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Abstract. The purpose of this paper is to provide a formal approach based on groupoids for studying certain
discrepancies between computational output and theoretical expectations in the analysis of the orbit space
associated to an irreversible dynamical system.
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1. INTRODUCTION

The temporal evolution of a real world system can mathematically be described by a
dynamical system. Classically, the continuous-time evolution is given by an ordinary

differential equation of the form %:F(x) (F satisfying the Lipschitz existence condition),

where X is state-valued function. On the other hand, if time is assumed to go on continuously
but just single instances of time are taken into account, then the mathematical model is a
discrete dynamical system. The mathematical setting for a discrete-time dynamical system is a
space X and a map ¢:X—X. The space X is the phase space (the space of all possible states of
the system) and the map ¢ defines time evolution - the change of the states over one time
step: the state xeX at time t = 0 evolves into @(x) att =1, p(p(x)) at t = 2, etc. Consequently,
¢"(X) is the state of the system at time t = n if x is the state of the system at time t = 0. Also
this type of dynamical system naturally arises when an ordinary differential equation is
integrated by an explicit numerical scheme.

There is a rich interplay between dynamical systems theory and computational
analysis of dynamical systems. In this paper we take advantage of the framework of groupoids
in order to study at a formal level the discrepancies between orbit computation using floating
point arithmetic and theoretical expectations. More precisely, we introduce a groupoid
associated to an irreversible dynamical system and to an equivalence relation on the phase
space. The study of computational output versus theoretical expectations in the analysis of the
orbit space will be replace by a comparative study of this groupoid and of the original
groupoid associated to the dynamical system as in [3] and [4].

2. GROUPOIDS ASSOCIATED TO IRREVERSIBLE DYNAMICAL
SYSTEMS

A groupoid is a set G, together with a distinguished subset G®< GxG, and two maps:
a product map (y1, y2) = y172 [:G® — GJ, and an inverse map y — y™* [:G — G], such that the
following relations are satisfied:
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Q) GH* =y

(2) If (y1,72)€G® and (v2,3)eG®, then (y1y2, y3), (v1v2vs) €GP and (y1y2) v3= y1(v2, v3)-

(3) (1. v)eG?, and if (y1, 7)eG?, then (yay)y™ =11,

@) (v, v)eG?®, and if (1, y2)€G®, then v (yy2) = 1.

The maps r and d on G, defined by the formulae r(y) :yy'l and d(y) :y'ly, are called the

range and the source (domain) maps. It follows easily from the definition that they have a
common image called the unit space of G, which is denoted G. The fibres of the range and
the source maps are denoted G* =r* ({x}) and Gx=d™ ({x}), respectively. For x andy in G,

(r,d)-fibre is G§ = G'NGy. It is easy to see that G is a group, called the isotropy group at X,
and will be denoted G(x).

The relation x~y if and only if there is yeG such that r(y)=x and d(y) is an equivalence
relation on G©. Its equivalence classes are called orbits. The graph of this equivalence
relation

R={(x,y)e G x G : there is yeG such that r(y)=x and d(y)}
can be regarded as a groupoid, under the operations:
(xy)(y.z) = (x,2)

)" = (y.x)

R is called the principal groupoid associated with G. We denote by (r,d):G—R, the map
defined by

(r,d)(x)=(r(x),d(x)) for all xeG.

A topological groupoid consists of a groupoid G and a topology compatible with the groupoid
structure i.e. the inverse and multiplication are continuous maps (the topology on G@ is
induced from GxG endowed with the product topology).

Notation 2.1. Let X be a topological space, ¢: X — X a function and E be the graph
of an equivalence relation on X. Let us denote be G(X, ¢, E) the set:

G(X, 9, E) ={(x,k,y) e XxZxX:
there is neZ such that n+k=0 and for all m>n (¢™*(x), ¢™(y))<E },
where Z is the group of integers.

We endow G(X, o, E) with the subspace topology coming from XxZxX, where Z has
the discrete topology. Under the operations

(% n, y)(y, m, z) = (x, n+m, y)
o ny)* =y, -n,x)
XxZxX is a topological groupoid. In the following the unit space of the groupoid XxZxX
{(x,0,x), xe X}
will be identified with X.
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Proposition 2.2. Let ¢: X — X be a function, E be the graph of an equivalence
relation on X and

G(X, @, E) ={(x,k,y) e XxZxX:
there is neZ such that n+k>0 and for all m>n (¢™*(x), ¢™(y))E }.
Then

1. G(X, o, E) is a subgroupoid of XxZxX having the same unit space.
2. If Xisatopological space and G(X, o, E) is endowed with the induced topology from
XxZxX, then G(X, o, E) is a topological groupoid.
Proof. If (X, k1, Y), (Y, ka2, 2) € G(X, o, E), then there are n; and n, such that n;+k; >0,
nptk, >0, and for all m >max(n;-kz, ny),

(o4 (x), ™2 (y)) <E and (9™ () 0" (2)) <E.

