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Abstract

C� Anantharaman�Delaroche and J� Renault have proved that the
amenability of a topological locally compact groupoid implies the equality
of the reduced and the full C��algebras� In this paper we shall prove the
converse assertion under a technical hypothesis� We shall prove that if G is
a locally compact second countable groupoid endowed with a Haar system
having �a bounded decomposition over the principal groupoid associated
to G�� then the equality C�

red �G
 � C� �G
 implies the amenability of
all quasi�invariant measures� In order to prove this we shall see that the
inequality kII� �f
k � kReg� �f
k for all f � Cc �G
 implies a similar
inequality for all f � I �G� �� �
 �where Reg� is the left regular represen�
tation of Cc �G
 on a quasi invariant measure �� and II� is the trivial
representation on �
�
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� Introduction

For establishing notation� we include some de�nitions that can be found in
several places �e�g� ���� ���� ���� �	
��� A groupoid is a set G endowed with a
product map

�x� y�� xy
h
� G��� � G

i
where G��� is a subset of G�G called the set of composable pairs� and an inverse
map

x� x�� �� G� G�

	



such that the following conditions hold�
�	� If �x� y� � G��� and �y� z� � G���� then �xy� z� � G���� �x� yz� � G��� and

�xy� z 
 x �yz��

�
�
�
x��

���

 x for all x � G�

��� For all x � G�
�
x� x��

�
� G���� and if �z� x� � G���� then �zx�x�� 
 z�

��� For all x � G�
�
x��� x

�
� G���� and if �x� y� � G���� then x�� �xy� 
 y�

The maps r and d on G� de�ned by the formulae r �x� 
 xx�� and d �x� 

x��x� are called the range and the source maps� It follows easily from the
de�nition that they have a common image called the unit space of G� which
is denoted G���� Its elements are units in the sense that xd �x� 
 r �x�x 
 x�
Units will usually be denoted by letters as u� v� w while arbitrary elements will
be denoted by x� y� z� It is useful to note that a pair �x� y� lies in G��� precisely
when d �x� 
 r �y�� and that the cancellation laws hold �e�g� xy 
 xz i� y 
 z��
The �bres of the range and the source maps are denoted Gu 
 r�� �fug� and
Gv 
 d�� �fvg�� respectively� More generally� given the subsets A� B � G����
we de�ne GA 
 r�� �A�� GB 
 d�� �B� and GA

B 
 r�� �A� � d�� �B�� The
reduction of G to A � G��� is GjA 
 GA

A� The relation u�v i� Gu
v �
 � is

an equivalence relation on G���� Its equivalence classes are called orbits and
the orbit of a unit u is denoted �u�� A groupoid is called transitive i� it has a
single orbit� The quotient space for this equivalence relation is called the orbit
space of G and denoted G����G� � � G��� � G����G� � �u� 
 �u is the canonical
projection� A subset of G��� is said saturated if it contains the orbits of its
elements�

A topological groupoid consists of a groupoid G and a topology compatible
with the groupoid structure� This means that�

�	� x� x�� �� G� G� is continuous�
�
� �x� y�

�
� G��� � G

�
is continuous where G��� has the induced topology

from G�G�
We are exclusively concerned with topological groupoids which are second

countable� locally compact Hausdor�� It was shown in �	�� that measured
groupoids �in the sense of De�nition 
����p� � ���� may be assume to have
locally compact topologies� with no loss in generality� A subset U of G is said
conditionally compact if for every compact subset K of G���� U � r�� �K� and
U � d�� �K� is compact in G� If G is locally compact and G��� is paracompact
then G��� has a fundamental system of conditionally compact neighborhoods
�Proposition II�	���p��� �	
��� If X is a locally compact space� Cc �X� denotes
the space of complex�valuated continuous functions with compact support� The
Borel sets of a topological space are taken to be the ��algebra generated by the
open sets�

Let G be a locally compact second countable groupoid equipped with a Haar
system��i�e� a family of positive Radon measures onG�

�
�u� u � G���

�
� such that

	� For all u � G���� supp��u� 
 Gu�







� For all f � G� C continuous with compact support�

u�

Z
f �x� d�u �x�

h
� G��� � C

i
is continuous�

�� For all f � G� C continuous with compact support� and all x � G�Z
f �y� d�r�x� �y� 


Z
f �xy� d�d�x� �y�

As a consequence of the existence of continuous Haar systems� r� d � G �
G��� are open maps ��	����

