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A DYNAMIC CONTACT PROBLEM FOR
THERMO-ELECTRO-VISOPLASTIC MATERIALS

WITH DAMAGE AND INTERNAL STATE
VARIABLE

Laid Maiza, Tedjani Hadj Ammar and Mohamed Laid Gossa

Abstract. This work studies a mathematical model involving a dynamic contact between

two thermo-elasto-viscoplastic piezoelectric bodies with internal state variables and damage. The

contact is modelled with normal compliance condition and adhesion effect of contact surfaces. We

derive variational formulation of the problem and we prove an existence and uniqueness result of

the weak solution. The proof is based on classical existence and uniqueness result on parabolic

inequalities, differential equations and fixed-point arguments.

1 Introduction

Important progress has been made in recent years in the modeling and mathemati-
cal study of the different processes involved in contact between deformable bodies.
When there is an interaction between the mechanical, electrical and thermal prop-
erties of the considered material, contact problems involving thermo-piezoelectricity
arise. This type of materials has many applications in sensors and actuators as mag-
netic probes, electric packing, microphones, hydrophones, ultrasonic image process-
ing due to the transition of energy in thermo-electromechanical conversion. Mindlin
[27] was the first to introduce the thermo-piezoelectric theory using motion equations
in pyroelectric and piezoelectric media to model reflection and refraction phenom-
ena. Nowacki [22, 29] discussed the physical laws of thermo-piezoelectric materials
and Chandrasekharaiah [5, 6] extended the thermo-piezoelectricity theory of Mindlin
to a particular model. Then, the propagation of waves in bodies made of thermo-
piezoelectric materials [19, 25, 33, 32, 34, 31] and its references have been studied
by several researchers. Contact problems involving thermo-elastic materials can be
found in [1, 11, 14], the study of an electro-thermo-viscoelastic bodies is considered
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in [12, 3]. In [4, 26], the mathematical model that describes the frictional contact
between a thermo-piezoelectric body and a conductive base is already discussed. In
[13], Essoufi et al. considered the modeling of quasistatic thermo-electro-viscoelastic
body behavior and the contact with nonfrictional and nonconductive foundation by
Signorini condition, they demonstrated the existence and uniqueness of the weak
solution and derived error estimates on the approximate solutions.

In this article, we study a dynamic contact problem between two a thermo-
electro viscoplastic bodies with damage and internal state variable. To this purpose
we introduce the constitutive law:

σ = Aε(u̇) + Bε(u)− (E )∗E(ξ) +∫ t

0
G
(
σ(s)−Aε(u̇(s))− (E )∗∇ξ(s), ε(u(s)), ς (s),k(s), τ (s)

)
ds,

(1.1)

k̇ = Θ
(
σ −Aε(u̇)− (E )∗∇ξ, ε(u), ς ,k, τ

)
, (1.2)

D = Eε(u) + βE(ξ), (1.3)

where u denotes the displacement field, σ and ε(u) represent the stress and the
linearized strain tensor, respectively, D is the electric displacement field. Here A
and B are nonlinear operators describing the purely viscous and the elastic properties
of the material, respectively, G is a nonlinear constitutive function describing the
viscoplastic behaviour of the material. k denotes the internal state variable, ς and τ
represent the damage and the temperature field, respectively, Θ is also a nonlinear
constitutive function. There is a variety of choices for the internal state variables,
for reference in the field see [9, 10]. Some commonly used internal state variables
are the plastic strain and a number of tensor variables that take into account the
spatial display of dislocations and the work-hardening of the material. E(ξ) is the
electric field that satisfies E(ξ) = −∇ξ, where ξ is the electric potential. Also,
E represents the third order piezoelectric tensor, (E)∗ is its transposition and β
denotes the electric permittivity tensor. It follows from (1.1) that at each time
moment, the stress tensor σ is split into three parts: σ = σV + σE + σR, where
σV = Aε(u̇) represents the purely viscous part of the stress, σE = −(E)∗E(ξ)
represents the electric part of the stress and σR is the elastoplastic part of the stress
which satisfies

σR = Bε(u) +
∫ t

0
G
(
σR(s), ε(u(s)), ς (s),k(s), τ (s)

)
ds. (1.4)

Note also that when G = 0 the constitutive law (1.1) becomes the Kelvin-Voigt
electro-viscoelastic constitutive relation,

σ = Aε(u̇) + Bε(u)− (E)∗E(ξ). (1.5)
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Contact problems with Kelvin-Voigt materials of the form (1.5) can be found in
[2, 26, 35]. The paper is organized as follows. There are some preliminary principles
related to our problem in the section 2. We present the mechanical model of the
problem in the section 3. We add the section 4 with the assumptions on the problem
data. We also derive the problem’s variational formulation, and the main result is
stated in the Theorem 2. Section 5, we proof of Theorem 2 based on nonlinear evolu-
tion equation with monotone operator, parabolic inequalities, differential equations
and fixed point arguments.

2 Notation and preliminaries

In this section, we present some basic notations and preliminary material, which will
be used throughout this paper. For more details, we refer the reader to [28, 36].
Let Sd be the space of second order symmetric tensors on Rd. The canonical inner
products and norms on Sd and Rd are given by

u.v = ui.vi, |v| = (v.v)
1
2 , ∀u,v ∈ Rd,

σ.τ = σij .τij , |τ | = (τ .τ )
1
2 , ∀σ, τ ∈ Sd.

Everywhere, the indices i and j run between 1 and d the summation convention over
repeated indices is adopted.

Let Ω1 and Ω2 be two bounded domains in Rd. Everywhere in this paper, we use
a superscript α to indicate that a quantity is related to the domain Ωα, α = 1, 2.
For each domain Ωα we assume that its boundary Γα is Lipschitz continuous and let
Γα
1 be a measurable part of Γα such that meas(Γα

1 ) > 0. We denote by να = (ναi )
the outward unit normal at Γα. Also, an index that follows a comma represents
the partial derivative with respect to the corresponding component of the spatial
variable; for example, uα

i,j = ∂uα
i /∂xj .

We introduce the spaces and the corresponding inner productsas follows:

Hα = {vα = (vαi )1≤i≤d; v
α
i ∈ L2(Ωα)},

Hα = {τα = (ταij)1≤i,j≤d; τ
α
ij = ταji ∈ L2(Ωα)},

Hα
1 = {vα = (vαi )1≤i≤d; ε(v

α) ∈ Hα},
Hα

1 = {τα = (ταij)1≤i≤d; τα ∈ Hα, Divτα ∈ Hα},

Y α =
{
λα = (λαi )1≤i≤m; λαi ∈ L2(Ωα)

}
, V α =

{
vα ∈ H1(Ωα)d; vα = 0 on Γα

1

}
.

It is easy to check that the spaces Hα,Hα, Hα
1 ,Hα

1 ,Y
α, and V α are all Hilbert

spaces equipped with the inner products

(uα,vα)Hα =

∫
Ωα

uα.vαdx, (σα, τα)Hα =

∫
Ωα

σα.ταdx,
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(uα,vα)Hα
1
=

∫
Ωα

uα.vαdx+

∫
Ωα

∇uα.∇vαdx,

(σα, τα)Hα
1
=

∫
Ωα

σα.ταdx+

∫
Ωα

Divσα.Div ταdx,

(λα,µα)Y α =

∫
Ωα

λα.µαdx, (uα,vα)V α = (ε(uα), ε(vα))Hα

and the associated norms ∥.∥Hα , ∥.∥Hα , ∥.∥Hα
1
, ∥.∥Hα

1
, ∥.∥Y α

1
and ∥.∥V α and

respectively. Here and below we use the notation

∇uα = (uαi,j), ε(u
α) = (εij(u

α)), εij(u
α) =

1

2
(uαi,j + uαj,i), ∀uα ∈ Hα

1 ,

Divσα = (σαij,j), ∀σα ∈ Hα
1 .

Completeness of the space (V α, ∥.∥V α) follows from the assumption meas(Γα
1 > 0),

which allows the use of Korn’s inequality.