Consequently, if no = max(ni-kz, nyz), not+ko+ki>n; + k;>0 and for every m>ng,
(p™*2**1 (x), ™ (z)) <E. Hence (x, kitks, 2)€ G(X, ¢, E). If (xk,y) € G(X, ¢, E), then there is
neZ such that n+k>0 and for all m>n (¢™*(x), ™(y))<E. Let ny=max(n+k,k). Then ny-k>0
and for all m>n; we have ((pm_k+k (x), 0™ ¥ (y))eE and consequently, ((pm"‘(y),(pm(x))eE.
Thus (y,-k,x)e G(X, ¢, E).

Examples 2.3.

1. Let fl(x) denote the floating point number approximating x and let ¢: R — R be a
function. Let us define an equivalence relation E on R:

y1 ~ Y ifand only if fl(y1) = fl(y,) or
there are Xy, X, such that fl(x;) = fl(x2), fl(p(x1)) = fl(y1) fl(p(x2))=fl(y2).
Then (x, fl(x)), (@(fl(x)), o(x))eE and (fl(o(fl(X))), o(x))E for all x.

The study of computational output versus theoretical expectations in the analysis of the orbit
space could be replace by a comparative study of the groupoid G(X, ¢, E) and of the groupoid

G(X, 9) ={(x.k,y) eXxZxX: there is neZ such that n+k>0 ¢™™*(x) = ¢™(y)} introduced in [3]
(let us notice that if @* is an approximation for ¢ such that fl(o(fl(x)))=Ffl(e*(fl(x)) for all x,
then (¢"(x), @*"(fl(x)) €E for all x and all neZ, n>1).

2. To study a long term dynamical behavior of a discrete dynamical system (X, ¢) we
can use the groupoid G(X, ¢, E) where E is defined bellow assuming that the phase space is
endowed with a uniform structure US:

x ~ vy ifand only if
for each V eUS there is nyeZ, ny>0 such that (¢"(x), ¢"(y))eV for all m>ny.
If (X, d) is a metric space and US is the uniform structure associated to the metric then

x ~y if and only if lim,_,..d(¢"(x),¢"(y))=0.
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3. If the space X is endowed with a uniform structure US and E=n{V, VeUS} then
G(X,p,E) and the groupoid G(X, P, H, 6, US) introduced in [2] coincide (where
xn=0(x,n)=¢"(x), P=N, H=2).

4. IfE=A={(x x):x eX }, p:X>X, then G(X,9,E)= G(X, ¢) (the groupoid
introduced in [3]).

Notation 2.4. Let ¢: X — X be a function, E be the graph of an equivalence
relation on X and

G(X, o, E) ={(x,k,y) e XxZxX:
there is neZ such that n+k>0 and for all m>n (¢™*(x), ¢™(y))E }.

For each xe X, let us denote by

HX={k e Z: there is neZ such that n+k>0 and for all m>n (¢™*(x), ¢"(x))<E }

Let kx be the smallest positive ke H if such k exists, and k=0 otherwise.

The next propositions will be used to characterize the transported topology (introduced
in [1]) from G(X,9,E) to its principal groupoid.

Proposition 2.5. With the notation 2.4, for every x,yeX, let
G§={ye G(X, o, E): r(y)=x and d(y)=y}.
(we identified the unit space of G(X, ¢, E) with X). Then

1. Forevery xeX, G ={(x, ki, X): teZ}.

2. Forevery yeG(X, ¢, E), ki) = Kae)-

3. For every yeG(X, ¢, E) with the property that k,) = 0 (and consequently, Kqy)=0),
there is a unique ki) a¢q)€Z such that

Gl =), keenaenn A}
Moreover Kag).r) = - Krg).de)-

4. Forevery yeG(X, ¢, E) with the property that k. # 0, there is k>0 such that
(r() k. d(x) e G L)
Proof. For each xe X,

Gi={(x, k,x) e XxZx X:
there is neZ such that n+k>0 and for all m>n (¢™*(x), ¢™(X))<E }
={(x, k, X) e Xx Zx X :keH}}
={x}x H} x{x}, is the isotropy group at x associated to the groupoid G(X, o, E).