The construction of the C��algebra of a groupoid extends the well�known
case of a group� The space of continuous functions with compact support on
groupoid is made into a ��algebra and endowed with the smallest C��norm
making its representations continuous� Let Cc �G� be the space of continuous
functions with compact support on the groupoid G� For f � g � Cc �G� the
convolution is de�ned by�

f � g �x� 


Z
f �xy� g

�
y��

�
d�d�x� �y�

and the involution by

f� �x� 
 f �x����

Under these operations� Cc �G� becomes a topological ��algebra� A representa�
tion of Cc �G� is a ��homomorphism from Cc �G� into B �H�� for some Hilbert
space H � that is continuous with respect to the inductive limit topology on
Cc �G� and the weak operator topology on B �H�� The full C��algebra C� �G�
is de�ned as the completion of the involutive algebra Cc �G� with respect to the
full C��norm

kfk 
 sup kL �f�k

where runs over all non�degenerate representation of Cc �G� which are continu�
ous for the inductive limit topology� Let us single out a special class of repre�
sentations of Cc �G� that serve as analogues of the regular representation of a
group� If � is a measure on G���� then the measure � 


R
�ud� �u�� de�ned byZ

f �y� d� �y� 


Z �Z
f �y� d�u �y�

�
d� �u� � f � � Borel

is called the measure on G induced by �� The image of � by the inverse map
x � x�� is denoted ���� � is said quasi�invariant if its induced measure � is
equivalent to its inverse ��� A measure belongings to the class of a quasi�
invariant measure is also quasi�invariant� We say that the class is invariant� If

�



� quasi�invariant measure� then Ind� �f� is the operator on L�
�
G� ���

�
de�ned

by formula

Ind� �f� � �x� 
 f � � �x�

and Indu �f� is the operator on L�
�
G� ��u�

��
	
de�ned by formula

Indu �f� � �x� 
 f � � �x� 


Z
f �xy� �

�
y��

�
d�u �y�

The reduced C��algebra C�red �G� is de�ned as the completion of the involu�
tive algebra Cc �G� with respect to the reduced C��norm

kfk 
 kIndu �f�k

If � is a quasi invariant measure with supp ��� 
 G���� then

kfkred 
 kInd� �f�k

If � is a quasi�invariant measure on G��� and � is the measure induced on G�
then the Radon�Nikodym derivative � 
 d�

d��� is called the modular function of

�� Let �� 
 ��
�
� ��

For f � L� �G� ��� de�ne

kfkI�� 
 max


����u�
Z
jf jd�u

����
�

�

����u�
Z
jf�jd�u

����
�

�

Let I �G� �� �� 

n
f � L� �G� ��� � kfkI�� 	�

o
�

Under the convolution and the involution� I �G� �� �� becomes a Banach ��
algebra�

Every representation
�
��G��� � H� L

�
�see De�nition ��
��p��� ���� of G can

be integrated into a representation� still denoted by L� of I �G� �� ��� The relation
between the two representation is�

hL �f� ��� ��i 


Z
f �x� hL �x� �� �d �x�� � �� �r �x��i�

�
�
� �x� d�u �x� d�� �u�

where f � I �G� �� ��� ��� �� �
R �
G��� H �u� d� �u��

Conversely� every non�degenerate ��representation of any suitably large ��
algebra of I �G� �� �� is obtained in this fashion �see ���� �	
���

We denote by C� �G� �� �� the completion of I �G� �� �� with respect to the
norm

kfk 
 sup kL �f�k

where L ranges over all representation of �G� �� ���

�



The �left� regular representation of G on � is the representation�
��G��� � L��� ��� � Reg�

	
where

Reg �x� � L�
�
�d�x�

	
� L�

�
�r�x�

	
is de�ned by the formula

Reg �x� � �d �x�� �y� 
 �
�
x��y

�
�

The integrated form of this representation is called the �left� regular repre�
sentation of Cc �G� �also� of C

� �G� on ��� The map

W � L� ���� L�
�
���

�
�W� 
 ��

�
�

is a Hilbert space isomorphism that implements a unitary equivalence between
Reg� and Ind� �II�	�	� �	
��� Therefore� if � is a quasi invariant measure with
supp ��� 
 G��� and Reg� is the left regular representation of Cc �G� on �� then

kfkred 
 kReg� �f�k �

In �	�� C� Anantharaman�Delaroche and J� Renault have proved the following
theorem�

Theorem � �Proposition ������p� ��� ���	� Let G be a locally compact groupoid
equipped with a continuous Haar system f�u� u � G���g� If G is measurewise
amenable �amenable with respect to all quasi invariant measures	
 then C� �G� 

C�red �G��

We shall prove that under a technical hypothesis the converse assertion is
true� We shall use the following result�

Theorem � �Theorem ������p���� ���	� The following conditions are equiva�
lent


��	 �G� �� �� is amenable
��	 The trivial representation of C� �G� �� �� is weakly contained in the reg�

ular representation�
��	 The regular representation is faithful on C� �G� �� ���

We shall also use the decomposition

�u 


Z
�u�vd
u �v� for all u � G���

of the Haar system for G over the principal groupoid associated to G �see Sec�
tion	 �	��� �u�v is supported on Gu

v for all u�v� 
u is supported on �u� for all u
and 
u 
 
v for all u�v�� We shall assume that the decomposition of the Haar

�



system over the principal groupoid is bounded� This means that there is a pos�
itive Radon measure 
� on G��� such that the family f
ugu�G��� is dominated
by 
�� i�e�


u �f� 	 
� �f� � for all positive function f � Cc

�
G���

	
�

Obviously� locally compact second countable transitive groupoids and locally
compact groupoids for which the applications du � Gu � G���� du �x� 
 d �x�
are open �in particular� locally trivial groupoids� satisfy the hypothesis�

We shall prove that if the decomposition of the Haar system over the prin�
cipal groupoid is bounded� then the equality C�red �G� 
 C� �G� implies the
amenability of all quasi�invariant measures� In ��� we have proved the same
result for transitive locally compact second countable groupoids� In order
to prove the result for groupoids having the decomposition of the Haar sys�
tem over the principal groupoid is bounded� we shall show that the inequality
kII� �f�k 	 kReg� �f�k for all f � Cc �G� implies a similar inequality for all
f � I �G� �� �� �where Reg� is the left regular representation of Cc �G� on a
quasi invariant measure �� and II� is the trivial representation on ���

� Functions approximated by continuous func�

tions in the norm of C� �G� �� ��

First we present some results on the structure of the Haar systems� as developed
by J� Renault in Section 	 of �	�� and also by A� Ramsay and M�E� Walter in
Section 
 of �		�� Let

�
�u� u � G���

�
be a continuous Haar system on G�

In Section 	 of �	�� Jean Renault constructs a Borel Haar system for G�� One
way to do this is to choose a function F� continuous with conditionally support
which is nonnegative and equal to 	 at each u � G���� Then for each u � G���

choose a left Haar measure �u�u on Gu
u so the integral of F� with respect to �u�u

is 	�
Renault de�nes �u�v 
 x�v�v if x � Gu

v �where x�u�u �f� 

R
f �xy� d�v�v �y�

as usual�� If z is another element in Gu
v � then x��z � Gv

v� and since �v�v is a
left Haar measure on Gv

v � it follows that �u�v is independent of the choice of x�
If K is a compact subset of G� then sup

u�v
�u�v �K� 	 �� Renault also de�nes a

	�cocycle � on G such that for every u � G���� �jGu
u
is the modular function for

�u�u� � and ��� 
 	�� are bounded on compact sets in G�
Let

R 
 �r� d� �G� 
 f�r �x� � d �x�� � x � Gg

be the graph of the equivalence relation induced on G���� This R is the image
of G under the homomorphism �r� d�� so it is a ��compact groupoid� With
this apparatus in place� Renault describes a decomposition of the Haar system

�



�
�u� u � G���

�
for G over the equivalence relation R �the principal groupoid

associated to G�� He proves that there is a unique Borel Haar system � for R
with the property that

�u 


Z
�s�td�

u �s� t� for all u � G����

In Section 
 �		� A� Ramsay and M�E� Walter prove that

sup
u
�u ��r� d� �K�� 	�� for all compact K � G

If � is a quasi�invariant measure for
�
�u� u � G���

�
� then � is a quasi�

invariant measure for
�
�u� u � G���

�
� Also if �R is the modular function asso�

ciated to
�
�u� u � G���

�
and �� then � 
 ��R 
 �r� d� can serve as the modular

function associated to
�
�u� u � G���

�
and ��

For each u � G��� the measure �u is concentrated on fug � �u�� Therefore
there is a measure 
u concentrated on �u� such that �u 
 
u � 
u� where 
u
is the unit point mass at u� Since

�
�u� u � G���

�
is a Haar system� we have


u 
 
v for all �u� v� � R� and the function

u�

Z
f �s� 
u �s�

is Borel for all f � � Borel on G���� For each u the measure 
u is quasi�invariant
�Section 
 �		�� Therefore 
u is equivalent to d� �v

u� �Lemma ����p� 
�� �����
Let � be a quasi�invariant measure and let �� 


R

ud� �u�� Then �� is

equivalent to �� Indeed� let f � � Borel on G��� such that � �f� 
 ��Since �
is quasi�invariant� it follows that for �a�a� u �u �f 
 d� 
 �� and since 
u is
equivalent to d� �v

u�� it results 
u �f� 
 � for � a�a� u� Conversely if �� �f� 
 ��
then 
u �f� 
 � for � a�a� u� and therefore �u �f 
 d� 
 �� Thus the quasi�
invariance of � implies � �f� 
 ��

Let � the measure induced by �� on R� and let �R be the modular function
of ��� Then �R 
 d�

d��� � It is easy to note that � is symmetric� Hence

�R 
 	� If � is the modular function associated to
�
�u� u � G���

�
and ��� then

� 
 ��R 
 �r� d� 
 ��
The next lemma contains the properties of the decomposition of a Haar

system� For its proof see Section 	 �	��� Section 
 �		�� Theorem �����p� 
� ����
or �
��

Lemma � Let
�
�u� u � G���

�
be a continuous Haar system on G� Let

�u 


Z
�u�vd
u �v� for all u � G���

be the decomposition of the Haar system for G over the equivalence relation R�
Let � be a quasi�invariant measure and �� 


R

ud� �u�� Let � be the modular

function associated to
�
�u� u � G���

�
and ��� Then

�



	� �u�v is concentrated on Gu
v 
 and �u�v �
 �
 for all �u� v� � R�


� For all f � � Borel on G


�u� v� ��

Z
f �y� d�u�v �y�

�
� R� R

�
is an extended real�valued Borel function�

�� sup
u�v

�u�v �K� 	�
 for all compact K � G�

�� For all f � � Borel on G
Z
f �xy� d�d�x��v �y� 


Z
f �y� d�r�x��v �y� for all x � G
 v � �d �x��

�� For all f � � Borel on G


��x�

Z
f �yx� d�u�r�x� �y� 


Z
f �y� d�u�d�x� �y� for all x � G�
 u � �d �x��

�� � � G� R�
� is a homomorphism�

�� � and ��� 
 	�� are bounded on compact sets in G�
�� For all f � � Borel on G
Z

f �y� d�u�v �y� 


Z
f
�
y��

�
�
�
y��

�
d�v�u �y� for all �u� v� � R

�� sup
u

u � 
u ��r� d� �K�� 	�
 for all compact K � G

Throughout this section the Haar system
�
�u� u � G���

�
and the systems of

measures in its decomposition �as in preceding lemma� will be considered �xed�
We shall need that sup

u

u �K� 	�� for all compact K � G���� If there is a

positive Radon measure 
� on G
��� such that the family f
ugu�G��� is dominated

by 
�� i�e�


u �f� 	 
� �f� � for all positive function f � Cc

�
G���

	
�

we shall say that the decomposition of the Haar system over the principal groupoid
is bounded�

Notation � Let B be a set with the property that it intersects each orbit in
exactly one element� Let e � G��� � G��� be the function de�ned by e �u� is the
only element in B � �u�� Let dB be the function

dB � GB � G���� dB �x� 
 d �x� �

�



Lemma � If the function dB is open
 then

sup
u

u �K� 	�
 for all compact K � G����

Proof� Let K be a compact subset of G���� Since G is locally compact and
dB is continuous and open from GB onto G���� there is a compact L � G� such
that K � dB

�
L �GB

�
� We haveZ

	K �v� d
u �v� 


Z
	K �v� d
e�u� �v�

	

Z
	dB�L�GB� �v� d
e�u� �v�




Z
	�r�d��L�GB� �e �u� � v� d
e�u� �v�

Hence sup
u

u �K� 	��

Example � Groupoids which satisfy the hypothesis �dB is open	

�	 locally compact transitive groupoids
�	 locally compact groupoids for which the applications du � Gu � G���� du �x� 


d �x� are open� In particular
 locally trivial groupoids satisfy the hypothesis�
�	 locally compact group bundles having the bundle maps open�

Remark � If G is a locally transitive groupoid
 then any Haar system on G
have the bounded decomposition over the principal groupoid�

Notation � Let � be a quasi�invariant probability measure and let �� 

R

ud� �u��

Then �� is equivalent to �� We replace � with �� �see ���	� Let � be the modular
function associated to

�
�u� u � G���

�
and �� Let � be the measure induced by

�� on G
 and �� 
 ��
�
� ��

For f � L� �G� ��� de�ne f
� by f� �y� 
 f �y��� and

kfkI�� 
 max
���u� R

jf jd�u
��
�
�
��u� R

jf�jd�u
��
�

�
kfkII�� 
 supf

R
jf �y� j �d �y� k �r �y��� j��y��

�
� d� �y� �

j� k � L�
�
G���� ��

�
�
R
jjj�d�� 


R
jkj�d�� 
 	g�

It is easy to see that kfkL��G����

 kf�kL��G����

	 kfkII�� 
 kf�kII�� 	

kfkI�� 
 kf�kI���

Let I �G� �� �� 

n
f � L� �G� ��� � kfkI�� 	�

o
Let II �G� �� �� 


n
f � L� �G� �� � kfkII�� 	�

o

�



Remark 	 If L is the integrated form of a representation

�
��G��� � H� L

�

 of

the groupoid G
 then

jhL �f� �� 
ij 	
D
II� �jf j� e�� e
E

where e� �u� 
 k� �u�k �Therefore kL �f�k 	 kII� �jf j�k 
 kfkII�� 	 kfkI���

Lemma �
 Let us assume that the decomposition of the Haar system over the
principal groupoid is bounded� Let f � L� �G� ��� such that f� � L�

�
G���� �

�



where for ��a�a w � G���

f� �w� 


Z Z �Z
jf �x�j��x�

�
�
� d�u�v �x�

��

d
e�w� �u� d
e�w� �v� �

Then there is a sequence �fn�n
 in Cc �G� such that

lim
n
kf � fnkII�� 
 ��

Proof� Let g � L� �G� ��� such that g� � L�
�
G���� �

�
� where

g� �w� 


Z Z �Z
jg �x�j��x�

�
�
� d�u�v �x�

��

d
e�w� �v� d
e�w� �v� � w � G����

We claim that

kgk
�
II�� 	 kg�k� �in L�

�
G���� �

	
�

Indeed� let j� k � L�
�
G���� ��

�
with

R
jjj�d�� 


R
jkj�d�� 
 	� We haveR

jg �x� j �d �x�� k �r �x��j��x�
�

�
� d� �x�



R R R R

jg �x�j��x�
�

�
� d�u�v �x� jj �v�j jk �u�j d
e�w� �u� d
e�w� �v� d� �w�

	
R
�

�R R �R
jg �x�j��x�

�
�
� d�u�v �x�

	�
d
e�w� �u� d
e�w� �v�

� �
�


�R R
jj �v�j

�
jk �u�j

�
d
e�w� �u� d
e�w� �v�

	 �
�

�d� �w�

	
p
kg�k�


�R R
jj �v�j� d
e�w� �v� d� �w�

	 �
�
�R R

jk �u�j� 
e�w� �u� d� �w�
	 �

�



p
kg�k�


Consequently�

kgkII�� 	 kg�k�

Let Bc �G� be the space of bounded Borel functions on G� each with com�
pact support� Let 
� be a dominant for f
ug� If f � Bc �G�� then f is the

	�



limit almost everywhere with respect to
R
�u�vd �
� � 
�� �u� v�� of a sequence�

�fn�n� in Cc �G� that is uniformly bounded and supported on some compact set
supporting f � Let K be the support of f � SinceZ Z

jf �x�� fn �x�j��x�
�

�
� d�u�v �x� d �
� � 
�� �u� v�� � �n���

it follows that there is a subsequence of �fn�n such thatZ
jf �x�� fnk �x�j��x�

�
�
� d�u�v �x�� � �k ��� a�e

Because of the boundedness properties of f � �fn�n and the boundedness of
the system f�u�v� � u� v� � Rg and � on compact sets� it results that there exists
M � � such that�R

jf �x�� fnk �x�j��x�
�

�
� d�u�v �x�

	�
	M	r�K� �u� 	d�K� �v�

Since

sup
w

Z Z �Z
jf �x�� fnk �x�j��x�

�
�
� d�u�v �x�

��

d
e�w� �v� d
e�w� �u�

	

Z Z �Z
jf �x�� fnk �x�j��x�

�
�
� d�u�v �x�

��

d
� �v� d
� �u�

which converges to zero� by the Dominated Convergence Theorem� it follows
that

lim
k
kf � fnkkII�� 
 ��

Let f � L� �G� ��� such that

kf�k� 	�

Let gn�x� 
 f�x� if jf�x�j 	 n� gn�x� 
 � otherwise� Let �Kn�n be an increasing
sequence of compact sets with

S
nKn 
 G� Let fn 
 gn	Kn

� jf � fnj converges
pointwise to zero� dominated by jf j� Hence�����w �

Z Z �Z
jf �x�� fn �x�j��x�

�
�
� d�u�v �x�

��

d
e�w� �v� d
e�w� �u�

�����
�

	

Z Z �Z
jf �x�� fn �x�j��x�

�
�
� d�u�v �x�

��

d
� �v� d
� �u�

which converges to zero� by the Dominated Convergence Theorem� It follows
that there is a sequence in Bc �G� such that

lim
n
kf � fnkII�� 
 ��

		



Proposition �� Let us assume that the decomposition of the Haar system over
the principal groupoid is bounded� If f � I �G� �� �� and g � Cc �G�
 then the
function f � g � L� �G� ��� and the function

w �

Z Z �Z
jf � g �x�j��x�

�
�
� d�u�v �x�

��

d
e�w� �v� d
e�w� �v� 
 w � G���

is in L�
�
G���� �

�
�

Proof� LetK be the support of g� LetM 
 sup
v�w

�R
jg �y�j��y��

�
� d�w�v �y�

	
�

�u�v

�
jf � gj��

�
�

	


