o0}

Let IT (G, v, p) = {f € L' (G, ), I fll;r, < 00}



Remark 9 If L is the integrated form of a representation, (,u,G(O) * ’H,L), of
the groupoid G, then

(LM < (1L () E7)
where £ (u) = [|¢ (w)||. Therefore L. (F)I| < 1L, (S = 1fllrr,. < 1Flr e

Lemma 10 Let us assume that the decomposition of the Haar system over the
principal groupoid is bounded. Let f € L* (G,vy) such that fa € L™ (G(O),,u),
where for p-a.a w € G©

-1/ ( [1f@IA@ ™ dv, <w>)2 ey (1) ey (0)

Then there is a sequence (fy), , in C. (G) such that

n’

liTILn If— fn“[[,u =0

Proof. Let g € L' (G, 1) such that ga € L® (G, u), where

- / / (/ 9@ A @) dvs (m)>2d’7e<w> (v) dne(w) (v), w e G

We claim that
gl < llgall, G 2 (GO, ) )

Indeed, let j,k € L? (GO, ) with [ |j]2dus = [ |k|*dus = 1. We have
[lg(@)j ))k(r(m)»A( )7 dv (z)
= f f /[y 2 vy (2) |7 (0)] 1 ()] ditegu) () dnogu) (v) dp (w)

<7 (e @I @ e () oy @y )
(F 13 @F 1k () din (u )dnem)())%)du(w)

< VBT (1 130 i 0 (@) (] S - @F 1y (0) ()
— VTl

Consequently,

191177, < Nl9allo

Let B, (G) be the space of bounded Borel functions on G, each with com-
pact support. Let 1o be a dominant for {n,}. If f € B.(G), then f is the

10



limit almost everywhere with respect to [ vy, ,d (10 X 10) (u,v), of a sequence,
(fn)y, in Ce (G) that is uniformly bounded and supported on some compact set
supporting f. Let K be the support of f. Since

//u @) A @) dva (2) d (0 X 10) (1, 0) = 0 (n = 00)

it follows that there is a subsequence of (f,),, such that

/v o @) A @)F dvey (2) = 0 (k= 50) ae

Because of the boundedness properties of f, (fy), and the boundedness of

the system {vy , ( u,v) € R} and A on compact sets, it results that there exists
M > 0 such that

(J1F @) = fun @A @ dors () < M0 () Ly ()

Since

sup// </|f = fru ( )|A(1‘)7%dvu7v (m)>2dne(w) (0) dieu) (1)
//(/If — o (@) A ()7 vy (x)>2dno (v) dno (u)

which converges to zero, by the Dominated Convergence Theorem, it follows
that

11]1;11 ||f - fnkHII“u =0
Let f € L' (G, vp) such that

”fA“oo < o0

Let gn(x) = f(z) if | f(x)| < n, gn(z) = 0 otherwise. Let (K,,), be an increasing
sequence of compact sets with |J,, K, = G. Let f, = gnlk,. |f — fn| converges
pointwise to zero, dominated by |f|. Hence

w%//</|f DI (@) vy (m)>2d’7€<w> (v) dne(w) (u)
//(/If D) A (2) % dvy., (g;))2dn0 (v) dno (u)

which converges to zero, by the Dominated Convergence Theorem. It follows
that there is a sequence in B, (G) such that

tim |~ fullyr, =0

oo

11



Proposition 11 Let us assume that the decomposition of the Haar system over
the principal groupoid is bounded. If f € I(G,v,u) and g € C.(G), then the
function f x g € L' (G,vy) and the function

w — // </ |f *g |A 2 qu v (.’17)) dne(w) (’U) dne(w) (’U) Lw € G(O)

is in L= (GO, ).

Proof. Let K be the support of g. Let M = sup (f lg (w)| A (y)_% Avy v (y))

v (£ %91 A7%)
= [ 1) g (57") dvagey o (0) dieqatey ()] A (@)™ dv o (2)
<SS [S1f@y)g ™) dva () dneguy (W) A (@) dvuyy (2)
= fff|f(my)g (y 1)|A d’/vw( )d’/u,v () dne(u) (w)
=[[[|f@ygly™ 1)|A(:v 2 dv (2) vy (y) die(u) (w)
=[[[|f@)g(y 1)|A(y_lzﬁ(ﬂfy_ll)jd'/u d(y) (£) Ay (y) dne(uy (w)
= [1T17@ g ()] A @5 AW dnu () drw () dey ()
= [ (J1f @I A @) # dv (@) [ 9 (5 1)A<y> =y (4) ) dieguy ()
= [ (J1F @I A (@)% dv @) [ g W) A () dv () ey ()
= [ (S1s @@ )% v (2) [ 19 )] A ()% dvi (v))
r(zf) (w) dne(yy (w )1d(K (v)
<sw ([l A W )_Edev(y)fflf A (@)% v (2)
T(K) (w dﬂegu)( ) Lacx) (v)
= Mgy () [ [1f (@) A(2)" % dvyw (2) r(K)( )dne(u) )
< Mld(K) v f(f|f |d’/uw(m)) (f|f qu,w («75))2 :
i) () digy (). 1
< Mgy () [ (f1f (@ |duuw DF (1 (@) v ()%

< Mld(K) (ff|f |d’/uw( )dne ( )) ’
ff |f |d’/wu( )]-d(K)( )dne(u) (w))

’I"(K ) Te(u) ( )

=

=

< Mgy (0) (f [ 1f (@)] dv()* -

(f f |f ( )|d’/w u (:L‘) lr(K) (’LU) dne(u) (U)))

< Mgy (0) (LF11))

N

[N

(L1 (@) | dvww (@) k) (w) dneqay (w))* p-ace.