We denote vα as the trace of an element vα ∈ Hα
1 on Γα. For every element

vα ∈ V α, we denote by vαν and vα
τ the normal and the tangential components

of vα on the boundary Γα given by vαν = vα.να, vα
τ = vα − vαν ν

α. Also, for an
element σα ∈ Hα

1 we denote by σνα, σαν and σα
τ the trace, the normal trace and the

tangential trace of σα to Γα, respectively. In addition, the Sobolev trace theorem,
there exists a constant ctr > 0, depending only on Ωα, Γα

1 and Γ3 such that

∥vα∥L2(Γ3)d ≤ ctr∥vα∥V α ∀vα ∈ V α. (2.1)

Denote Lα
0 = L2(Ωα), Lα

1 = H1(Ωα), (., .)Lα
0
= (., .)L2(Ωα), (., .)Lα

1
= (., .)H1(Ωα),

∥.∥Lα
0
= ∥.∥L2(Ωα) and ∥.∥Lα

1
= ∥.∥H1(Ωα). For the electric unknowns ξα and Dα we

use the spaces

Wα = {ξα ∈ Lα
1 ; ξ

α = 0 on Γα
a} ,

Wα =
{
Dα = (Dα

i ); D
α
i ∈ L2(Ωα), divDα ∈ L2(Ωα)

}
.

These are real Hilbert spaces with inner products

(ξα, ψα)Wα =

∫
Ωα

∇ξα.∇ψαdx,

(Dα,Ψα)Wα =

∫
Ωα

Dα.Ψαdx+

∫
Ωα

divDα.divΨαdx,

where divDα = (Dα
i,i), and the associated norms are denoted by ∥.∥Wα and ∥.∥Wα ,

respectively. Completeness of the space (Wα, ∥.∥Wα) is a consequence of
the assumptionmeas(Γα

a ) > 0 which allows the use of Friedrichs-Poincaré inequality.
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In order to simplify the notations, we define the product spaces

V = V 1 × V 2, H = H1 ×H2, H1 = H1
1 ×H2

1 , H = H1 ×H2,

H1 = H1
1 ×H2

1, Y = Y 1 × Y 2, L0 = L1
0 × L2

0, L1 = L1
1 × L2

1,

W =W 1 ×W 2, W = W1 ×W2.

The spaces V , H, H, Y , L0, L1, W and W are real Hilbert spaces endowed with
the canonical inner products denoted by (., .)V , (., .)H , (., .)H, (., .)Y , (., .)L0 , (., .)L1 ,
(., .)W , and (., .)W . The associate norms will be denoted by ∥.∥V , ∥.∥H , ∥.∥H, ∥.∥Y ,
∥.∥L0 , ∥.∥L1 , ∥.∥W , and ∥.∥W , respectively.

Finally, for any real Hilbert space H, we use the classical notation for the spaces
Lp(0, T ;H), W k,p(0, T ;H), where 1 ≤ p ≤ ∞, k ≥ 1. We denote by C(0, T ;H) and
C1(0, T ;H) the space of continuous and continuously differentiable functions from
[0, T ] to H, respectively, with the norms

∥π∥C(0,T ;H) = max
t∈[0,T ]

∥π(t)∥H,

∥π∥C1(0,T ;H) = max
t∈[0,T ]

∥π(t)∥H + max
π∈[0,T ]

∥π̇(t)∥H,

respectively. Moreover, we use the dot above to indicate the derivative with respect
to the time variable.

Moreover, if H1 and H2 are real Hilbert spaces then H1×H2 denotes the product
Hilbert space endowed with the canonical inner product (., .)H1×H2 .

3 Model of the Problem

We consider two thermo-piezoelectric bodies, occupying two bounded domains Ω1,
Ω2 of the space Rd (d = 2, 3 in applications). For each domain Ωα, the boundary
Γα is assumed to be Lipschitz continuous, and is partitioned into three disjoint
measurable parts Γα

1 , Γ
α
2 and Γα

3 , on one hand, and on two measurable parts Γα
a and

Γα
b , on the other hand, such that meas(Γα

1 ) > 0, meas(Γα
a ) > 0. Let T > 0 and let

[0, T ] be the time interval of interest. The Ωα body is submitted to fα
0 forces and

volume electric charges of density qα0 . The bodies are assumed to be clamped on
Γα
1 ×(0, T ), so the displacement field vanishes there. The surface tractions fα

2 act on
Γα
2 × (0, T ). We also assume that the electrical potential vanishes on Γα

a × (0, T ) and
a surface electric charge of density qα2 is prescribed on Γα

b × (0, T ). The two bodies
can enter in contact along the common part Γ1

3 = Γ2
3 = Γ3. We use an thermo-

elasto-viscoplastic piezoelectric law with damage and internal state variable given
by (1.1)–(1.3) where the damage of the materials caused by plastic deformations.
The differential inclusion used for the evolution of the damage field is

ς̇α− κα∆ςα+ ∂ψKα(ςα) ∋ ϕα
(
σα −Aαε(u̇α)− (Eα)∗∇ξα, ε(uα), ςα,kα, τα

)
,
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where Kα denotes the set of admissible damage functions defined by

Kα = {ω ∈ H1(Ωα); 0 ≤ ω ≤ 1, a.e. in Ωα}, (3.1)

κα is a positive coefficient, ∂ψKα represents the subdifferential of the indicator func-
tion of the setKα and Ψα is a given constitutive function which describes the sources
of the damage in the system. When ς = 1, there is no damage in the material, when
ς = 0, the material is completely damaged, when 0 < ς < 1 there is partial dam-
age and the system has a reduced load carrying capacity. General novel models
for damage were derived in [17, 16, 18] from the virtual power principle. With
these assumptions, the classical formulation of the dynamic problem for frictionless
contact problem with normal compliance and adhesion between two thermo-elasto-
viscoplastic piezoelectric bodies with damage and with internal state variable is the
following.

Problem P. For α = 1, 2, find a displacement field uα : Ωα × [0, T ] −→ Rd, a
stress field σα : Ωα × [0, T ] −→ Sd, an electric potential field ξα : Ωα × [0, T ] −→ R,
a damage field ςα : Ωα× [0, T ] −→ R, a bonding field ζ : Γ3× [0, T ] −→ R, a electric
displacement field Dα : Ωα × [0, T ] −→ Rd, a temperature τα : Ωα × [0, T ] −→ R,
and an internal state variable field kα : Ωα × [0, T ] −→ Rm, such that

σα = Aαε(u̇α) + Bαε(uα) + (Eα)∗∇ξα+∫ t

0
Gα

(
σα(s)−Aαε(u̇α(s))− (Eα)∗∇ξα(s), ε(uα(s)), ςα(s),kα(s), τα(s)

)
ds

in Ωα × (0, T ), (3.2)

k̇
α
=Θα

(
σα−Aαε(u̇α)−(Eα)∗∇ξα(s), ε(uα), ςα,kα, τα

)
inΩα × (0, T ), (3.3)

Dα = Eαε(uα)− βα∇ξα in Ωα × (0, T ), (3.4)

ς̇α− κα∆ςα+ ∂ψKα(ςα) ∋ ϕα
(
σα −Aαε(u̇α)− (Eα)∗∇ξα, ε(uα), ςα,kα, τα

)
in Ωα × (0, T ), (3.5)

τ̇α − κα0∆τ
α = Ψα

(
σα−Aαε(u̇α)− (Eα)∗∇ξα, ε(uα), ςα,kα, τα

)
+ χα

in Ωα × (0, T ), (3.6)

ραüα = Divσα + fα
0 in Ωα × (0, T ), (3.7)

divDα − qα0 = 0 in Ωα × (0, T ), (3.8)

uα = 0 on Γα
1 × (0, T ), (3.9)

σανα = fα
2 on Γα

2 × (0, T ), (3.10)

ζ̇ = Had(ζ,Rν(u
1
ν + u2ν),Rτ (u

1
τ − u2

τ )) on Γ3 × (0, T ), (3.11){
σ1ν = σ2ν ≡ σν ,

σν = −pν(u1ν + u2ν) + γνζ
2Rν(u

1
ν + u2ν)

on Γ3 × (0, T ), (3.12)
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σ1
τ = −σ2

