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1. Dynamical Systems Theory 

 An ideal pendulum, for instance, has one degree of freedom — theăarcăφăalongăwhichă

it is swinging, and the knowledge of the pendulum’săpositionăφ(t)ă ă andă itsă ă velocityă ăφ˙ă (t)ăă

describes  the  motion  of  the  pendulum  fully,  for  all  times  t. The phase space of the ideal 

pendulum, therefore, is the two-dimensionalăspaceădefinedăbyăφ(t)ăandăφ˙ă(t),ăandătheăphysicală

motion of the pendulum can be fully described by the motion through that phase space. 

It turns out that the phase space of the ideal pendulum is an ellipse (see Figure  1). As the 

pendulumăswingsăbackwardăandăforwardăinăphysicalăspace,ăitsă(φ,ăφ˙ă)ăăcoordinatesăinăphase 

spaceămoveăfromă(φmaxă ,ă0)ă ă throughă(0,ă−φ˙ămaxă),ă (−φmaxă ,ă0)ăandă(0,ăφ˙ămaxă)ăbackă toă

(φmaxă,ă0). 

Theă trajectoryă (―orbit‖)ă throughăphaseăspaceă— ină theăpendulum’săcaseă theăelipseăshownă ină

Figureă ă 1ă ă isă referredă toă asă theă ―attractor‖,ă becauseă theădynam- ical system will follow that 

particularăorbit,ă irrespectiveăofă initială conditionsă ită isă ―attracted‖ă toă thatăorbită throughăphaseă

space. 

TheăăphaseăăspaceăăofăăaăădynamicalăăsystemăăfollowingăăHamiltonianăămechanicsăăisădefinedăasă

position z(t)  and impulse p(t)  =  mv(t)  (v  is the velocity) along each degree of freedom the 

systemăhas.ăThisăisăaăstrictădefinitionăofă―phaseăspace‖ăandă―degreeăofăfreedom‖;ăhowever,ătheă

termă ―degreeă ofă freedom‖ă isă sometimesă alsoă simplyă usedă toă meană ―aă singleă coordinateă ofă
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phaseăspace‖.ăUnlessăotherwiseăstated,ăthisăisătheănotionăusedăinăthisăbook. 

It follows that if a Hamiltonian system has n degrees of freedom, its phase space has 2n 

dimensions, position and impulse along each of the n degrees of freedom of the system. 

 

Figure 1. Physical movement and phase space of an ideal pendulum.   

 

It is not always straightforward to state how many degrees of freedom a system has, and 

therefore what the size of its phase space is. Fortunately, this knowledge is not needed to 

reconstruct the attractor . 

In the case of mobile robots, moving in a two-dimensional plane, however, one can say 

something about the degrees of freedom available to the robot. In the following, we will 

examine four different fundamental types of mobile robot: a fully  holonomic  robot  (which  

weăăwillăăreferăătoăăasăă―ball‖,ăăbecauseăăitsăămotionsăareăequivalentătoăthoseăofăaăball),ăaărobotă

withădifferentialădrive,ăaă robotăwithă―Ackermannăsteering‖ă(whichăweăwillă referă toăasă―car‖,ă

because its motions are equivalent to those of a conventional car), and a tracked robot 

(referredătoăasă―train‖).ăTheseăfourătypesăofărobotăareăshownăinăFigureă2. 

Theăfirstăthreeăofătheseărobotsăareăallăcapableăofăassumingăanyăăpositionăandăorientationă<ăx,ăy,ă

φă> in space, but the means by which they can do so are different in the three cases. 

Weădefineăaăfullădegreeăofăfreedomăasăanăaxisă(x,ăyăorăφ)ăalongăwhichăany 

position can be assumed without altering the positions along the remaining two axes. An 

equivalent definitionăwouldăbeăthatăaăfullădegreeăofăfreedomăisăanăaxisăalongăwhichăanăexternală

force can be applied without meeting resistance (assum- ingăană―ideal‖ărobot). 

Followingăthatădefinition,ăoneăcanăseeăthatăinătheăcaseăofătheăball,ăforcesăcanăbeăappliedăalong 

all three axes independently, and the position along each of the three axes can be altered 

without altering the position in the other two axes. The ball therefore has three degrees of 
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freedom. 