R 

R R f �xy� g �y��� d�d�x��w �y� d
e�d�x�� �w�



��x�
�

�
� d�u�v �x�

	
R R R 

f �xy� g �y���

 d�d�x��w �y� d
e�u� �w�� �x��

�
� d�u�v �x�



R R R 

f �xy� g �y���

��x�

�
�
� d�v�w �y� d�u�v �x� d
e�u� �w�



R R R 

f �xy� g �y���

��x�

�
�
� d�u�v �x� d�v�w �y� d
e�u� �w�



R R R 

f �x� g �y���

� �

y��
�
�
�
xy��

�� �
� d�u�d�y� �x� d�v�w �y� d
e�u� �w�



R R R 

f �x� g �y���

��x�

�
�
� ��y�

�
�
� d�u�w �x� d�v�w �y� d
e�u� �w�



R �R

jf �x�j��x�
�

�
� d�u�w �x�

R
g
�
y��

�
��y�

�
�
� d�v�w �y�

	
d
e�u� �w�



R �R

jf �x�j��x��
�
� d�u�w �x�

R
jg �y�j��y��

�
� d�w�v �y�

	
d
e�u� �w�



R �R

jf �x�j��x�
�

�
� d�u�w �x�

R
jg �y�j��y�

�
�
� d�w�v �y�

	




 	r�K� �w� d
e�u� �w� 	d�K� �v�

	 sup
v�w

�R
jg �y�j��y�

�
�
� d�w�v �y�

	R R
jf �x�j��x�

�
�
� d�u�w �x� 



	r�K� �w� d
e�u� �w� 	d�K� �v�


M	d�K� �v�
R R

jf �x�j��x�
�

�
� d�u�w �x� 	r�K� �w� d
e�u� �w�

	M	d�K� �v�
R �R

jf �x�j d�u�w �x�
� �
�

�R
jf �x�j��x��� d�u�w �x�

	 �
�





	r�K� �w� d
e�u� �w�

	M	d�K� �v�
R �R

jf �x�j d�u�w �x�
� �
�
�R 

f �x���

 d�w�u �x�� �

� 


	r�K� �w� d
e�u� �w�

	M	d�K� �v�
�R R

jf �x�j d�u�w �x� d
e�u� �w�
� �
� 




�R R 

f �x���

 d�w�u �x� 	d�K� �w� d
e�u� �w�

� �
�

	M	d�K� �v�
�R R

jf �x�j d�u�x
� �
� 




�R R 

f �x���

 d�w�u �x� 	r�K� �w� d
e�u� �w�

� �
�

	M	d�K� �v� �kfkI�
�
�
�R R 

f �x���

 d�w�u �x� 	r�K� �w� d
e�u� �w�

� �
� ��a�e�

	




Then Z Z �Z
jf � g �x�j��x�

�
�
� d�u�v �x�

��

d
e�s� �v� d
e�s� �u�




Z Z
M� kfkI 	d�K� �v� 





�Z 

f �x���

 d�w �x�

�
	d�K� �w� d
e�s� �v� d
e�s� �w�


 M� kfkI

Z Z
	d�K� �v� 





�Z 

f �x���

 d�w �x�

�
	d�K� �w� d
e�s� �v� d
e�s� �w�


 M� kfkI

Z Z
	d�K� �v� 





Z 

f �x���

 d�w�u �x� d
e�s� �u� d
e�s� �v� 	r�K� �w� d
e�s� �w�

	M� kfk
�
I

R R
	d�K� �v� 	d�K� �w� d
e�s� �v� d
e�s� �w�

	�� ��a�e�

� The inequality kII� ���k � kReg� ���k

Proposition �� Let G be a locally compact groupoid equipped with a continu�
ous Haar system� Assume that the decomposition of the Haar system over the
principal groupoid is bounded and that C�red �G� 
 C� �G�� Let � be a quasi�
invariant probability measure with supp ��� 
 G����Then

jjII� � f� jj 	 jjReg� �f� jj

for all f � I �G� �� ����Reg� is the left regular representation of Cc �G� on �	

Proof� Let

�u 


Z
�u�vd
u �v� for all u � G���

be the decomposition of the Haar system for G over the principal groupoid
associated to G Let �� 