τ ≡ στ ,

στ = pτ (ζ)Rτ (u
1
τ − u2

τ )
on Γ3 × (0, T ), (3.13)

∂ςα

∂να
= 0 on Γα × (0, T ), (3.14)

κα0
∂ατα

∂να
+ λα0 τ

α = 0 on Γα × (0, T ), (3.15)

ξα = 0 on Γα
a × (0, T ), (3.16)

Dα.να = qα2 on Γα
b × (0, T ), (3.17)

uα(0) = uα
0 , u̇

α(0) = vα
0 , ς

α(0) = ςα0 ,k
α(0) = kα

0 , τ
α(0) = τα0 in Ωα, (3.18)

ζ(0) = ζ0, on Γ3. (3.19)

First, equations (3.2)–(3.4) represent the thermo-elastic-viscoplastic piezoelectric
constitutive law with internal state variable and damage. The equation (3.6) is an
energy conservation equation where Ψα is a nonlinear constitutive function describ-
ing the heat produced by the work of internal forces, and χα is the heat source of
the given volume. The equations (3.7) and (3.8) are the equilibrium equations for
the fields of stress and electric displacement. Next, the equations (3.9) and (3.10)
represent the displacement and traction boundary condition, respectively. Equation
(3.11) represents the ordinary differential equation which describes the evolution of
the bonding field and it was already used in [7, 8, 15, 20, 21], see also [36] for de-
tails, where Had is the adhesion evolution rate function. Condition (3.12) represents
the normal compliance condition with adhesion. Condition (3.13) is the tangential
boundary condition on the contact surface, showing that the shear on the contact
surface depends on the adhesion field and on the tangential displacement, pν and pτ
are given functions,

Rν(s) =

⎧⎪⎨⎪⎩
L if s < −L,
−s if − L ≤ s ≤ 0,

0 if s > 0,

Rτ (v) =

{
v if |v| ≤ L,

L v
|v| if |v| > L

with L > 0 being a characteristic length of the bond, beyond which it does not offer
any additional traction (see, e.g., [30]). Boundary conditions (3.14), (3.15) represent,
respectively on Γα, a homogeneous Neumann boundary condition for the damage
field and a Fourier boundary condition for the temperature. (3.16) and (3.17) rep-
resent the electric boundary conditions. (3.18) represents the initial displacement
field, the initial velocity and the initial damage. Finally (3.19) represents the initial
condition in which ζ0 is the given initial bonding field.

4 Weak formulation and main result

To derive the variational formulation for Problem P, we need to introduce the fol-
lowing assumptions
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The viscosity operator Aα : Ωα × Sd → Sd satisfies:
H(1): (a) There exist constants C1

Aα , C2
Aα > 0 such that

|Aα(x,ω)| ≤ C1
Aα |ω|+ C2

Aα , ∀ω ∈ Sd, a.e. x ∈ Ωα,
(b) There exist constants mAα > 0 such that

(Aα(x,ω1)−Aα(x,ω2)) · (ω1 − ω2) ≥ mAα |ω1 − ω2|2,
∀ω1,ω2 ∈ Sd, a.e. x ∈ Ωα,

(c) Aα(.,ω) is measurable on Ωα, for any ω ∈ Sd,
(d) Aα(x, .) is continuous on Sd, a.e. x ∈ Ωα.

The elasticity operator Bα : Ωα × Sd → Sd satisfies:
H(2): (a) There exists LBα > 0 such that

|Bα(x,ω1)−Bα(x,ω2)| ≤ LBα |ω1−ω2|, ∀ω1,ω2 ∈ Sd, a.e.x ∈ Ωα,
(b) Bα(.,ω) is measurable on Ωα, ∀ω ∈ Sd,
(c) Bα(.,0) belongs to Hα.

The viscoplasticity operator Gα : Ωα × Sd × Sd × R× Rm × R → Sd satisfies:
H(3): (a) There exists a constants LGα > 0 such that

|Gα(x,η1,ω1, d1,k1, τ1)−Gα(x,η2,ω2, d2,k2, τ2)|≤ LGα

(
|η1−η2|

+|ω1 − ω2|+ |d1 − d2|+ |k1 − k2|+ |τ1 − τ2|
)
, ∀η1,η2,ω1,

ω2 ∈ Sd, ∀k1,k2 ∈ Rm, ∀d1, d2 ∈ R, ∀τ1, τ2 ∈ R a.e. x ∈ Ωα,
(b) Gα(.,η,ω, d,k, τ) is measurable in Ωα, ∀η,ω ∈ Sd, d ∈ R, k ∈ Rm,
(c) Gα(.,0,0, 0,0, 0) belongs to Hα.

The nonlinear constitutive functions Had, Θ
α, ϕα and Ψα are assumed to satisfy the

followig:

H(4): Had : Γ3 × R× R× Rd−1 → R is such that
(a) There exists LHad

> 0 such that
|Had(x, ζ1, r1, ω1)−Had(x, ζ2, r2, ω2)| ≤

LHad

(
|ζ1 − ζ2|+ |r1 − r2|+ |ω1 − ω2|

)
,

for all ζ1, ζ2, r1, r2 ∈ R, ω1, ω2 ∈ Rd−1, for a.e. x ∈ Γ3,
(b) Had(., ζ, r, ω) is measurable on Γ3, ∀ζ, r ∈ R, ω ∈ Rd−1,
(c) Had(x, ., ., .) is continuous on R× R× Rd−1 a.e. x ∈ Γ3,
(d) Had(x, 0, r, ω) = 0, ∀r ∈ R, ω ∈ Rd−1, a.e. x ∈ Γ3,

Had(x, ζ, r, ω) ≥ 0, ∀ζ ≤ 0, r ∈ R, ω ∈ Rd−1, a.e. x ∈ Γ3, and
Had(x, ζ, r, ω) ≤ 0, ∀ ζ ≥ 1, r ∈ R, ω ∈ Rd−1, a.e. x ∈ Γ3.

H(5): Θα : Ωα × Sd × Sd × R× Rm × R → Sd is such that
(a) There exists LΘα > 0 such that

|Θα(x,η1,ω1, α1,k1, τ1)−Θα(x,η2,ω2, α2,k2, τ2)| ≤
LΘα

(
|η1 − η2|+ |ω1 − ω2|+ |α1 − α2|+ |k1 − k2|+ |τ1 − τ2|

)
,

∀η1,η2,ω1,ω2 ∈ Sd,k1,k2 ∈ Rm, τ1, τ2, α1, α2 ∈ R, a.e. x ∈ Ωα,
(b) Θα(.,η,ω, α,k, τ) is measurable on Ωα, ∀η,ω ∈ Sd,k ∈ Rm, α, τ ∈ R,
(c) Θα(.,0,0, 0,0, 0) belongs to L2(Ωα).
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H(6): ϕα : Ωα × Sd × Sd × R× Rm × R → Sd is such that
(a) There exists Lϕα > 0 such that

|ϕα(x,η1,ω1, α1,k1, τ1)− ϕα(x,η2,ω2, α2,k2, τ2)| ≤
Lϕα

(
|η1 − η2|+ |ω1 − ω2|+ |α1 − α2|+ |k1 − k2|+ |τ1 − τ2|

)
,

∀η1,η2,ω1,ω2 ∈ Sd,k1,k2 ∈ Rm, τ1, τ2, α1, α2 ∈ R, a.e. x ∈ Ωα,
(b) ϕα(.,η,ω, α,k, τ) is measurable on Ωα, ∀η,ω ∈ Sd, k ∈ Rm, α, τ ∈ R,
(c) ϕα(.,0,0, 0,0, 0) belongs to L2(Ωα).

H(7): Ψα : Ωα × Sd × Sd × R× Rm × R → Sd is such that
(a) There exists LΨα > 0 such that

|Ψα(x,η1,ω1, α1,k1, τ1)−Ψα(x,η2,ω2, α2,k2, τ2)| ≤
LΨα

(
|η1 − η2|+ |ω1 − ω2|+ |α1 − α2|+ |k1 − k2|+ |τ1 − τ2|

)
,

∀η1,η2,ω1,ω2 ∈ Sd,k1,k2 ∈ Rm, τ1, τ2, α1, α2 ∈ R, a.e. x ∈ Ωα,
(b) Ψα(.,η,ω, α,k, τ) is measurable on Ωα, ∀η,ω ∈ Sd, k ∈ Rm, α, τ ∈ R,
(c) Ψα(.,0,0, 0,0, 0) belongs to L2(Ωα).

