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Abstract. In this paper we give a new representation of the conditional mean square of the solutions for a class 

of stochastic differential linear equations with infinite Markov jumps (SDELMs) and multiplicative noise. The 

obtained result is related to the solutions of two Lyapunov type differential equations defined on ordered Banach 

spaces of sequences of bounded operators. 
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1. INTRODUCTION 

 

In the last decades, the SDELMs with and without multiplicative noise have attracted the 

interest of the researchers [5], [6] and led to new applications in modern queuing network 

theory [4] or in the study of safety-critical and high integrity systems (see [1] and the 

references therein.) As in the discrete time-case (see for e.g [9], [8]), the representation of the 

conditional mean square of the solutions for SDELMs play an important role in studying 

different stability and optimal control problems ([8], [5], [6], [1]). So, in this paper we establish 

a new representation result based on the solution properties of some Lyapunov type equations 

associated with the discussed SDELMs. 

 

2. NOTATIONS 

Let  Z   be an interval of integers, which may be finite or infinite. Let  
nR   be the  n  - 

dimensional Euclidian space of real numbers and let   RmnM    be the real normed linear 

space of all  mn   matrices with real entries; if  nm    we will write   RnM   instead of  

 RnnM   . Let   
Z

RmnMl 
  be the space of all  Z   -sequences     

Z imni Mgg }{ R   with the 

property that      ii gg
ZZ

sup:  . It can be shown by using a standard procedure that  

 
Z

RmnMl 
  is a real Banach space when endowed with the usual term-wise addition, the real 

scalar multiplication and the norm  
Z

.  . The Banach subspace of   
Z

RnMl   formed by all 

sequences    Z iigg }{   of symmetric matrices    Zig i ,   will be denoted by   
Z

RnSl  . An 

element   
Z

RnMlg   is said to be positive, and we write  0g  , iff   ig   is a nonnegative 

matrix (    0ig  ) for all  Zi  . If  nI   is the identity matrix from   RnM  , then  

 ,...,,... nnn III   is an element of   
Z

RnMl  . 
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Let us consider the linear subspace  Z

nH   of   
Z

RnMl   formed by all sequences    ZiiP }{   

with the property      


i

T

i

i

PTrPP
Z

2
 , where  TrA   is the trace of the matrix  

 RnMA   and the the superscript  T   denotes the transpose. It is not difficult to see that  

Z

nH   is a Hilbert space with the inner product      .,,,
2

Z

Z

ni

T

i

i

HFDDTrFFD 


  

Analogously, we define  Z

nN  , the linear subspace of   
Z

RnMl   formed by all sequences    ZiiP }{   

with the property      


i

T

i
i

PPTrP
Z

1
 . (We recall that, if   RnMA   is a nonnegative 

matrix, then  A   is the unique nonnegative matrix defined by  AAA   ). By a standard 

way it follows that  Z

nN   is a Banach space.  

Moreover, since there are  0, 21 nn   such that  

XXTrnXTrXXXTrn TTT

21     

for all   RnMX    it follows that the linear spaces  Z

nN   and  Z

nH   coincide. In what follows 

we will denote by     the adjoint operator of any operator   ZnHL    .   

Let  0T  . If  B   is an arbitrary Banach space, then we denote by    ),,0( BTC   the 

space of all mappings    BTG ,0:   that are continuous. Also    ),,0(1 BTC   denotes the 

subspace of    ),,0( BTC   of all continuously differentiable mappings  G   on   T,0  (i.e.  G   

is differentiable on   T,0   and  G   is continuous on   T,0  ). The product  

      
Z

RpnMltXtGJt


   of any two functions      ZZ

RR pnn MM llLJG


 ,:   and  

 
Z

RnMlJX :   will be often denoted shortly    tXtG ,  . In this case we will write  

   itXtG ,   for the  i  -th component of    tXtG ,  . 

Let            Rttwtwtwtw r ,,..,, 21   ( }0,{  tt RR  ) be a standard  r   

dimensional Wiener process (see [3]) on a complete probability space  ),,( PF  . For each  

0t  , we denote by  tF   the smallest    -algebra which contains all sets  FM   with  

0)( MP   and with respect to which all random vectors  tssw )}({   are measurable. Let  

  Rtt ,   be a right continuous, homogeneous Markov chain with the state space  Z   and a 

stationary standard transition probability matrix function   
Zjit jiP ,},{   defined by  

      
 
 

,
,1

,
|,










jitot

jitot
ijtPjiP

iiii

ijij

t



  

for all  .0    Here    ,
, Z


jiij   is the infinitesimal matrix of the Markov process; it is 

known that  0ij   for  ji    and  0ii  . We also assume that: 

1.   t   is conservative and stable, i.e. there is  Rc   such that  ciiij
ijj





,Z

  for all  

Zi  ; 

2. there is  R1c   such that  1
,

cij
ijj





Z

  for all  Zi  ; 

3. the    -algebras  tF   and    tt   0,G   are independent for every  .0t   
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2. MAIN RESULTS 

 

We consider the class of stochastic differential equations  

                ,,,,, 000

1

0

n

kk

r

k

xtxtttdwtxttAdttxttAtdx R 


    (1) 

where        
Z

Z

  ikkMbk itAtAlCA
n

},{,, RR   for all  0,1..,k r  .  