R

ud� �u�� Then �� is equivalent to ��Let � be

the modular function associated to
�
�u� u � G���

�
and �� Let � be the measure

induced by �� on G� and �� 
 ��
�
� ��

	�



If f � Cc �G�� then

jjf jjred 
 jjInd� �f� jj

where Ind� �f� is the operator on L�
�
G� ���

�
de�ned by formula

Ind� �f� � �x� 
 f � � �x�

����� pg����� The map W � L� �G� �� � L�
�
G� ���

�
de�ned by the formula�

W� 
 ��
�
� is a Hilbert space isomorphism that implements a unitary equiva�

lence betweenReg� �the left regular representation of Cc �G� on �� and Ind����	
��
II�	�	��� Therefore� if � is a quasi�invariant measure with supp��� 
 G���� then

jjf jjred 
 jjReg� �f� jj �	�

Since �� 

R R


e�u� �w� d� �u� is equivalent to �� it follows that jjReg� �f� jj 

jjReg�� �f� jj and jjInd� �f� jj 
 jjInd�� �f� jj�

Since C�red �G� 
 C� �G�� for all f � Cc �G�

jjII� � f� jj 	 jjf jjred �
�

From �	� and �
� it follows that

jjII� � f� jj 	 jjReg� �f� jj 
 jjInd� �f� jj ���

for all f � Cc �G�� If f � Cc �G�� f � �� then jjII� � f� jj 
 jjReg� �f� jj 

jjInd� �f� jj�

If f � L� �G� ��� andZ Z Z �Z
jf �x�j��x��

�
� d�u�v �x�

��

d
e�w� �v� d
e�w� �v� d� �w� 	��

then there is a sequence a sequence �fn�n� in Cc �G� such that

lim
n
kf � fnkII�� 
 ��

Hence

lim
n
kL �f � fn�k 
 ��

for any representation L of G� From ��� it follows that jjII� � f� jj 	 jjReg� �f� jj
for all f with the above property�

Let f � I �G� �� �� and g � Cc �G�� By the preceding lemma� the function
f � g has the property thatZ Z Z �Z

jf � g �x�j��x��
�
� d�u�v �x�

��

d
e�w� �v� d
e�w� �v� d� �w� 	��

	�



It follows that

jjII� � f � g� jj 	 jjReg� �f � g� jj

Let �Kn�n be a sequence of compact subsets of G��� with �Kn 
 G���� By
Corollary 
�		�p� 	
 ��� �or Lemma �����p� 	�� ����� the ��algebra Cc �G� has
a two�sided approximate identity with respect to the inductive limit topology�
�en�n� with the following properties�

	� en �x� � �� for all x � G

�


R en �x� d�u �x�� 	



 	 �
n
� for all u � Kn

�� en �x� 
 en
�
x��

�
� for all x � G�

Let � � L�
�
G� ���

�
� Since kInd� �en� � � �k� 
 ken � � � �k� � � �n����

Banach Steinhaus Theorem implies that �kInd� �en�k�n is bounded� Thus there
is M � �� such that kenkII�� 
 kII� �en�k 
 kInd� �en�k 	M for all n�

Let f � I �G� �� ��� First� we shall assume that d �supp �f�� is a compact set
in G����

For each n� en � L�
�
G� ���

�
because en � Cc �G�� Hence f�en � L�

�
G� ���

�
�kf � enk� 	 kfkI kenk���

Since f � I �G� �� �� � L� �G� ��� it follows that for each 
� there is g �
Cc �G�� such that

R
jf � gj d� 	 
� We haveZ

jf � f � enj d� 	

Z
jf � gj d� �

Z
jg � g � enj d� �

Z
j�f � g� � enj d�

andR
j�f � g� � enj d� 


R 

R �f � g� �y� en
�
y��x

�
d�r�x� �y�



 d� �x�
	
R R

jf � gj �y� en
�
y��x

�
d�r�x� �y� d� �x�

	
R R R

jf � gj �y� en
�
y��x

�
d�r�x� �y� d�u �x� d� �u�



R R R

jf � gj �y� en
�
y��x

�
d�u �x� d�u �y� d� �u�



R R R

jf � gj �y� en �x� d�
d�y� �x� d�u �y� d� �u�

	
�
	 � �

n

� R
jf � gj d� for n with the property that d �supp �f� � supp �g�� �

Kn

Hence limn

R
jf � f � enj d� 
 �� Since limn

R R
jf � f � enj d�

ud�� �u� 
 ��
passing to a subsequence we may assume that limn

R
jf � f � enj d�

u 
 � a�e��
dominated by � kfkI for all n such that d �supp �f�� � Kn�

	�



If a � Cc
�
G���

�
� thenZ

jf � enj �x� ja �d �x��j
�
��� �x� d� �x� 





Z
jf � enj

�
x��

�
ja �r �x��j� d� �x�




Z Z 

en � f�

 �x� ja �r �x��j� d�u �x� d�� �u�
	

Z Z Z
en �y�



f� �y��x�

 d�r�x� �y� ja �r �x��j� d�u �x� d�� �u�



Z Z Z
en �y�



f� �y��x�

 ja �u�j� d�u �y� d�u �x� d�� �u�



Z Z
en �y�

�Z 

f� �y��x�

 d�u �x�� ja �u�j� d�u �y� d�� �u�



Z Z
en �y�

�Z
jf� �x�j �d�y� �x�

�
ja �u�j

�
d�u �y� d�� �u�

	 kfkI

Z Z
en �y� d�

u �y� ja �u�j
�
d�� �u�

	