The piezoelectric tensor and the electric permittivity tensor satisfy the following
conditions:

H(8): Eα : Ωα × Sd → Rd is such that
(a) Eα = (eαijk), e

α
ijk = eαikj ∈ L∞(Ωα), 1 ≤ i, j, k ≤ d,

(b) Eασ.v = σ.(Eα)∗v, ∀σ ∈ Sd, ∀v ∈ Rd.

H(9): βα : Ωα × Rd → Rd is such that
(a) βα = (βαij), β

α
ij = βαji ∈ L∞(Ωα), 1 ≤ i, j ≤ d,

(b) There exists mβα > 0 such that
βαE.E ≥ mβα |E|2, ∀E = (Ei) ∈ Rd, a.e. x ∈ Ωα.

The normal compliance function pν and the tangential function pτ satisfy the as-
sumptions:

H(10): (a) pν : Γ3 × R → R+

(b) There exists Lν > 0 such that
|pν(x, r1)− pν(x, r2)| ≤ Lν |r1 − r2|, ∀r1, r2 ∈ R, a.e. x ∈ Γ3,

(c) pν(., r) is measurable on Γ3,∀r ∈ R,
(d) pν(x, r) = 0, ∀r ≤ 0, a.e. x ∈ Γ3.

H(11): (a) pτ : Γ3 × R → R+

(b) There exists Lτ > 0 such that
|pτ (x, d1)− pτ (x, d2)| ≤ Lτ |d1 − d2|, ∀d1, d2 ∈ R, a.e. x ∈ Γ3,

(c) There exists Mτ > 0 such that
|pτ (x, d)| ≤Mτ ∀ d ∈ R, a.e. x ∈ Γ3,

(d) pτ (., d) is measurable on Γ3, ∀d ∈ R.
(e) pτ (., 0) ∈ L2(Γ3).
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We suppose that the mass density, the forces, the traction densities and the foun-
dation’s temperatures satisfy:

H(12): (a) ρα ∈ L∞(Ωα), ∃ρ0 > 0; ρα(x) ≥ ρ0 a.e. x ∈ Ωα,
(b) fα0 ∈ L2(0, T ;L2(Ωα)d), fα2 ∈ L2(0, T ;L2(Γα

2 )
d),

(c) qα0 ∈ C(0, T ;L2(Ωα)), qα2 ∈ C(0, T ;L2(Γα
b )),

(d) χα ∈ L2(0, T ;L2(Ωα)).

The energy coefficient, microcrack diffusion coefficient and adhesion coefficient sat-
isfy:

H(13): κα0 , κ
α > 0, γν ∈ L∞(Γ3), γν ≥ 0, a.e. on Γ3.

Also, we assume that the initial values satisfy:

H(14): (a) kα
0 ∈ Y α, uα

0 ∈ V α, vα
0 ∈ Hα, ςα0 ∈ Kα, τα0 ∈ Lα

1 ,
(b) ζ0 ∈ L2(Γ3), 0 ≤ ζ0 ≤ 1, a.e. on Γ3.

We will use a modified inner product on H, given by

((u,v))H =

2∑
α=1

(ραuα,vα)Hα ,

and let |||.|||H be the associated norm. It follows from assumption H(ρα), that |||.|||H
and ∥.∥H are equivalent norms on H, and the inclusion mapping of (V , ∥.∥V ) into
(H, |||.|||H) is continuous and dense. We denote by V ′ the dual of V . Identifying H
with its own dual. Then (u,v)V ′×V = ((u,v))H , ∀u ∈ H,∀v ∈ V . We define six
mappings f : [0, T ] → V ′, q : [0, T ] → W, a : L1 × L1 → R, a0 : L1 × L1 → R,
jad : L∞(Γ3)× V × V → R and jνc : V × V → R, respectively, by

(f(t),v)V ′×V =

2∑
α=1

∫
Ωα

fα0 (t) · vαdx+

2∑
α=1

∫
Γα
2

fα2 (t) · vα da ∀v ∈ V , (4.1)

(q(t), ς)W =

2∑
α=1

∫
Ωα

qα0 (t)ς
α dx−

2∑
α=1

∫
Γα
b

qα2 (t)ς
α da ∀ς ∈W, (4.2)

a(ς, ω) =

2∑
α=1

κα
∫
Ωα

∇ςα.∇ωαdx, (4.3)

a0(ξ, ζ) =
2∑

α=1

κα0

∫
Ωα

∇ξα.∇ζαdx+
2∑

α=1

λα0

∫
Γα

ξαζαda, (4.4)

a0(ξ, ζ) =
2∑

α=1

κα0

∫
Ωα

∇ξα.∇ζαdx+
2∑

α=1

λα0

∫
Γα

ξαζαda, (4.5)
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jad(ζ,u,v) =

∫
Γ3

(
− γνζ

2Rν(u
1
ν + u2ν)(v

1
ν + v2ν)

)
da

+

∫
Γ3

(
pτ (ζ)Rτ (u

1
τ − u2

τ )(v
1
τ − v2

τ )
)
da, (4.6)

jνc(u,v) =

∫
Γ3

pν(u
1
ν + u2ν)(v

1
ν + v2ν)da. (4.7)

We note that conditions H(12)(b) and H(12)(c) imply

f ∈ L2(0, T ;V ′), q ∈ C(0, T ;W ). (4.8)

By a standard procedure based on Green’s formula, we derive the following varia-
tional formulation of the mechanical (3.2)–(3.19).

Problem PV. Find u = (u1,u2) : [0, T ] → V , σ = (σ1,σ2) : [0, T ] → H,
ξ = (ξ1, ξ2) : [0, T ] → W, ς = (ς1, ς2) : [0, T ] → L1, ζ : [0, T ] → L∞(Γ3),
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τ = (τ1, τ2) : [0, T ] → L1, and k = (k1,k2) : [0, T ] → Y such that

σα = Aαε(u̇α) + Bαε(uα) + (Eα)∗∇ξα+∫ t

0
Gα

(
σα(s)−Aαε(u̇α(s))− (Eα)∗∇ξα(s), ε(uα(s)), ςα(s),kα(s), τα(s)

)
ds

in Ωα × (0, T ), (4.9)

k̇
α
= Θα

(
σα −Aαε(u̇α)− (Eα)∗∇ξα(s), ε(uα), ςα,kα, τα

)
in Ωα × (0, T ), (4.10)

( ü, v)V ′×V +
2∑

α=1

(σα, ε(vα))Hα + jad(ζ(t),u(t),v) + jνc(u(t),v) = (f(t),v)V ′×V ,

∀v ∈ V , a.e. t ∈ (0, T ), (4.11)

ς(t) ∈ K,

2∑
α=1

(ς̇α(t), ωα − ςα(t))L2(Ωα) + a(ς(t), ω − ς(t)) ≥

2∑
α=1

(
ϕα

(
σα−Aαε(u̇α))−(Eα)∗∇ξα, ε(uα), ςα,kα, τα

)
(t), ωα − ςα(t)

)
L2(Ωα)

∀ω ∈ K, a.e. t ∈ (0, T ), (4.12)

a0(τ(t), δ) =
2∑

α=1

(
Ψα

(
σα−Aαε(u̇α)−(Eα)∗∇ξα, ε(uα), ςα,kα, τα

)
(t), δα

)
Lα
0

+
2∑

α=1

(τ̇α(t)− χα(t), δα)Lα
0

∀δ ∈ L1, a.e. t ∈ (0, T ), (4.13)

2∑
α=1

(
βα∇ξα(t)− Eαε(uα(t)),∇ϕα

)
Hα = (q(t), ϕ)W ∀ϕ ∈W, a.e. t ∈ (0, T ), (4.14)

ζ̇ = Had(ζ,Rν(u
1
ν + u2ν),Rτ (u

1
τ − u2

τ )) a.e. t ∈ (0, T ), (4.15)

u(0) = u0, u̇(0) = v0, ς(0) = ς0, ζ(0) = ζ0, k(0) = k0, τ(0) = τ0, (4.16)

where K = K1 ×K2.

