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Abstract:  The purpose of this paper is to present an algorithm to assist in obtaining the equations of 

motion of plane mechanisms with joints with and without clearance 
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INTRODUCTION 
 

Based on previous works [1], using theorem of momentum [1] and from the theorem of moment of 

momentum [2] and graphical models shown in Figure. 1 and Figure. 2, obtained the equations of 

motion. 

 

DYNAMICAL EQUATIONS OF THE MOTION 

1.1. Case of the rotational kinematical joints without clearance 

 Isolating the element j , keeping into account the principle of action and reaction, 

denoting by kH , kV , hH , hV  the reactions from the points kO , hO  we obtain the 

representation drawn in the Fig. 1. 
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Figure. 1. Isolation of the element j  with rotational kinematical joints with clearance. 
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 Considering the notations jm , mass of the element; jJ , moment of inertia relative to 

the centre of weight jC ; jXF , jYF , projections onto the axes OX , OY  of the resultant of the 

external forces that act the element; jM , resultant moment relative to the point jC , from the 

theorem of momentum [1] one obtains the equations 

hkjXjj HHFXm  , hkjYjj VVFYm  , (1.1) 

and from the theorem of moment of momentum  [1] relative to the point jC  one gets the 

equation 
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 Based on the relation (1.3) it results that for a planar system, with the notations 
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one gets the equation         RBFqm
T

 , where  B  is the matrix of constraints. 

 

1.2. Case of the rotational kinematical joints with clearance 
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Figure. 2. Isolation of the element j , with rotational kinematical joints with clearance. 
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 By the isolation of the element j , keeping into account the principle of action and 

reaction, and denoting by kN , hN  the reactions at the points  j
kO ,  j

hO , one obtains the 

representation from the Fig. 2. 

 From the theorem of momentum we obtain the equations 

hXhkXkjXjj DNDNFXm  , hYhkYkjYjj DNDNFYm  , (1.4) 

and from the theorem of moment of momentum we get the equation 
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 The equations (1.4), (1.5) keeping into account the previous notations, reunite in the 

matrix equation 
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 The matrix equation (1.6) is formally identical to the equation (1.3) in which one 
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kE . 

 

1.3. Differential matrix equations of the motion of system 

 In the case when the point kO  is a rotational kinematical joint with clearance, and at 

the point hO  is a rotational kinematical joint without clearance, then, obviously, one obtains 
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 Thus, for the system captured in the Fig. 9, at which the element 1  has a rotational 

motion, the elements being acted only by their own weights, and the rotational kinematical 

joint 3O  being with clearance, one gets the differential matrix equation 
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where   Tgmgmgm 000000 432 F ,   TVHVHNVH 5544322R , 

        TTTT

432 qqqq  ,  
     
     
     


















4

3

2

m00

0m0

00m

m ,  

     
     
     
     



























)4(
5

)4(
4

)3(
4

)3(
3

)2(
3

)2(
2

B00

BB0

0EE

00B

B . 



 Fiabilitate şi Durabilitate - Fiability & Durability    Supplement No 1/ 2016 
 Editura “Academica Brâncuşi” , Târgu Jiu, ISSN 1844 – 640X 

 

 

 

 

39 

4gm

3gm

g2m

5O

4

O4



3

2

1 3O2O

1O
X

Y

 

Figure. 3. Planar system of bars at which the element 1 has uniform rotational motion, the 

joint 3O  is with clearance, and the elements are acted only by their own weights. 

 At the matrix equation (1.7) we add the equality 

    Cqm  , (1.8) 

where    TttlC 000000cossin1  . 

 By derivation of the relation (1.8) with respect to time and from the equation (1.7) one 

gets [1, 13] the general matrix equation for the motion of the multibody systems 

   
   

 
 

 
 

    






























qBC

F
q

R

q

0B

Bm


T

, (1.9) 

where the matrix  R  of the reactions is, in fact, the Lagrange multipliers’ matrix with minus 

sign. 

 

CONCLUSIONS 

 The establishing in the paper of a new form of the matrix of constraints made possible 

the elaboration of the multibody method that permits both the numerical study of the general 

motion of the planar jointed systems with and without clearances 

 The numerical applications solved here confirm the statements mentioned above. 

 

REFERENCES 
[1] GRIGORE, J.-C, JDERU A., ENACHESCU M., Matrix of Constraints for the Motion 

of the Planar Kinematic Chains with Rotational Links with Clearances, The 39th ARA, 28 – 

31 July 2015,  Franscati, Rome, Italy, Proceedings American Romanian Academy of Arts and 

Sciences ISBN: 978-1-935924-18. 

[2] AMIROUCHE, F., Fundamentals of multibody dynamics. , Birkhänser, Boston, Berlin, 

2004. 

[3] ERKAYA, S., UZMAY, I., Investigation on effect of joint clearance on dynamics of 

four-bar mechanism. Nonlinear Dyn., 58, 179-198, (2009). 

[4] FLORES, P., AMBRÓSIO, J., Revolute joints with clearance in multibody systems. 

Comput. Struct. 82, 1359-1369(2004). 

 



 Fiabilitate şi Durabilitate - Fiability & Durability    Supplement No 1/ 2016 
 Editura “Academica Brâncuşi” , Târgu Jiu, ISSN 1844 – 640X 

 

 

 

 

40 

[5] FLORES, P., Modeling and simulation of wear in revolute clearance joints in multibody 

systems. Mechanism and Machine Theory, 44, 1211-1222(2009). 

[6] GRIGORE, J.-C., Contribution to the dynamical study of the mechanisms with 

clearances, Doctoral thesis, University of Piteşti, 2008. 

[7] PANDREA, N., The dynamic calculation of mechanical torque converter, G. 

Constantinescu” IFToMM Int. Symp. SYROM`89 pag. 673-679, Bucharest, Romania, 1989. 

[8] PANDREA, N., POPA, D., Mechanisms. Technical Publishing House, Bucharest 2000. 

[9] PENESTRI, E., VALENTINI, P., P., VITO, L., Multibody dynamics simulation of 

planar linkages with Dahl friction, Multibody Syst. Dyn. 17, 321-347(2007). 

[10] PFEIFFER, F., GLOCKER, C., Multibody dynamics with unilateral contacts. Wiley, 

New York (1996). 

[11] RAVN, P., A continuous analysis method for planar multibody systems with joint 

clearance. Multibody Syst. Dyn. 2, 1-24,(1998). 
 