It is known that under the above hypotheses there is a unique continuous solution  

),,()( 0 xttxtx   ,  0tt   , of (1). Let us denote  nIitAitA ii

20 ),(),(


   and, for all  Zi   and  

 
Z

RnSlX   and Rt , we define the linear operators on   Z

RnSlL : 

 

      

      ,),(),(,

,),(),(,

,1
1

,1
1

jXitAiXitAiXt

jXitAiXitAiXt

ji
ijj

T

kk

r

k

ij
ijj

k

T

k

r

k













Z

Z

  

     iXtitAiXiXitAiXtG T ,),()()(),(, 1       (2) 

     .,),()()(),(, 1 iYtitAiYiYitAiYtG T        (3) 

It is not difficult to see that        Z

RnSlLtGtG ,   and their restrictions to  Z

nH   and  Z

nN  , 

respectively, remain linear and bounded operators. In addition  ),(, BCGG b  R  , where  

      ZZZ

nnS NLHLlLB
n

,,R  .  It is not difficult to see that the adjoint operator of   tG   (as a 

linear and bounded operator from   ZnHL  ) is exactly the restriction of   tG   to   ZnHL  .  

We associate with (1) the following Lyapunov equations: 

      0,,  itXtGitX
dt

d
          (4) 

     .,, itYtGitY
dt

d
          (5) 

The equation (4) with the initial condition     
Z

RnSlDsX    has a unique solution  

     DstUDstX not ,;,     )),,([1 Z

RnSlsC    [7]. The mapping        Z

RnSlLstUst  ,,   is 

an evolution operator on   
Z

RnSl   having the property  
     sGstU
s

stU
,

,





  [7]. It is called the 

evolution operator generated by   ),( Z

RR
nSb lCG   . Let  Z

nHD  . An easy computation 

shows that    DttU ,0

   is the unique solution of (5) with the final condition    DtY 0  . 

Now let    tsstV 0},{   the evolution operator generated by the mapping   ),( Z

RR
nSb lCG    

(see [7]). Since   ),( Z

nb HLCG  R  , it follows that       DttUDstV ,, 0

  for all  Z

nHD  

, by the uniqueness of the solution. Analogously we can deduce that     Z

nNDstV ,   for all  
Z

nND  . 

Further we consider the element of  ZZ

nn NH    defined by    0, jxi P ,  if  ji    and  

  xxP jxi , . We get the following.  
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Lemma 1. For all  Z its ,0   and  nx R   we have  

      
1,,,, PstVxxistU xi  

 .   

Proof. Let     NmHm n ,Z  , defined by     .
,,0

,,










mi

miI
m

n

i  Obviously 

       ......21 m .  By Lemma 2 from [9]we have 

        .,,lim,
2,1, PstVmPstV xi

m
xi 


 

From (5), it follows that       PtsUPstV xixi ,, ,,    and therefore 

         
2

,2, ,,lim,,lim PtsUmPstVm xi
m

xi
m




  

                   .,,,,lim ,, xxistUtsUiPTrjmtsUjPTr xixi

j
m

 



Z

 

The conclusion follows. 

 

For all   
Z

RnSlH    and  st  00   we define the mapping       
ZZ

RR nn SS lltsT :, 0  ,  

           ,|,,, )(0 0 itsxsxsHExxiHtsT   where Zi   and  nx R  . Note that  

 0,tsT   is well defined, because           it
i

it
i

sxEHsxsxsHE 





 )(

2

)( 00
|sup|,sup 

Z
Z

Z

and  

   KsxE it )(

2

0
|  , where  K   does not depends on  i . (The last inequality follows by 

arguing as for the proof of Theorem 37 from [3]). Moreover, it follows easily that   0,tsT   is 

a linear and bounded operator on   
Z

RnSl   and     0, 0 HtsT   for all    0,  HlH
nS

Z

R   (we 

will say that   0,tsT   is a positive operator). 

 

Theorem 1. For all  Z its ,0   and  nx R   we have 

          .,,,|
1,00)(

2

0
PtsVxxtsTsxE xiiit   

 

Proof. Applying Ito's formula (see Theorem 37 in [3]) for the function  

    nxtxxiHixtv RR  ,,,,,   and  Zi   and the stochastic process  ),,( 0 xttx   we get 

        

                     

         .]|,

,,)(,,,2[

,]|,[

)(

1

0

00)(

0

0

0

dttxtxtH

txtxttAtHttAtxttAtxtHE

xxiHsxsxsHE

itjt

j

k

T

k

r

k

s

t

it





























Z

 

Hence                 dtxxiHttHAHtAttTxxiHxxiHtsT T

s

t

,],[,,,, 10000

0

   . 

Differentiating with respect to  s   we get  
         HHttTsGtsT
ds

tsdT
 000

,
,,,0  . If  
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Z

nHDH ,   we have  
  

        DDttTHDtsTsG
ds

HDtsTd

 


000

,,

,,,,2
0

  and we deduce 

that     stVtsT ,, 0   . On the other hand, let      
Z

RN nSm lmD    be an increasing and 

bounded sequence with        ,lim xmDxD imi    for all  Zi   and  Hx  . Since  

 0,tsT   is a positive operator, it follows that          N mmDtsTmDtsT ,1,, 00  . Thus, 

the definition of     mDtsT 0,   and the Monotone convergence theorem imply that  

          xxDtsTxxmDtsT ii
m

,,,,lim 00 


 

for all  Zi   and  .nx R   Now it is clear that       imDtsT 0,   converges to     iDtsT 0,   

for all  Zi  . Replacing  mD   and  D   with  m   and    , respectively, and using Lemma 1, 

we get successively              .,,,lim,,
1,000 PtsVxxmtsTxxtsT xii

m
i 


 

The conclusion follows. 
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