Remark 1. We note that, in Problem P and in Problem PV, we do not need to
impose explicitly the restriction 0 ≤ ζ ≤ 1. Indeed, equation (4.15) guarantees that
ζ(x, t) ≤ ζ0(x) and, therefore, assumption H(4) shows that ζ(x, t) ≤ 1 for t ≥ 0, a.e.
x ∈ Γ3. On the other hand, if ζ(x, t0) = 0 at time t0, then it follows from (4.15) that
ζ̇(x, t) = 0 for all t ≥ t0 and therefore, ζ(x, t) = 0 for all t ≥ t0, a.e. x ∈ Γ3. We
conclude that 0 ≤ ζ(x, t) ≤ 1 for all t ∈ [0, T ], a.e. x ∈ Γ3.

Now, we propose our existence and uniqueness result
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Theorem 2 (Existence and uniqueness). Assume that H(1)– H(14) hold. Then
there exists a unique solution {u,σ, ξ, ς, ζ,k, τ} to Problem PV, Moreover, the so-
lution satisfies

u ∈W 1,2(0, T ;V ) ∩ C1(0, T ;H), ü ∈ L2(0, T ;V ′), (4.17)

σ ∈ L2(0, T ;H), (Divσ1,Divσ2) ∈ L2(0, T ;V ′), (4.18)

ξ ∈ C(0, T ;W ), (4.19)

ς ∈W 1,2(0, T ;L0) ∩ L2(0, T ;L1), (4.20)

ζ ∈W 1,∞(0, T ;L2(Γ3)) ∩ Z, (4.21)

k ∈W 1,2(0, T ;Y ), (4.22)

τ ∈W 1,2(0, T ;L0) ∩ L2(0, T ;L1). (4.23)

The functions {u, ξ, ς,σ,k, τ, ζ,D} which satisfy (4.9)–(4.16) and (3.4) are called
weak solution of the thermo-piezoelectric contact Problem P. We conclude by Theo-
rem 2 that, under the assumptions H(1)–H(14), the mechanical problem (3.2)–(3.19)
has a unique weak solution {u, ξ, ς,σ,k, τ, ζ,D}. To precise the regularity of the
weak solution, we note that the constitutive relation (3.4), the assumptions H(8)-
H(9) , and the regularities (4.17), (4.19) show that D ∈ C(0, T ;H). Moreover, using
(4.14) and notation (4.2), we obtain

divDα(t) = qα0 (t) ∀t ∈ [0, T ], α = 1, 2.

It follows now from the regularities H(12)(c) that divDα ∈ C(0, T ;Hα), α = 1, 2,
which shows that

D ∈ C(0, T ;W). (4.24)

We conclude that the weak solution {u, ξ, ς,σ,k, τ, ζ,D} of the thermo-piezoelectric
contact Problem P has the regularity (4.17)–(4.24).

5 Proof of Theorem 2

The proof of Theorem 2 which will be carried out in several steps and is based on
arguments of nonlinear equations with monotone operators, a classical existence and
uniqueness result on parabolic inequalities and fixed point arguments. We assume
in what follows that assumptions of Theorem 2 hold, and we consider that C is a
generic positive constant which depends on Ωα, Γα

1 , Γ
α
2 , Γ3, pν , pτ , Aα, βα, Bα, Gα,

Eα, Θα, Had, γν , ϕ
α, Ψα, κα0 , λ

α
0 , κ

α, χα and T, with α = 1, 2. But does not depend
on t nor of the rest of input data, and whose value may change from place to place.
Let a η = (η1, η2) ∈ L2(0, T ;V ′) be given. In the first step we consider the following
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variational problem.
Problem PVuξ

η . Find (uη, ξη) : [0, T ] → V ×W such that

(üη(t), v)V ′×V +
2∑

α=1

(Aαε(u̇α(t)), ε(vα))Hα = (f(t)− η(t),v)V ′×V ,

∀v ∈ V , a.e. t ∈ (0, T ), (5.1)

2∑
α=1

(βα∇ξαη (t)− Eαε(uα
η (t)),∇ϕα)Hα = (q(t), ϕ)W , ∀ϕ ∈W a.e. t ∈ (0, T ), (5.2)

uα
η (0) = uα

0 , u̇α
η (0) = vα

0 in Ωα. (5.3)

We have the following result for the problem.

Lemma 3. There exists a unique solution (uη, ξη) of Problem PVuξ
η and it satisfies

uη ∈W 1,2(0, T ;V ) ∩ C1(0, T ;H), üη ∈ L2(0, T ;V ′), (5.4)

ξη ∈ C(0, T ;W ). (5.5)

Proof. We define the operator A : V → V ′ by

(Au,v)V ′×V =
2∑

α=1

(Aαε(uα), ε(vα))Hα ∀u,v ∈ V . (5.6)

We use (5.6) and H(1) to find that

∥Au−Av∥2V ′ ≤
2∑

α=1

∥Aαε(uα)−Aαε(vα)∥2Hα ∀u,v ∈ V .

Keeping in mind H(1) and Krasnoselski Theorem (see, for example [24, p.60]), we
deduce that A : V → V ′ is a continuous, and so hemicontinuous. Now, by H(1)(c)
and (5.6), it follows that

(Au−Av,u− v)V ′×V ≥ m∥u− v∥2V ∀u,v ∈ V , (5.7)

where the positive constant m = min{mA1 ,mA2}. Choosing v = 0 in (5.7) we obtain

(Au,u)V ′×V ≥ m∥u∥2V − ∥Ao∥2V ′∥u∥V

≥ 1

2
m∥u∥2V − 1

2m
∥Ao∥2V ′ ∀u ∈ V . (5.8)

Moreover, by (5.6) and H(1)(b) we find

∥Au∥V ′ ≤ C1∥u∥V + C2 ∀u ∈ V ,
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where C1 = max{C1
A1 , C

1
A2} and C2 = max{C2

A1 , C
2
A2}. Finally, we recall that by

(4.8) we have f − η ∈ L2(0, T ;V ′) and v0 ∈ H. Therefore, using a standard for
ordinary differential equations in abstract spaces (see, for example, [36, Theorem
2.29]), we know there exists a unique function ϑη such that

ϑη ∈ L2(0, T ;V ) ∩ C(0, T ;H), ϑ̇η ∈ L2(0, T ;V ′), (5.9)

ϑ̇η(t) +Aϑη(t) = f(t)− η(t), a.e. t ∈ [0, T ] (5.10)

ϑη(0) = v0. (5.11)

Let uη : [0, T ] → V be the function defined by

uη(t) =

∫ t

0
ϑη(s)ds+ u0 ∀t ∈ [0, T ]. (5.12)

It follows from (5.6) and (5.9)– (5.12), that uη is a solution to (5.1), (5.3), with the
regularity (5.4). Next, we define a bilinear form: b(., .) :W ×W → R such that

b(ξ, ϕ) =
2∑

α=1

(βα∇ξα,∇ϕα)Hα ∀ξ, ϕ ∈W. (5.13)

We use H(9) and (5.13) to show that the bilinear form b(., .) is continuous, symmetric
and coercive on W. Moreover, using (4.2) and the Riesz Representation Theorem we
may define an element qη : [0, T ] →W such that

(qη(t), ϕ)W = (q(t), ϕ)W +
2∑

α=1

(Eαε(uα
η (t)),∇ϕα)Hα ∀ϕ ∈W, t ∈ (0, T ).