12



Then

// </ |f *g(z)] A (x)_% dvy,y (a:)>2 Ao (s) (V) de(s) (w)

- / / M2 £l Larey (0) -

- ( [15 @) aw (w>) Ly (@) dinegsy (0) dige) ()

= M2||f||[//1d(K) (v) -

' (/ |f (mil) | dv® (1‘)) ]-d(K) (’LU) dne(s) (U) dne(s) (’LU)

= M2||f||1//1d<K> (v) -

/ |f (1‘71) | d’/w,u (:L‘) dne(s) (u) dne(s) (’U) ]-7"(K) (U)) dne(s) (U))

< M2FNT [ S Ly (v) Lagey () dnegs)y (v) dies) (w)
< 00, u-a.e. M

3 The inequality ||I], ()| < ||Reg, (-)||

Proposition 12 Let G be a locally compact groupoid equipped with a continu-
ous Haar system. Assume that the decomposition of the Haar system over the
principal groupoid is bounded and that C,,(G) = C*(G). Let u be a quasi-
invariant probability measure with supp (1) = G, Then

112, ()] < [|Regu (f) ]
for all f € I(G,v,p).(Reg, is the left reqular representation of C. (G) on )

Proof. Let

pt = / Vuwdny (v) for all u € G©

be the decomposition of the Haar system for G over the principal groupoid
associated to G Let g1 = [ nudp (u). Then py is equivalent to p.Let A be
the modular function associated to {1/“, u € G(O)} and p; Let v be the measure

induced by p1 on G, and vy = A=zy.

13



If f € C, (G), then
Lf llrea = [Hndp (f) ||
where Indp (f) is the operator on L? (G, v~ ') defined by formula
Indp (f) € (x) = f =& (x)

([7], pg.50). The map W : L?(G,v) — L? (G,v~ ') defined by the formula,
W¢ = §A% is a Hilbert space isomorphism that implements a unitary equiva-
lence between Reg,, (the left regular representation of C;, (G) on p) and Indp.([12],
I1.1.10). Therefore, if y is a quasi-invariant measure with supp(u) = G(©), then

F Nlrea = || Regu (f) 1| (1)

Since g1 = [ [ Ne(u) (w) dp (w) is equivalent to p, it follows that ||Reg,, (f) || =

|| Regy, (f) |l and |[Indp (f) || = |[Indp (£)|]-
Since C*,, (G) = C* (G), for all f € C. (G)

red
L (O < NS Mlrea (2)

From (1) and (2) it follows that

1 () 1] < [|Regu (H) || = Hndu (f) || (3)

for all f € C.(G). If f € Ce(G), f =0, then [[II, (f)[| = ||Regu (f)]| =

Hndu (f) |-
If f € Ll (G, V[)) and

///(/'JC(QUHA(H;)_é AV, ($)>2d77e(w) (V) dnje(wy (v) dp (w) < co.

then there is a sequence a sequence (f,),,, in C. (G) such that
li}LIl If - an[[,u =0.
Hence
lim | (f — f)]| = 0.
for any representation L of G. From (3) it follows that ||[IIu ( f) || < ||Reg. (f) ||
for all f with the above property.

Let f € I(G,v,u) and g € C.(G). By the preceding lemma, the function
f * g has the property that

/// </ F g (@) A (@) diny (m)>2d77e(w) (V) dne(u) (v) dp (w) < 0.

14



It follows that

M1, (f * g) || < ||Regu (f * 9) |

Let (K,),, be a sequence of compact subsets of G with UK, = G, By
Corollary 2.11/p, 12 [8] (or Lemma 5.48/p. 167 [7]), the *-algebra C. (G) has
a two-sided approximate identity with respect to the inductive limit topology,
(en),,» with the following properties:

1) en(x) >0, forallz € G

2)|fen(z)dv' (z) —1| < L, forallu € K,

3) en(z) =€, (z71), forall z € G.

Let ¢ € L? (G,v™"). Since [[Indu (en) € — &|ly = |len * £ — €[], = 0 (n — 00),
Banach Steinhaus Theorem implies that (|[Indu (ey)|]),, is bounded. Thus there
is M > 0, such that [len||;; , = [[11u (en)|| = [[Indp (en)|| < M for all n.

Let f € I (G,v, ). First, we shall assume that d (supp (f)) is a compact set
in GO

For each n, e,, € L? (G,v ') because e,, € C.. (G). Hence fxe, € L* (G,v 1)
(11 *enlly < 1711 Tlenlly).