 

Figure 2. Different types of robot drive systems and their full degrees of freedom 

 

Theădifferentială driveă robotă cană changeă itsă positionă freelyă alongă theă yă ă andăφă ă axes,ă bută toă

changeăpositionăalongătheăxăăaxis,ătheărobotăalsoăhasătoăchangeăpositionăalongătheăφăaxisăatătheă

same time. Thereăareăthereforeătwoăfullădegreesăofăfreedomă(yăandăφ),ăbutăbecauseătheărobotăisă

able to change position along the 

 x  axis as well, it has more than two (but less than three) degrees of freedom.   

In the case of the car, it can change its position freely along the y  axis (one degree of 

freedom).ăButătoăchangeăăăăăăpositionăalongătheăφăaxis,ămovementăalongătheăyăaxisăisăneeded,ăsoă

thisă isn’tă aă fullă ofă degreeă ofă freedom.ă Andă ină orderă toă changeă positionă alongă theă xă axis,ă

movementăalongătheăφăaxisă(andăthereforeăalsoăalongătheăyăăaxis)ăisăneeded,ăsoăthisăisn’tăaăfullă

degree of freedom either.   

Finally, the train has only one full degree of freedom, y, and is incapable of assuming 

arbitraryă positionsă ină xă andăφă— positions along these two axes are pre-determined by the 

track.  

It therefore has one degree of freedom, and its phase space is two-dimensională(yăandăy˙ă). 

The following hypothetical example is intended to illustrate the methods employed later in 

this book, to serve as a illustration of what we are trying to achieve by applying dynamical 

systems theory to mobile robotics. 

Assume that a mobile robot is moving in some environment, perhaps along 

aătrajectoryăsimilarătoăthatăshownăinăFigureă4.8.ăTheăthreeăvariablesăthatădescribeătheărobot’să

trajectory fullyăareăpositionăx(t)ăandăy(t)ăandăheadingăφ(t).ăAsăinăallădynamicalăsystems,ătheseă

threeă variablesă cană beă describedă throughă differentială equations.ă Furthermore,ă ină theă robot’să

case the three variables are coupled, be- causeă theă robot’să controlă program,ă theăphysics of 

motionă andă theă influenceă ofă theă environmentă willă meană thată x,ă yă andă φă cannotă changeă
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completely independently from each other. 

Ină ăaă ă reală ă robot,ă ăweă ădoă ănotă ăknowăăwhichă ădifferentială ă equationsă ădescribeă ă theă robot’să

motion, but let us assume, forăargument’săsake,ăaăparticularărobot’sămotionăwasădefinedăbyătheă

set of Equations : 

    (1) 

 

Supposeăweăhadăaădynamicalăsystemădefinedăbyătheătwoădifferentialăequations 

given in Equation    : 

      (2) 

This is system is fully described by the variables x(t) and y(t), they form the phase space of 

the system. 

Inăkeepingăwithăoură―observationăofărobotăbehaviour‖ăscenario,ăletăusăassumeăthatăweăobserveă

the behaviour of this system by logging a time series S (t)  =  x(t)  at discrete points t  in time. 

To reconstruct the phase space of this system from S (t), we obviously need to reconstruct 

only y(t), because x(t) is already given through S (t). 

Equation   indicates that    

       (3) 

 

Therefore,ătheăphaseăspaceăcanăbeăreconstructedăbyăplottingăS˙ă(t)ăvsăSă(t). 

 

The derivative of a variable x(t) is given by Equation . 
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     (4) 

FollowingătheădefinitionăgivenăinăEquationă,ăweăcanăapproximateăS˙ă(t)ăby 

Equation : 

     (5) 

Becauseăweăhaveă loggedăSă ă ată discreteă timesă t,ă estimatingăS˙ă ămeansă apply- ing Equation , 

using a suitable h, and consequently reconstructing the phase space means plotting S (t) vs    

        (6) 

 

This method can be extended to higher dimensions than two, and therefore be used to 

reconstruct higher dimensional attractors. This will be discussed next. Again, suppose we 

measureă someă descriptiveă elementă ofă theă agent’să behavioră overă time, for example the 

movement of the agent in <  x, y  > space, obtain- ing two time series x(t)  and y(t). The 

attractor D(tn )  — the trajectory taken through phase space — can then be reconstructed 

through time-lag embedding as given in Equation : 