We apply the Lax-Milgram Theorem to deduce that there exists a unique element
ξη(t) ∈W such that

b(ξη(t), ϕ) = (qη(t), ϕ)W ∀ϕ ∈W. (5.14)

It follows from (5.14), that the pair (uη, ξη) is the solution to the nonlinear varia-
tional equation (5.2). Let now t1, t2 ∈ [0, T ], it follows from (5.2) that

∥ξη(t1)− ξη(t2)∥W ≤ C
(
∥uη(t1)− uη(t2)∥V + ∥q(t1)− q(t2)∥W

)
. (5.15)

Since uη ∈ C1(0, T ;H) and q ∈ C(0, T ;W ), inequality (5.15) implies that ξη ∈
C(0, T ;W ). This completes the proof

In the second step, we let θ = (θ1, θ1) ∈ L2(0.T ;L0) be given and consider the
following initial-value problem.
Problem PVς

θ. Find ςθ = (ς1θ , ς
2
θ ) : [0, T ] → L1 such that

ςθ(t) ∈ K,

2∑
α=1

(ς̇αθ (t)− θα(t), µα − ςαθ (t))L2(Ωα) + a(ςθ(t), µ− ςθ(t)) ≥ 0

∀µ ∈ K, a.e. t ∈ (0, T ).

(5.16)

In the study of Problem PVς
θ we have the following result.
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Lemma 4. There exists a unique solution ςθ of Problem PVς
θ and it satisfies

ςθ ∈W 1,2(0, T ;L0) ∩ L2(0, T ;L1).

Proof. We use a standard result for parabolic variational inequalities (see, e.g., [36,
p.47]).

In the third step we use the field uη obtained in Lemma 3 and we consider the
following initial-value problem.
Problem PVζ

η. Find ζη : [0, T ] → L2(Γ3) such that

ζ̇
η
(t) = Had

(
ζη(t), Rν(u

1
ην(t) + u2

ην(t)),Rτ (u
1
ητ (t)− u2

ητ (t))
)
, (5.17)

ζη(0) = ζ0. (5.18)

We have the following result.

Lemma 5. There exists a unique solution ζη ∈W 1,∞(0, T ;L2(Γ3)) ∩ Z to Problem

PVζ
η.

Proof. We consider the mapping Fη : [0, T ]× L2(Γ3) → L2(Γ3),

Fη(t, ζ) = Had

(
ζ(t), Rν(u

1
ην(t) + u2

ην(t)),Rτ (u
1
ητ (t)− u2

ητ (t))
)
,

for all t ∈ [0, T ] and ζ ∈ L2(Γ3). It follows from the properties of the truncation
operator Rν and Rτ that Fη is Lipschitz continuous with respect to the second
variable, uniformly in time. Moreover, for all ζ ∈ L2(Γ3), the mapping t → Fη(t, ζ)
belongs to L∞(0, T ;L2(Γ3)). Thus using the Cauchy–Lipschitz theorem given in
[23, p. 60], we deduce that there exists a unique function ζη ∈ W 1,∞(0, T ;L2(Γ3))
solution of the equation (5.17). Also, the arguments used in Remark 1 show that
0 ≤ ζη(t) ≤ 1 for all t ∈ [0, T ], a.e. on Γ3. This completes the proof.

In the fourth step. Let π = (π1, π1) ∈ L2(0, T ;L0) and consider the auxiliary
problem.

Problem PVτ
π . Find τπ : [0, T ] → L0, such that∑2

α=1(τ̇
α
π (t)− πα(t)− χα(t), λα)Lα

0
+ a0(τπ(t), λ) = 0, ∀λ ∈ L0, (5.19)

τπ(0) = τ0. (5.20)

Lemma 6. There exists a unique solution τπ to the auxiliary problem PVτ
π satisfying

(4.23).

Proof. Furthermore, by an application of the Poincaré-Friedrichs inequality, we can
find a constant c0 > 0 such that∫

Ωα

|∇λ|2dx+
λα0
κα0

∫
Γα

|λ|2da ≥ c0

∫
Ωα

|λ|2dx, ∀λ ∈ Lα
1 , α = 1, 2.

******************************************************************************
Surveys in Mathematics and its Applications 17 (2022), 241 – 267

http://www.utgjiu.ro/math/sma

http://www.utgjiu.ro/math/sma/v17/v17.html
http://www.utgjiu.ro/math/sma


A Dynamic contact problem 257

Thus, we obtain

a0(λ, λ) ≥ c1∥λ∥2L1
, ∀λ ∈ L1,

where c1 = κ0min(1, c0)/2, which implies that a0 is L1−elliptic. Consequently,
based on classical arguments of functional analysis concerning parabolic equations,
the variational equation (5.19) has a unique solution τπ satisfying τπ(0) = τ0 and
the regularity (4.23).

In the fifth step, we let µ ∈ L2(0, T,Y ) be given, and define kµ ∈W 1,2(0, T,Y )
by

kµ(t) = k0 +

∫ t

0
µ(s)ds. (5.21)

We use (uη, ξη) obtained in Lemma 3, ςθ obtained in Lemma 4, τπ obtained in
Lemma 6 and kµ defined in (5.21) to construct the following Cauchy problem for
the stress field.
Problem PVσ

ηµθπ. Find σηµθπ = (σ1
ηµθπ,σ

2
ηµθπ) : [0, T ] → H such that

σα
ηµθπ(t) = Bαε(uα

η (t)) +

∫ t

0
Gα(σα

ηµθπ(s), ε(u
α
η (s)), ς

α
θ (s),k

α
µ(s), τ

α
π (s))ds,

a.e. t ∈ (0, T ), α = 1, 2.

(5.22)

In the study of Problem PVσ
ηµθπ we have the following result.

Lemma 7. There exists a unique solution of Problem PVσ
ηµθπ and it satisfies

σηµθπ ∈ L2(0, T ;H).

Proof. We introduce the operator Ληµθπ = (Λ1
ηµθπ,Λ

2
ηµθπ) : L

2(0, T ;H) → L2(0, T ;H)
defined by

Λα
ηµθπσ(t) = Bαε(uα

η (t)) +

∫ t

0
Gα

(
σα(s), ε(uα

η (s)), ς
α
θ (s),k

α
µ(s), τ

α
π (s)

)
ds, (5.23)

for all σ = (σ1,σ2) ∈ L2(0, T ;H), t ∈ [0, T ] and α = 1, 2. For σ1, σ2 ∈ L2(0, T ;H)
we use (5.23) and H(3), to obtain

∥Ληµθπσ1(t)− Ληµθπσ2(t)∥H ≤ max(LG1 , LG2)

∫ t

0
∥σ1(s)− σ2(s)∥H ds

for all t ∈ [0, T ]. It follows from this inequality that for p large enough, a power Λp
ηµθπ

of the operator Ληµθπ is a contraction on the Banach space L2(0, T ;H) and, therefore,
there exists a unique element σηµθπ ∈ L2(0, T ;H) such that Ληµθπσηµθπ = σηµθπ.
Moreover, σηµθπ is the unique solution of Problem PVσ

ηµθπ, which concludes the
proof.
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Lemma 8. Let (η1, µ1, θ1, π1), (η2, µ2, θ2, π2) ∈ L2(0, T ;V ′ × Y × L0 × L0) and
let σi denote the functions obtained in Lemma 7, for i = 1, 2.Then, the following
inequalities hold:

∥σ1(t)− σ2(t)∥2H ≤ C
(
∥uη1(t)− uη2(t)∥2V +

∫ t

0
∥uη1(s)− uη2(s)∥2V ds

+

∫ t

0
∥ςθ1(s)− ςθ2(s)∥2L0

ds+

∫ t

0
∥kµ1(s)− kµ2(s)∥2Y ds

+

∫ t

0
∥τπ1(s)− τπ2(s)∥2L0

ds
)
, a.e. t ∈ (0, T ). (5.24)

Proof. Let t ∈ [0, T ]. Using (5.22) and the properties H(2) - H(3) of Bα and Gα, we
find

∥σ1(t)− σ2(t)∥2H ≤ c
(
∥uη1(t)− uη2(t)∥2V +

∫ t

0
∥σ1(s)− σ2(s)∥2H ds

+

∫ t

0
∥uη1(s)− uη2(s)∥2V ds+

∫ t

0
∥ςθ1(s)− ςθ2(s)∥2L0

ds+∫ t

0
∥kµ1(s)− kµ2(s)∥2Y ds+

∫ t

0
∥τπ1(s)− τπ2(s)∥2L0

ds
)
.

