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Abstract: Nonlinear programming is based on a collection of definitions, theorems, and principles that must be 
clearly understood if the available nonlinear pro- gramming methods are to be used effectively. This article 
begins with the definition of the gradient vector, the Hessian matrix, and the various types of extrema (maxima 
and minima). 
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1.Gradient Information 
 The conditions that must hold at the solution point are then discussed and techniques 
for the characterization of the extrema are described. Subsequently, the classes of con- vex 
and concave functions are introduced. These provide a natural formulation for the theory of 
global convergence. 
Throughout the article , we focus our attention on the nonlinear optimization problem 
minimize f  = f (x) 
subject to: x א R  
 
where f (x) is a real-valued function and R ⊂ E n  is the feasible region. 
 In many optimization methods, gradient information pertaining to the ob- jective function is 
required.ăăThisăinformationăconsistsăofătheăfirstăandăsecondăderivativesăofăfă(x)ăwith respect to 
the n variables. If f (x)  א  Că1ă,ăthatăis,ăifăfă(x)ăhasăcontinuousăfirst-order partial derivatives, 
theăgradientăofăfă(x)ăisădefinedăas 

    (1.1) 
  
Where 

    (1.2) 
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If f (x) א C 2 , that is, if f (x) has continuous second-order partial derivatives, 
theăHessianăăăofăfă(x)ăisădefinedăasă 
 
H(x) = ׏gT   = ׏{׏T f (x)}         (1.3)  
 
Hence Eqs. (1.1) – (1.3) give 
 

    
  
For a function f (x) א C2 

          
 
 since differentiation is a linear operation and hence H(x)  is an n × n  square symmetric 
matrix. 
The gradient and Hessian at a point x  =  xk   are represented by g(xk )  and H(xk ) or by the 
simplifiedănotationăgk  and Hk , respectively. Sometimes, when confusion is not likely to arise, 
g(x)ă andăH(x)ă areă simplifiedă toă gă andăH.ăTheă ă gradientă andă ăHessiană tendă toă ă simplifyă theăă
optimization process considerably.  Nevertheless, in certain applications it may be 
uneconomic, time- consuming,  or  impossible  to  deduce  and  compute  the  partial  
derivatives  of f (x). For these applications, methods are preferred that do not require gradient 
information. 
Gradient methods, namely, methods based on gradient information may use only g(x)  or both 
g(x)  and H(x).  In the latter case, the inversion of matrix H(x) may be required which tends to 
introduce numerical inaccuracies and is time-consuming. Such methods are often avoided. 
 
2. The Taylor Series 
Some of the nonlinear programming procedures and methods utilize linear or quadratic  
approximations for the objective function and  the equality and inequality  constraints,  
namely,  f (x),   ai (x),  and  cj (x)  in  Eq.  (1.4).   Such approximations can be obtained by 
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using the Taylor series. If f (x) is a function of two variables x1  and x2  such that f (x)  א  C P   
whereăPăă→ăă∞,ăthatăis,ăfă(x)ăhasăcontinuousăpartialăderivativesăofăallăorders,ăthenătheăvalueăofă
function f (x) at point 
 [x1ăă+ăδ1ă,ăăăx2ăă+ăδ2ă]ăisăgivenăbyătheăTaylorăseriesăas 

 
(1,4 a) 

 
where 
δăă=ă[δ1ăăδ2ă]T ,   O(||ăδ||3ăăă)ăisătheăremainder,ăandăă||δ||ăăisătheăEuclideanănormăofăδăgivenăby 

 
Theănotationăφ(x)ă=ăăO(x)ădenotesăthatăφ(x)ăapproachesăzeroăatăleastăasăfast 
asăxăasăxăapproachesăzero,ăthatăis,ăthereăexistsăaăconstantăKăă≥ă0ăsuchăthat  

 
as 

 
If f (x)  is a function of n  variables, then the Taylor series of f (x)  at point 
[x1ăă+ăδ1ă,ăăx2ăă+ăδ2ă,ăă..ă.]ăisăgivenăbyă 
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(1.4b) 
Alternatively, on using matrix notation 
   
fă(xă+ăδ)ă=ăfă(x)ă+ăg(x)Tăδă+ăă½ăăδTăH(x)δă+ăo(ăδăăă)       (1.4c) 
  
where g(x) is the gradient, and H(x) is the Hessian at point x. 
Asăăδăă→ăă0,ăsecond- and higher-order terms can be neglected and a linear approximation can 
be obtained forăfă(xă+ăδ)ăasă 
 
fă(xă+ăδ)ă≈ăfă(x)ă+ăg(x)Tăδ        (1.4d) 
 
 Similarly,ăaăquadraticăapproximationăforăfă(xă+ăδ)ăcanăbeăobtainedăas 
 
fă(xă+ăδ)ă≈ăfă(x)ă+ăg(x)Tăδă+ăă½ăăδTăH(x)δ      (1.4e) 
 
Another  form  of  the  Taylor  series,  which  includes  an  expression  for  the remainder 
term, is 
fă(xă+ăδ)ă=ăăfă(x) 

 
 

(1.4f) 
 whereă0ă≤ăαă≤ă1ăand 

 
 
 
is the sum of terms taken over all possible combinations of k1 ,  k2 ,  ... ,  kn  that add up to a 
number in the range 1 to P . 
for proof.)  This representation of the Taylor series is completely general and, therefore, it can 
be used to obtain cubic and higher-orderăapproximationsăforăfă(xă+ăδ).ăăFurthermore,ăităcanăbeă
used to obtain linear, quadratic, cubic, and higher-order exact closed-form expressions for f (x 
+ăδ).ăăIfăfă(x)ăăא  C 1   and P  = 0, Eq. (1.4f) gives  
 
fă(xă+ăδ)ă=ăfă(x)ă+ăg(xă+ăαδ)T δ       (1.4g) 
and if f (x) א C 2  and P  = 1, then 
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fă(xă+ăδ)ă=ăfă(x)ă+ăg(x)Tăδă+ăă1ăδT H(xă+ăαδ)δ     (1.4h) 
 
where 0ă ≤ă αă ă ≤ă 1.ă ă Eq.ă (1.4g)ă isă usuallyă referredă toă asă theă mean-value theorem for 
differentiation. 
Yet another form of the Taylor series can be obtained by regrouping the terms in Eq. (1.4f) as 

 
where 
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