Since f € I(G,v,u) C L' (G,v), it follows that for each &, there is g €
C. (@), such that [ |f — g|dv < e. We have

J1s=1edars [1r=glav+ [1g-greddvs [1(7-g)xcaldv

and

fl(f—g)*enldV—fU(f 9) (v) en (y~2) dv"@ (y)] dv ()

<[ SIf =gl en(y~"2) dV’”( (y) dv (z)

<[JSIf- gl( en (y~ Cv) ") (y) dv* () dps (u)

=[JJIf- 9|() (y~'z) dv* (z) dv* (y) dp (u)

=[[[If -9l en(x )d’/d(y)( ) dv (y) dp (u)

< (14 1) [|f = g|dv for n with the property that d (supp (f) U supp (g)) C
Ky,

Hence lim,, [ |f — f * en|dv = 0. Since limy, [ [ |f — f % en| dv*dp (u) =0,
passing to a subsequence we may assume that lim,, [ |f — f xe,|dv® = 0 a.e.,
dominated by 3 ||f||; for all n such that d (supp (f)) C Kp.
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IfaeC, (G(O)), then
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_ //en </|f (y~2) | dv® ( ) W dv (y) dps (u)
_ //en </|f* ()| ) ( a:) la (w)[2 dv* () dpar ()
170 [ [ en @) dv* @) la ) dor )

(1+2) 151l

for all n such that supp (a) C K.
Ifa€C.(GY) and b € L? (G, ), then lim, |(II (f — f * en)a,b)| = 0.
Indeed,

(11, (f = f * en) a,b)|

IN

IN

<
< /If — [ xen(@)|[a(d(@)]|b(r (2))| dvo (x)

[N

IN

(fr@-ria@le@@fa @aw)

</|f —fren (@) |b(r(x ))|2d,,($)>%
(//'f — fren (@) dvy (2 )|G(U)|2du(u)> :

([1r@-1vents IdV()Ib(U)I2du(U)>%

=

IN

1
1 2

lall G 110)% [ 1 @) = £ e @] o @) @ dia ()

IN

Since C. (G©) is densein L? (G©), u1) and (||I1,, (f — f * e,)]]),, is bounded,
it follows that lim, |(IT, (f — f * €,) a,b)| = 0 for all a,b € L* (G, 1y).
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Finally, we have

(L) ab)] <
< (T ((F e = ) a0 + 1 (T, ((f = ea) D)
<t 172, ((F * en)ll lally ol
< tim [1Tndp (£  ea)l all, 0l
< tim |[Tndp (£) Tndp (ea) ol 11,
< tim |[Tndp ()| | ndpe (e all o]

Thus (117, (F)]l < [[Indu((f)|].
Let f € I(G,v,u). Let (K,), be a sequence of compact subsets of G(*)
with UK, = GO If f, = flk, od, then |f, — f| converges to zero dominated
by |f|. Hence, if a,b € L? (G(O),,ul), then lim,, |(II, (f — fn)a,b)| = 0. On the
other hand, if £ € L? (G,v 1),
Hndp (fn) Elly = [1fn* &l = I(flk, o d) x|, =
= |If = (€lk, or)lly < [Indp(f) (E1k, o),
< ndp (F)lly 161k, o m)lly < [Hndp ()]l 1]l
Thus ||[Indu (f,)]] < |[Indu (f)|| .For a,b € L? (G, 1), we have
|(TL.((f) a,b)| =
< limy, [(I1,(fr — fa,b)| + limy, [(11, ((fn) a, b))
< limy, |11, ((fn)] [lall, (16l
< limy, |[Indp ((fn)l] llall, [10]],
< Limy, [[Indp (f)]| [|all, [[b]],-
It follows that |1, ((F)]l < [Tndp (£)]] = | Regy (£) || for all £ € I(G,v, ).
|

Proposition 13 Let G be a locally compact groupoid equipped with a continuous
Haar system {v*,u € GO}, Assume that the decomposition of the Haar system
over the principal groupoid is bounded and that C},,(G) = C*(G). Then G is
measurewise amenable.

Proof. Let pu be a quasi-invariant probability measure. First, we shall
assume that p is a quasi-invariant probability measure with supp(u) = GO,
From the preceding propositions it follows that the trivial representation of
C* (G, v, ) is weakly contained in the regular representation. Therefore (G, v, u)
is amenable (Theorem 6.1.4/p. 142 [1]).

Let u be an arbitrary quasi-invariant measure, o be a quasi-invariant mea-
sure with supp(uo) = G'®, and py = po+ . Then py is quasi-invariant measure
with supp(u1) = G(©), and therefore (G, v, j1;) is amenable. Proposition 3.2.14,
(iii) /p. 74 [1] shows that there exists a sequence (g,) in By (G,v)" normalized
and such that

i [ 100 | [1759, = 0 (5 0r) gul v | s () =0
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for all f € B, (G,v) and h € L* (u1).
Since p << 1, there exists a Borel function g such that p = gu;. If
h € L' (i), then hg € L' (1) and

i [ 1@ )| 1790 = (1) 1) gl ] i () =0

i [ 1@ | [ 1700 = 0 (0 0r) gul o s () =0
Therefore (G, v, 1) is amenable. ®
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