Using the Gronwall’s inequality in the previous inequality we deduce the estimate
(5.24), which concludes the proof of Lemma 8.

We now pass to the final step of the proof of Theorem 2 in which we use a fixed
point argument. To this end, we consider the operator:

Π : L2(0, T ;V ′ × Y × L0 × L0) → L2(0, T ;V ′ × Y × L0 × L0)

defined by

Π(η, µ, θ, π) =
(
Π1(η, µ, θ, π),Π2(η, µ, θ, π),Π3(η, µ, θ, π),Π4(η, µ, θ, π)

)
(5.25)

******************************************************************************
Surveys in Mathematics and its Applications 17 (2022), 241 – 267

http://www.utgjiu.ro/math/sma

http://www.utgjiu.ro/math/sma/v17/v17.html
http://www.utgjiu.ro/math/sma


A Dynamic contact problem 259

with

(Π1(η, µ, θ, π)(t),v)V ′×V =
2∑

α=1

(
Bαε(uα

η (t)) + (Eα)∗∇ξαη , ε(vα)
)
Hα

+
2∑

α=1

(∫ t

0
Gα

(
σα
ηµθπ, ε(u

α
η (s)), ς

α
θ (s),k

α
µ(s), τ

α
π (s)

)
ds , ε(vα)

)
Hα

+jad(ζη(t),uη(t),v) + jνc(uη(t), v), ∀v ∈ V , (5.26)

Π2(η, µ, θ, π)(t) =
(
Θ1

(
σ1
ηµθπ(t), ε(u

1
η(t)), ς

1
θ (t),k

1
µ(t), τ

1
π(t)

)
,

Θ2
(
σ2
ηµθπ(t), ε(u

2
η(t)), ς

2
θ (t),k

2
µ(t), τ

2
π(t)

)) (5.27)

Π3(η, µ, θ, π)(t) =
(
ϕ1

(
σ1
ηµθπ(t), ε(u

1
η(t)), ς

1
θ (t),k

1
µ(t), τ

1
π(t)

)
,

ϕ2
(
σ2
ηµθπ(t), ε(u

2
η(t)), ς

2
θ (t),k

2
µ(t), τ

2
π(t)

)) (5.28)

Π4(η, µ, θ, π)(t) =
(
Ψ1

(
σ1
ηµθπ(t), ε(u

1
η(t)), ς

1
θ (t),k

1
µ(t), τ

1
π(t)

)
,

Ψ2
(
σ2
ηµθπ(t), ε(u

2
η(t)), ς

2
θ (t),k

2
µ(t), τ

2
π(t)

))
.

(5.29)

For the operator Π, we have the following result.

Lemma 9. The operator Π has a unique fixed point (η∗, µ∗, θ∗, π∗) ∈ L2(0, T ;V ′ ×
Y × L0 × L0).

Proof. Let (η1, µ1, θ1, π1),(η2, µ2, θ2, π2) in L2(0, T ;V ′ × Y × L0 × L0) and let t ∈
[0, T ]. We use the notation ui = uηi , vi = u̇ηi , σi = σηiµiθiπi

, ξi = ξηi , ςi = ςθi ,
ζi = ζηi , ki = kµi and τi = τπi for i = 1, 2. We use H(2), H(3), H(8), H(10), H(11),
(5.24) and the definition of Rν , Rτ , we have

∥Π1(η1, µ1, θ1, π1)(t)−Π1(η2, µ2, θ2, π2)(t)∥2V ′ ≤ C

(
∥u1(t)− u2(t)∥2V

+

∫ t

0
∥u1(s)− u2(s))∥2V ds+

∫ t

0
∥ς1(s)− ς2(s))∥2L0

ds+ ∥ξ1(t)− ξ2(t)∥2W

+∥ζ1(t)− ζ2(t)∥2L2(Γ3)
+

∫ t

0
∥k1(s)− k2(s))∥2Y +

∫ t

0
∥τ1(s)− τ2(s))∥2L0

ds

)
.

By similar arguments, from (5.24), (5.27) and H(5) it follows that
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∥Π2(η1, µ1, θ1, π1)(t)−Π2(η2, µ2, θ2, π2)(t)∥2Y ≤ C

(
∥u1(t)− u2(t)∥2V

+∥ξ1(t)− ξ2(t)∥2W +

∫ t

0
∥u1(s)− u2(s))∥2V ds+ ∥ς1(t)− ς2(t))∥2L0

+∫ t

0
∥ς1(s)− ς2(s))∥2L0

ds+ ∥ξ1(t)− ξ2(t)∥2W + ∥ζ1(t)− ζ2(t)∥2L2(Γ3)

+

∫ t

0
∥k1(s)− k2(s))∥2Y +

∫ t

0
∥τ1(s)− τ2(s))∥2L0

ds

)
.

Moreover, from (5.24), (5.28) and H(6) we obtain

∥Π3(η1, µ1, θ1, π1)(t)−Π3(η2, µ2, θ2, π2)(t)∥2L0
≤ C

(
∥u1(t)− u2(t)∥2V

+∥ξ1(t)− ξ2(t)∥2W +

∫ t

0
∥u1(s)− u2(s))∥2V ds+ ∥ς1(t)− ς2(t))∥2L0

+∫ t

0
∥ς1(s)− ς2(s))∥2L0

ds+ ∥ξ1(t)− ξ2(t)∥2W + ∥ζ1(t)− ζ2(t)∥2L2(Γ3)

+

∫ t

0
∥k1(s)− k2(s))∥2Y +

∫ t

0
∥τ1(s)− τ2(s))∥2L0

ds

)
.

Similarly, using (5.29) and H(7), we obtain the following estimate for Π4

∥Π4(η1, µ1, θ1, π1)(t)−Π4(η2, µ2, θ2, π2)(t)∥2L0
≤ C

(
∥u1(t)− u2(t)∥2V

+∥ξ1(t)− ξ2(t)∥2W +

∫ t

0
∥u1(s)− u2(s))∥2V ds+ ∥ς1(t)− ς2(t))∥2L0

+∫ t

0
∥ς1(s)− ς2(s))∥2L0

ds+ ∥ξ1(t)− ξ2(t)∥2W + ∥ζ1(t)− ζ2(t)∥2L2(Γ3)

+

∫ t

0
∥k1(s)− k2(s))∥2Y +

∫ t

0
∥τ1(s)− τ2(s))∥2L0

ds

)
.

Consequently,

∥Π(η1, µ1, θ1, π1)(t)−Π(η2, µ2, θ2, π2)(t)∥2V ′×Y ×L0×L0
≤ C

(
∥u1(t)− u2(t)∥2V

+

∫ t

0
∥u1(s)− u2(s))∥2V ds+ ∥ς1(t)− ς2(t))∥2L0

+

∫ t

0
∥ς1(s)− ς2(s))∥2L0

ds

+∥ξ1(t)− ξ2(t)∥2W +

∫ t

0
∥τ1(s)− τ2(s))∥2Y ds+

∫ t

0
∥k1(s)− k2(s))∥2Y ds

+∥ζ1(t)− ζ2(t)∥2L2(Γ3)
+ ∥τ1(t)− τ2(t))∥2L0

+ ∥k1(t)− k2(t))∥2Y
)
. (5.30)
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Moreover, from (5.1) we obtain

(v̇1 − v̇2,v1 − v2)V ′×V +

2∑
α=1

(Aαε(vα
1 )−Aαε(vα

2 ), ε(v
α
1 − vα

2 ))Hα =

−(η1 − η2,v1 − v2)V ′×V .