  D(tn ) =ă(x(tnăă−ă(pă−ă1)τă),ăx(tnăă−ă(pă−ă2)τă),...ăx(tnăă−ăτă),ăx(tnă))ăăă    (7)             

with x(t) being a sequential set of measurements (the time series), p being the embedding 

dimensionăandăτăbeingă theăembeddingă lag.ă Inăorderă toă reconstructă theăsystem’s phase space 

through time lag embedding from an observed time series, therefore, two parameters need to 

beăchosen:ătheăembeddingădimensionăpăandătheăembeddingălagăτă. 
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Choosing the embedding dimension. There are three possible scenarios: (i) the embedding 

dimensionăchosenăisătooăsmallătoăreconstructătheăattractor,ă(ii)ăităisă―justăright‖,ăoră(iii)ăităisătooă

large.ăOnlyătheăfirstăcaseăwillăresultăinăerrors,ăbecauseăanăattractorăwhoseădimensionăisălargeră

than the chosen embedding dimension cannot be fully unfolded, which means that points that 

are distant in time end up as close neighbours in phase space (because these neighbours in 

spaceăareădistantăăinăătimeăătheyăăareăăreferredăătoăăasăă―falseăănearestăăneighbours‖).ăăIfăătheăăem- 

bedding dimension is the same or just slightly larger than the dimension of the attractor, 

reconstruction is obviously no problem. If the embedding dimension chosen is much larger 

thană theă attractor’să dimension,ă thereă isă theoreticallyă noă problemă ă theă attractoră cană beă

reconstructed perfectly  but there are practical (computational and accuracy) reasons why this 

case is undesirable. It is therefore preferable to select the minimum embedding dimension. 

  This method determines the number of false nearest neighbours (close in the reconstructed 

phase space, but far apart in time) in the reconstructed phase space  when this number is near 

zero, the attractor is properly unfolded and contains no self-intersections. 

Choosing the embedding lag. The second variable to be chosen for the time lag  embedding  

methodăăisăătheăăembeddingăălagăăτă.ăăTheăărightăăchoiceăăofăăτăămeansădeterminingăthatăpointăată

whichă theăsampleăx(tă+ăτă )ăofă theăobservedă timeăseriesăcontainsănewăinformation,ăcomparedă

with x(t). For example, if a slow moving system is sampledăatăaăhighăsamplingăfrequency,ăτăisă

goingătoăbeălarge,ăbecauseăităwillă takeămanyăsamplesăbeforeăx(tă+ăτă)ăăactuallyăcontainsănewă

information. On the other hand, if the sampling rate is low with respect to the motion of the 

system,ăτă isă goingă toăbeăsmall. First  of  all,  there  is  a  qualitative  method  to  see  the  

influenceăăofăăincreaseingăăτă.ăăForăăaăăsmallăăτă,ăăx(t)ăăandăăx(tă+ăăτă)ăăareăăessentiallyăăidentical.ăă

If  they  are plotted against each other, therefore, all points would lie on the diagonal iden- tity 

line.ă Asă τă ă increases,ă theă reconstructedă attractoră willă expandă awayă fromă theă identityă line.ăă

Thereăareătwoăfurtherăwaysătoădetermineătheăpointăinătimeăatăwhichăx(t)ăandăx(tă+ăτă)ăcontaină

differentă information.ăFirstă ăsuggestăaăsuitableăτă  is found when the autocorrelation between 

x(t)ăăandăx(tă+ăτă)ăăhasăfallenăbelowăe−1ăăă=ă0.37ăwhichăcanăbeăconsideredăaăgeneralisationăofă

theăautocorrelationăfunctionă(Equationă(6)),ăhasăitsăfirstăminimum: 

MIă=ăHă(x)ă+ăHă(xă+ăτă)ă−ăHă(x,ăxă+ăτă)ă    (8) 
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with  

Hă(x),ăHă(xă+ăτă)ăandăHă(x,ăxă+ăτă)ă       (9)    . 

