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Abstract.  The purpose of this paper is to introduce a groupoid associated to a dynamical system. We find this 

groupoid to be adequate for study of the dynamical system via computer visualization. The principal 

innovation in our approach to classical ([4] and [7]) is the use of a uniform structure on phase space which 

induce a non-Hausdorff  topology. 
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  1. Introduction 
 This paper is motivated by a problem arising in the study of a dynamical system via 

computer visualization. In [1-2] we presented some possible visualizations of the properties of 

the orbit spaces associated to particular discrete dynamical systems. However because of the 

floating point arithmetic and continuous-discrete conversion, the interpretation of the 

visualized properties could be erroneous.  Moreover in order to visualize n – dimensional 

(n3) data various projections are needed, and in addition the way to recover the high-

dimensional structure from low-dimensional representations are required ([3], [5]).In this 

short paper we shall introduce a new groupoid reflecting the limitations of the visual images 

associated to the dynamical system. Furthermore we expect that comparative study of this 

groupoid and of the original groupoid associated to the dynamical system as in [4] and [7] to 

facilitate a correct interpretation of the visualized property of the dynamical system. 

   

  2.  Space, time and time evolution 
The dynamics of the system will be study in the framework of groupoids similar as in 

[4] or [7]. More precisely, we start with an abstract dynamical system given by a space, time, 

and a time evolution. As in [6] the phase space is a set with some additional structure, whose 

elements or points represent possible states of the system. Time may be discrete or continuous 

and may be reversible or irreversible (i.e. parametrized by a group or a semigroup). The time-

evolution law is represented by the action of time, given by the (semi-) group, on the phase 

space X. Classically the group real numbers parametrizes a reversible continuous-time 

process, and nonnegative real numbers an irreversible one, the group integer numbers 

parametrizes a reversible discrete-time process, and the natural numbers an irreversible one. 

Also classically, the continuous-time evolution is given by an ordinary differential equation 

ofthe form 
dx

dt
=F(x) (satisfying the Lipschitz existence condition), where x is state-valued 

function.  

However as is [4] or [7] we shall work in a more abstract setting. We shall consider a 

group H and a subsemigroup P of H such that the identity eP. A right action of P on a space 

X is a map : X × P X, (x,n)= xn  such that  

 1. xe=x for all xX 

2. xmn=(xm)n for all xX and m, n P. 



 

 Fiabilitate si Durabilitate - Fiability & Durability    no 2(8)/ 2011 
 Editura “Academica Brâncuşi” , Târgu Jiu, ISSN 1844 – 640X 

 

 

 

 

104 

  We shall consider that the phase space is endowed with a uniform structure. Let us 

recall few aspects concerning the uniform structure. A uniform space is a set X equipped with 

a nonempty family US of subsets of X × X satisfying the following conditions: 

     1.   if U US, then U, where Δ = { (x, x) : x X }. 

 2.   if U US and V is subset of X × X which contains U, then V US 

 3.   if U US and VUS, then U ∩ V  US 

 4.   if U US, then there exists V US such that VVU, where  

VV={(x,z): there is y such that (x,y)V and (y,z)V} 

 5.   if U US, then U
-1

 = { (y, x) : (x, y) U } is also in U US. 

The family of sets US is called uniform structure or uniformity of X and its elements 

entourages or surroundings. A fundamental system of entourages of a uniform structure US is 

any set B of entourages of US such that every entourage of US contains a set belonging to B. 

If B is a fundamental system of entourages, then the uniform structure US is the set of subsets 

of X × X that contain a set in B.  

 A particular case of uniform space is a metric space (X,d). The sets 

U ={(x,y)X×X: d(x,y)}, 0 

form a fundamental system of entourages for the standard uniform structure of X.  

 If f : X→Y  is a function and SU is a uniform structure on Y, then set of subsets of X×X 

that contain a set of the form (f,f)
-1

(U) with U US is a fundamental system of entourages of 

a uniform structure on X. More generally, if {f:X→Y, fF}  is a family of functions and SU 

is a uniform structure on Y, then set of subsets of X×X that contain a finite intersections of set 

of the form (f,f)
-1

(U) with U US is a fundamental system of entourages of a uniform 

structure on X. 

 

 3. Groupoids associated to the dynamical systems 

A groupoid is like a group with multiplication only partially defined. More precisely, a 

groupoid is a set G, together with a distinguished subset G
(2)
 GG, and two maps: a product 

map 1, 2) 12 [:G
(2)
 G], and an inverse map 

-1
 [:G  G], such that the following 

relations are satisfied: 

(1) (-1
)
-1

 =  

(2) If  (1,2)G
(2)

 and (2,3)G
(2)

,  then (12, 3), (1,23) G
(2)

 and (12) 3= 1(2, 3). 

(3) (, -1
)G

(2)
, and if (1, )G

(2)
,  then (1)

-1
 = 1. 

(4) (-1
, )G

(2)
, and if (, 1)G

(2)
,  then 

-1
(1) = 1. 