�
	 �

	

n

�
kfkI kak

�
�

for all n such that supp �a� � Kn�
If a � Cc

�
G���

�
and b � L�

�
G���� �

�
� then limn jhII �f � f � en� a� bij 
 ��

Indeed�

jhII� �f � f � en� a� bij 	

	

Z
jf �x�� f � en �x�j ja �d �x��j jb �r �x��j d�� �x�

	

�Z
jf �x� � f � en �x�j ja �d �x��j

�
��� �x� d� �x�

� �
�







�Z
jf �x�� f � en �x�j jb �r �x��j

�
d� �x�

� �
�

	

�Z Z
jf �x�� f � en �x�j d�u �x� ja �u�j

�
d� �u�

� �
�







�Z
jf �x�� f � en �x�j d�

u �x� jb �u�j
�
d� �u�

� �
�

	 kak� �� kfkI�
�
�

�Z
jf �x�� f � en �x�j d�

u �x� jb �u�j
�
d�� �u�

� �
�

�

Since Cc
�
G���

�
is dense in L�

�
G���� ��

�
and �kII� �f � f � en�k�n is bounded�

it follows that limn jhII� �f � f � en� a� bij 
 � for all a� b � L�
�
G���� ��

�
�

	�



Finally� we have

jhII���f� a� bij 	

	 lim
n
jhII���f � en � f� a� bij� lim

n
jhII� ��f � en� a� bij

	 lim
n
kII� ��f � en�k kak� kbk�

	 lim
n
kInd� ��f � en�k kak� kbk�

	 lim
n
kInd� �f� Ind� �en�k kak� kbk�

	 lim
n
kInd� �f�k kInd� �en�k kak� kbk� �

Thus kII� �f�k 	 kInd���f�k�
Let f � I �G� �� ��� Let �Kn�n be a sequence of compact subsets of G���

with �Kn 
 G���� If fn 
 f	Kn

 d� then jfn � f j converges to zero dominated

by jf j� Hence� if a� b � L�
�
G���� ��

�
� then limn jhII� �f � fn� a� bij 
 �� On the

other hand� if � � L�
�
G� ���

�
�

kInd� �fn� �k� 
 kfn � �k� 
 k�f	Kn

 d� � �k� 



 kf � ��	Kn

 r�k� 	 kInd� �f� ��	Kn


 r�k�
	 kInd� �f�k� k��	Kn


 r�k� 	 kInd� �f�k� k�k�
Thus kInd� �fn�k 	 kInd� �f�k �For a� b � L�

�
G���� �

�
� we have

jhII���f� a� bij 

	 limn jhII��fn � fa� bij� limn jhII� ��fn� a� bij
	 limn kII� ��fn�k kak� kbk�
	 limn kInd� ��fn�k kak� kbk�
	 limn kInd� �f�k kak� kbk��

It follows that kII���f�k 	 kInd� �f�k 
 jjReg� �f� jj for all f � I �G� �� ���

Proposition �� Let G be a locally compact groupoid equipped with a continuous
Haar system f�u� u � G���g� Assume that the decomposition of the Haar system
over the principal groupoid is bounded and that C�red �G� 
 C� �G�� Then G is
measurewise amenable�

Proof� Let � be a quasi�invariant probability measure� First� we shall
assume that � is a quasi�invariant probability measure with supp��� 
 G����
From the preceding propositions it follows that the trivial representation of
C� �G� �� �� is weakly contained in the regular representation� Therefore �G� �� ��
is amenable �Theorem ��	���p� 	�
 �	���

Let � be an arbitrary quasi�invariant measure� �� be a quasi�invariant mea�
sure with supp���� 
 G���� and �� 
 ����� Then �� is quasi�invariant measure
with supp���� 
 G���� and therefore �G� �� ��� is amenable� Proposition ��
�	��
�iii��p� �� �	� shows that there exists a sequence �gn� in Bb �G� ��

�
normalized

and such that

lim
n

Z
h �u�

�Z
jf � gn � �� �f� 
 r� gnj d�

u

�
d�� �u� 
 �

	�



for all f � Bb �G� �� and h � L� �����
Since � 		 ��� there exists a Borel function g such that � 
 g��� If

h � L� ���� then hg � L� ���� and

lim
n

Z
h �u� g �u�

�Z
jf � gn � �� �f� 
 r� gnj d�

u

�
d�� �u� 
 �

lim
n

Z
h �u�

�Z
jf � gn � �� �f� 
 r� gnj d�

u

�
d� �u� 
 �

Therefore �G� �� �� is amenable�
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