 

2.  Testing for Determinism and Stationarity 

All considerations presented in this chapter refer to deterministic systems, i.e. systems  that  

are  not  mainly  governed  by  stochastic  (random)  behaviour.  We therefore  need  to  

establishă ăfirstă ăwhetheră ă theăă timeăăseriesă ăx(t)ăă isă ădeterministic,ă i.e.ăăcasuallyădependentăonă

past events, or not. To do this, we use the following method, described by Kaplan and Glass   

. The underlying assumption in determining whether the signal is deterministic or not is that 

ină aă deterministică signalăDă ofă lengthă 2Tă ,ă theă firstă halfă ofă theă signală shouldă beă usableă asă aă

―good‖ăpredictorăforătheăsecondăhalfăăinăaăpurelyăstochastică(random)ăsystemăthisăassumptionă

would not hold. In other words: if a model-based prediction of the system is perfect (zero 

prediction error), the sys- tem is purely deterministic. If there is some small prediction error, 

the system has a deterministic component, and if the model-based prediction is only as good 

as a random guess, the system is not deterministic at all. 

ToăfindăoutăwhetherătheăfirstăhalfăofăDăisăaăgoodăpredictorăofătheăsecondăhalf,ăweăsplitătheătimeă

series D into two halves of length T  each, and construct an embedding D    : 

D(T + i)ă=ă[D(Tă+ăi),ăD(Tă+ăiă−ă1),ăD(Tă+ăiă−ă2)],ă∀i = 3 ...T        (10)      

In other words, we construct an embedding for the second half of the time series, using an 

timeălagăτăăofă1ăandăanăembeddingădimensionăpăofă3ă(ofăcourse,ăoneăcouldăuseăotherăvaluesăfor 

τăandăp).ăToămakeăaăpredictionăofăD(tkă+ă1)ă(Tăă<ătkăăă≤ă2Tă),ăweădetermineătheăclosestăpointă

Dcă(tcă)ă(0ă<ătcăăă≤ăTă)ătoăD(tkă)ăinăEuclideanădistance,ăandăselectăD(tcă+ă1)ăasătheăpredictionăofă

D(tk   + 1). In this fashion all points of the second half are predicted (we always only predict 

one-stepăahead).ă ă Ină ăorderă ă toă ădecideăwhetheră thisăerroră isă ―large‖ăoră―small‖,ăweăsetă ită ină

relationătoătheăerrorăăbăăăofăaăbaselineăpredictionăofăsimplyăusingătheăaverageăofătheăfirstăhalfăofă

the signal as a prediction of the second. In a purely stochastic signal the ratio  / b  is 1 or 

larger than 1, indicating that the mean would have been the best prediction possible, and 

therefore that the system is non-deterministic. If, on the other hand, the ratio  / b  is smaller 

thană 1,ă thisă indicatesă thată theă firstă halfă ofă theă timeă seriesă indeedă isă aă goodă predictoră ofă theă
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second, and that therefore the time series has a deterministic component. 

There is a second way of establishing whether the time series is deterministic (i.e.  signal 

values are dependent of signal values in the past) or stochastic (i.e. Non-stationary signals can 

often be made stationary by simple transformations.The simplest of these transformations is 

toă computeă theă firstă differenceă betweenă successiveă valuesă ofă theă timeă series.ă Ifă theă firstă

difference is still not stationary, the process can be repeated (second difference). Another 

obvious step to take is to remove linear trends. This is achieved by simply subtracting that 

linear function y  =  ax + b that bestăfitsătheătimeăseriesă(linearăregression).ăăă 

If the signal x(t) shows exponential growth over time, it sometimes can be made stationary by 

usingăx(t)/x(tă−ă1)ăă.ăOtherătransformationsăthatămayărenderănon-stationary signals stationary 

are logarithmic or square root transformations. An exponential signal, for instance, can be 

linearisedă byă computingă theă logarithm,ă andă thenă madeă stationaryă byă computingă theă firstă

difference. Similarly, time series that follow a power law can be linearised by computing 

square roots or higher order roots. 

Havingă establishedă thată theă descriptoră ofă theă agent’să behavioură (theă loggedă timeă series)ă isă

indeedămainlyădeterministicăandăstationary,ăweăareănowăreadyătoăanalyseă theăsystem’săphaseă

space quantitatively. 
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