The maps r and d on G, defined by the formulae r() =
-1

 and d() =
-1
, are called the 

rangeand the source (domain) maps. It follows easily from the definition that they have a 

common image called the unit space of G, which is denoted G
(0)

. The relation x~y if and only 

if there is G such that r()=x and d() is an equivalence relation on G
(0)

. Its equivalence 

classes are called orbits. 

Notation 3.1. Let H be a group and P be a subsemigroup of  H such that the identity  

eP. Let us assume the P acts on right on a uniform space X and that that P
-1

PPP
-1

. Let  

denotes the right action. Let US be a uniform structure on X.  

Remark 3.2. We are interesting in the following uniform structures on X. Let us 

assume that XR
n
 (more generally suppose that there is an injective function i: XR

n
) and 
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A: R
n
Z

2
R

2
  be the composition of a projection transform (camera space --> screen space) 

with a viewing transform (world space --> camera space) and a modeling transform (model 

space --> world space). Let us consider R
2
 endowed with one of the following uniform 

structures given by the fundamental systems of entourages: 

U ={(x1,x2, y1, y2)R
2
× R

2
: |y1-x1| and |y2-x2|}, 0 

                     V ={(x1,x2, y1, y2)R
2
× R

2
: |y1-x1| + |y2-x2|},   0 

Then {(A,A)
-1

(U), 0∩ (X × X) (respectively, {(A,A)
-1

(V) ∩(X × X), 0 is a 

fundamental system of entourages of a uniform structure US on X. 

Definition 3.3.  Let us define the following preorder relation (reflexive and transitive) 

on the group H: 

n  m  => n
-1

m P, or equivalently there is i P such that m=ni 

If we consider the restriction of this relation on P, then (P, ) is directed set. Indeed, let n1, 

n2 P (respectively, n1, n2 H). Since P
-1

PPP
-1

, it follows that there are m1,m2P such that 
1 1

1 2 1 2n n m m  , or equivalently, n2m2 = n1m1.  Thus n1n1m1 and n2n2m2. We shall also use 

the following relation mn = n m. 

Definition 3.4. For x, y  X and k  H, let us define the following relation: 

x~ky =  there is n  P such that knP and for all U US and all iP, in  (xki, yi)  U 

 Let us notice that if knP and i  n, then ki = (kn)(n
-1

i)PPP.  If we take m=knP, 

then k=mn
-1

, with m,nP. 

Lemma 3.5.  1) If x, y  X and k  H, then x ~k y = y  1k
 x. 

2) If x, y, z X, x 
1k  y and y 

2k  z, then x 
1 2k k  z. 

 Proof. 1) Let nP such that knP. Let m=knP. For every j  m, there is i  n  such 

that j =  ki. Indeed since j  m, there is q P such that  j=mq=knq. If  we take i = nq, then i  

n and j = ki. Moreover 

(yk
-1

j, xj )  U = (yk
-1

(ki), xki )  U = (yi, xki )  U = (xki, yi )  U
-1

 

Hence taking into account that U US = U
-1
 US, it is easy to see that  

x ~k y = y  1k
 x 

2) For every U US there is V US such that VVU. Since x 
1k  y (respectively, y 

2k  z), 

there is n1P (respectively, n2P) such that k1n1P, (respectively, k2n2P) and all iP, in1 

(respectively, in2)  (xk1i, yi)  V (respectively, (yk2i, zi)  V. Let m1, m2P be such that 

k1 =m1
1

1n , k2 = m2
1

2n . Since P
-1

PPP
-1

, it follows that there are i1,i2P such that 

1 1
1 2 1 2n m i i  , or equivalently, m2i2 = n1i1.   If we take n3 = n2i2 P, then n3 n2 and k2n3= 

m2
1

2n  n2i2= m2i2= n1i1n1. Consequently, for all j  n3, we have (xk1k2j, yk2j)  V and 

(yk2j, zj)  V. Therefore (xk1k2j, zj) VVU. 
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Proposition 3.6. Let us consider the set 

G(X, P, H, , SU) ={(x,k,y)X×H×X: x~ky } 

This is a groupoid with the set of composable pairs being 

G(X, P, H, , SU)
(2)

 ={((x1,k1,y1),(y2,k2,z2)) G(X, P, H, , SU)× G(X, P, H, , SU): y1= y2 } 

and the inversion and multiplication  given by: 

(x, k, y)
-1

 = (y, k
-1

, x), (x, k1, y)(y, k2, z) = (x, k1k2, z). 

  Remark 3.7. Let us consider  

  G(X, P, H, ) ={(x,k,y)X×H×X: there is nP such that knP and xkn = yn) }. 

  Then G(X, P, H, ) is a subgroupoid of G(X, P, H, , SU). G(X, P, H, ) is the 

groupoid studied in [4] and [7] in the discrete case.  

  If the uniform structure induced a Hausdorff topology on X, then G(X, P, H, , SU) = 

G(X, P, H, ).  
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