Since H; is a subgroup of Z, it follows that there is an integer k>0 such that H} =k«Z (kx =0
iff H} ={0} and k is the smallest positive ke H} otherwise). Thus G ={(x, k«, X): teZ}.
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For every yeG(X, o, E), H:g; and Hggg are isomorphic. Consequently, Ki¢) = Ka).

Let yeG(X, ¢, E) be such that k., = 0. Let us assume by contradiction that there are
kutka such that yi=(r(y), ks, d())e G} and 12=(r(y), k2, d(x))< G} Then

(r(). ki- ko 1)) = 122 € G L ={(r(n) 0. (1)}

Hence k; — k; = 0, which is in contradiction with ki#k,. Consequently, there is a unique
kr(y),d(y)ez such that

G L(é)) ={(r(), Kegyy.aey, d(¥))}-

Obviously, G&{1)= (61} =(@M), “kicp T}

Let yeG(X, o, E) be such that k) # 0. Then there is meZ such that
(r(y),m,d(y)) e GL((YY)) Let teZ, t>0 be such that m+tk,, =0. It is easy to see that

(). k#tkiy,d(1) € G ).
Notation 2.6. With the notation 2.4, for every x,yeX, let
G§={ye G(X, o, E): r(y)=x and d(y)=y}.

and let yeG(X, o, E). If ki) = 0 (and consequently, kq,)=0), let us denote by ki) q¢) the
unique ke Z such that

Gyly= ), k A}

If ki) # O let us denote by Kig)ae) the smallest nonnegative number k with the
property that (r(y), k, d(y)) e G;((Yy))

For each x, let nx be the smallest nonnegative integer n, n+k,>0 satisfying
("™ (x),0™(x)) <E for all m>n.

For every equivalent units x,yeX, let nyy be the smallest nonnegative integer n
satisfying (¢ *"™ (x),¢™(y)) <E, for all m>n.

Proposition 2.7. With the notations 2.4 and 2.6, we have
1. IfyeG(X, o, E) and k) # 0, then
GL((YY)):{(r(v), Kienae) * K €, (), te Z}.

2. |f’YEG(X, Q, E), kr(y) # 0, then kr(y),d(y) € {0,1, ceey kr(y)-l}.
3. IfyeG(X, o, E), then Kiy)d)=0 <=> Kqg),r(y=0 <=> there is neN such that for all m>n
(@"(r()), ¢™(d())) <E.

4. 1fyeG(X, @, E) and Kig).ap)#0, then K riy) = Kety) = Kry dy-
5. For every equivalent units x,y e X with the property that k=0, we have
Nxy < Kxtmax(ny,ny).
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Proof. Let yeG(X, o, E) be such that k., # 0. Let ki €Z and let ko be the remainder
obtained by Division Theorem : ki = Ky t+ Ko. Then

Yo =(r(¥), ko, d(v)) € G{,((Yy)) if and only if yy =(r(y), ki, d(y)) e G;((Yy)).

Since ki, is the smallest positive k with the property that (r(y),kr(y)) e G;g; it follows that ko
is the smallest nonnegative number k having the property that =(r(y), k, d(y)) e Gg((yy)) Thus ko
= ky.ap- Therefore y1 =(r(y), ka, d(y))e GL') if and only if there is teZ such that k; = kg t +
Ke().de)- Since Ky .aey- 1S the remainder, obviously, kg € {0,1, ..., kiy)-1}.

Moreover ki = Ky t+ Kip.ae) implies - ki = Ky (-t-1)+ Kigy) - Ko = Kay (-t-1)+ ki
- kr(y),d(y)- If kr(y),d(y) * 0, then 0 < kr(y) - kr(y),d(y) < kr(y) = kd(y). Thus kr(y) - kr(y),d(y) is the remainder
of the division of —k; by Kq,). On the other hand

1 =(r(y), ka, d(y))e GL((”Y)) if and only if y; ™" =(d(y), -1, r(y)) e Gf((yv))

Consequently, Kaw).re) = Kr) = Krgy -

Let us consider two equivalent units x,ye X such that k,#0. Let us assume by
contradiction that nyy > kyt+max(ny,ny). Hence nyy — 1 > max(ny,ny). Since for all n >
max(ny,ny),

(0" (x), 0™ (x))<E, (¢ (y), 0" (y))<E,

it follows that for all m > n,, — 1,

(0™ (%), 0™ ™ (x))€E, (0™ (y), 0" (y))<E.

On the other hand for all m > ny,y — 1, kx+ m>ny, and therefore
((pkx,y+kx+m (X) , (ka+m (y)) cE.

Consequently, (Y™ (x), ¢™ (y))<E for all m > n, — 1, which is in contradiction with the
choice of nyy. Thus nyy < ky+rmax(ny,ny).
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