We integrate this equality with respect to time, use the initial conditions
v1(0) = v2(0) = v0 and condition H(1)(c) to find

m

∫ t

0
∥v1(s)− v2(s))∥2V ds≤−

∫ t

0
(η1(s)− η2(s),v1(s)− v2(s))V ′×V ds

where m = min(mA1 ,mA2). Then, using 2ab ≤ a2

δ + δb2 we obtain∫ t

0
∥v1(s)− v2(s))∥2V ds ≤ C

∫ t

0
∥η1(s)− η2(s)∥2V ′ds. (5.31)

On the other hand, from the Cauchy problem (5.17)–(5.18) we can write

ζi(t) = ζ0 −
∫ t

0
Had

(
ζi(s), Rν(u

1
iν(s) + u2iν(s)),Rτ (u

1
iτ (s)− u2

iτ (s))
)
ds

and then ζ1(t)−ζ2(t)L2(Γ3)
≤C

∫ t

0

ζ1(s)−ζ2(s)L2(Γ3)
ds

+C

∫ t

0

Rν(u
1
1ν(s) + u21ν(s))−Rν(u

1
2ν(s) + u22ν(s))


L2(Γ3)

ds

+C

∫ t

0

Rτ (u
1
1τ (s)− u2

1τ (s))−Rτ (u
1
2τ (s)− u2

2τ (s))

L2(Γ3)

ds.

Using the definition of Rν and Rτ and writing ζ1 = ζ1 − ζ2 + ζ2, we get

ζ1(t)− ζ2(t)

L2(Γ3)

≤ C

∫ t

0

(
∥ζ1(s)− ζ2(s)∥L2(Γ3) +

u1(s)− u2(s)

L2(Γ3)d

)
ds.

Next, we apply Gronwall’s inequality and use (2.1) to conclude that

∥ζ1(t)− ζ2(t)∥L2(Γ3) ≤ C

∫ t

0
∥u1(s)− u2(s)∥V ds. (5.32)

The definition (5.21) yields

∥k1(t)− k2(t)∥2Y ≤ C

(∫ t

0
∥µ1(s)− µ2(s)∥2Y ds

)
. (5.33)
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On the other hand, from (5.16) we deduce that

(ς̇1 − ς̇2, ς1 − ς2)L0 + a(ς1 − ς2, ς1 − ς2) ≤
(
θ1 − θ2, ς1 − ς2

)
L0
).

Integrating the previous inequality with respect to time, using the initial conditions
ς1(0) = ς2(0) = ς0 and inequality a(ς1 − ς2, ς1 − ς2) ≥ 0, to find

1

2
∥ς1(t)− ς2(t)∥2L0

≤
∫ t

0

(
θ1(s)− θ2(s), ς1(s)− ς2(s)

)
L0
ds,

which implies that

∥ς1(t)− ς2(t)∥2L0
≤

∫ t

0
∥θ1(s)− θ2(s)∥2L0

ds+

∫ t

0
∥ς1(s)− ς2(s)∥2L0

ds.

This inequality, combined with Gronwall’s inequality, leads to

∥ς1(t)− ς2(t)∥2L0
≤ C

∫ t

0
∥θ1(s)− θ2(s)∥2L0

ds a.e. t ∈ (0, T ). (5.34)

From (5.19) we deduce that

(τ̇1 − τ̇2, τ1 − τ2)L0 + a0(τ1 − τ2, τ1 − τ2) =
(
π1 − π2, τ1 − τ2

)
L0
.

We integrate this equality with respect to time, using the initial conditions
τ1(0) = τ2(0) = τ0 and inequality a0(τ1 − τ2, τ1 − τ2) ≥ 0, to find

1

2
∥τ1(t)− τ2(t)∥2L0

≤
∫ t

0
∥π1(s)− π2(s)∥L0 .∥τ1(s)− τ2(s)∥L0ds

which implies that

∥τ1(t)− τ2(t)∥2L0
≤

∫ t

0
∥π1(s)− π2(s)∥2L0

ds+

∫ t

0
∥τ1(s)− τ2(s)∥2L0

ds.

This inequality combined with Gronwall’s inequality leads to

∥τ1(t)− τ2(t)∥2L0
≤ C

∫ t

0
∥π1(s)− π2(s)∥2L0

ds a.e. t ∈ (0, T ). (5.35)

Since u1 and u2 have the same initial value we get

∥u1(t)− u2(t)∥2V ≤
∫ t

0
∥v1(s)− v2(s))∥2V ds. (5.36)

We substitute (5.31)–(5.36) in (5.30) to obtainΠ(η1, µ1, θ1,π1)(t)−Π(η2, µ2, θ2, π2)(t)
2
V ′×Y ×L0×L0

≤

C

∫ t

0

(η1, µ1, θ1, π1)(s)− (η2, µ2, θ2, π2)(s)
2
V ′×Y ×L0×L0

ds.
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Reiterating this inequality n times we obtainΠn(η1, µ1, θ1,π1)−Πn(η2, µ2, θ2, π2)
2
L2(0,T ;V ′×Y ×L0×L0)

≤
CnTn

n!

(η1, µ1, θ1, π1)− (η2, µ2, θ2, π2)
2
L2(0,T ;V ′×Y ×L0×L0)

.

Thus, for n sufficiently large, Πn is a contraction on the Banach space
L2(0, T ;V ′ × Y × L0 × L0), and so Π has a unique fixed point.

Now, we have all the ingredients to prove Theorem 2.

Proof. Existence. Let (η∗, µ∗, θ∗, π∗) ∈ L2(0, T ;V ′ × Y × L0 × L0) be the fixed
point of Π defined by (5.25)–(5.29) and denote

u∗ = uη∗ , ξ∗ = ξη∗ , ς∗ = ςθ∗ , ζ∗ = ζη∗ , k∗ = kµ∗ τ∗ = τπ∗ , (5.37)

σα
∗ = Aαε(u̇α

η∗) + (Eα)∗∇ξαη∗ + σα
η∗µ∗θ∗π∗ , α = 1, 2. (5.38)

We prove {u∗,σ∗, ξ∗, ς∗, ζ∗,k∗, τ∗} satisfies (4.9)–(4.16) and the regularites (4.17)–
(4.24). Indeed, we write (5.1) for η = η∗ and use (5.37) to find

(ü∗(t), v)V ′×V +
2∑

α=1

(Aαε(u̇α
∗ (t)), ε(v

α))Hα + (η∗(t), v)V ′×V

= (f(t),v)V ′×V ∀v ∈ V , a.e. t ∈ (0, T ). (5.39)

Equation Π1(η∗, µ∗, θ∗, π∗) = η∗ combined with (5.26) and (5.38) show that

(η∗(t), v)V ′×V =
2∑

α=1

(
Bαε(uα

∗ (t)), ε(v
α)
)
Hα +

2∑
α=1

(
(Eα)∗∇ξα∗ , ε(vα)

)
Hα

+
2∑

α=1

(∫ t

0
Gα

(
σα
∗ −Aαε(u̇α

∗ )− (Eα)∗∇ξα∗ , ε(uα
∗ ), ς

α
∗ ,k

α
∗ , τ

α
∗
)
(s)ds , ε(vα)

)
Hα

+ jad(ζ∗(t),u∗(t),v) + jνc(u∗(t),v), ∀v ∈ V . (5.40)

We substitute (5.40) in (5.39) and use (4.9) to see that (4.11) is satisfied. From
Π2(η∗, µ∗, θ∗, π∗) = µ∗ and use (5.21) we see that (4.10) is satisfied. We write
now (5.2) and (5.17) for η = η∗ and use (5.37) to find (4.14) and (4.15). The
equalities Π3(η∗, µ∗, θ∗, π∗) = θ∗ and Π4(η∗, µ∗, θ∗, π∗) = π∗, combined with (5.16),
(5.19) show that (4.12)–(4.13) are satisfied. Next, (4.16) and the regularity (4.17),
(4.19)–(4.23) follow from Lemmas 3, 4, 5, 6 and the relation (5.21). The regularity
σ∗ ∈ L2(0, T ;H) follows from Lemma 7, assumptions H(1), H(8) and (5.38). Finally,
(4.11) implies that

ραüα
∗ = Divσα

∗ + fα
0 a.e. t ∈ [0, T ], α = 1, 2
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and from H(12)(a), H(12)(b) and (4.17) we find that (Divσ1
∗,Divσ2

∗) ∈ L2(0, T ;V ′).
We deduce that the regularity (4.18) holds.

Uniqueness. The uniqueness part of Theorem 2 is a consequence of the uniqueness of
the fixed point of the operator Π defined by (5.25)-(5.29) and the unique solvability

of the Problems PVuξ
η , PV

ζ
η, PV

ς
θ, PV

τ
π and PVσ

ηµθπ.
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