ANALYSIS OF POINT CONTACTS SUBJECTED TO A TANGENTIAL
CONCENTRATED FORCES

Prof.dr.eng. Stefan GHIMISI, Constantin Brancusi University of Targu Jiu,
ssghimisi@gmail.com

Abstract.To "non-compliant" contacts in which deformations are sufficiently small compared to the size of
bodies, elasticity theory applies to closed contact defined by the contact area. Stresses and displacements in
elastic semispaces can cause tractions of the surface, being deducted for the first time by Boussinesq (1885) and
Cerruti (1882)
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1. INTRODUCTION

To "non-compliant” contacts in which deformations are sufficiently small compared to
the size of bodies, elasticity theory applies to closed contact defined by the contact area [1],
[2]. Contact voltage is concentrated, registered in the contact region and decreasing rapidly
with distance from the point of contact. Thus the region of interest is practically closed at the
contact interface.

Thereby the size of the bodies, needs to be greater than the size of the contact area, the
pressure of the contact region does not depend criticallyon the distance between the metallic
surface and bodies. The voltage can be calculated by considering each as a solid body, almost
infinit, limited by a flat surface, in other words an elastic semi-space. This idealization, where
the bodies have arbitrary surface profile and are seen as an extended semiinfinit is almost
universal for elastic contacts. [3]

2. POINT CONTACT CHARGED BY A TANGENTIAL CONCENTRATED
FORCES
We consider elastic semispace shown in Figure 1. If you let C(&, n) an area within the
loaded area S, and A (X, Yy, z) represents a general point located inside the solid body, the
distance CA will be:

CA=p={e—xF +(n-yf +22f ®
Stresses acting on the surface S to be p(&, n), ax(&, n) si qy(&, n).
The stresses satisfy the Laplace equation and can be determined on the basis of their
potential functions.

F. = [[a.(& i dedn
G, = [[a,(& 2 dedn ¥y
H, = [ [p(& )2 dedn

where:

Q=z-In(p+2)-p 3)
Love (1957) indicates that the components of the elastic displacements ux, uy, use a point A
(X, y, z) of the solid are given by the expressions[4], [5]:
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These relationships are decreasing by 1 for great distances from loaded region.
P

Analysis of a nonconforming contact subjected to shear forces qgx(§,m) allows
determining the stresses and displacements of contact. Tangential traction parallel to the y

axis, qy, and normal pressure p will be considered void.
So in (2) and (4) we will have:G1;=H;=G=H=0

oF, _ R,
Therefore: y, = v W_axaz'
So:
= L {28251+2v82f1—z 832':1} (5.a)
4G | oz OX oy“oz
g oL 26F 20°F, (5.0)
Y 4xG |7 oxoy  oxoyor '
1 0°F, 120°F,
b s 4726{(1_ )axﬁz_axazz} )
where: R = [ [a.(& m{zIn(p+2) - p} d&dry
and: pP=(E=x)°*+(n-y)*-7°
Replacing the derivatives in equation (5) we
getu, = [ 4, )x{1 L2 (em9” (=20 =X }dédn(ﬁ-a)
p+2 P plp+1)
=_”qx(§,n)x{(§ N0 =Y) (15, E=X) y)}d@h7 (6.0)
G > P’ pp+12)°
__ 1 (£-—x)z ()
u, = %qux(f,mx{ o) Z)}dfdn (6.0)
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Fig. 1. Elastic semispace [6]

Tangential function will be deemed to be concentrated on a very small area near the
origin, so that qu(a,n) d&dn reduces the force concentrated Qx at a force acting in origin

(§=m=0) in the parallel direction to the
to:
2

1

u, = Q —+X—3+(1—
4G | p
u, = QXY 12
4nG| p
u, = Q, X—Z3+(1—2v)
47G| p
where: p?=x’=y’=7°,

x-axis, the equation (6) for journeys solid is reduced

2

2v)[ 1 X j (7.3)

p+z p(p+12)°

N

plp+1)° } (7o
X

p(p+2)} (79

By differentiating the equation (7)corresponding to movements will be written as:

3 3 3
27, :—3%+(1—2v){i3— 3 > +— X > +— 2 3} (8.2)
Q, p p° plp+2)” p(p+2)° p(p+12)
2 2 2 2
i =_3X{> +(1_2V){L3_ - 2t 3 Y 2 T 22Xy 3} (8.0)
Q, p p- plp+2)" p(p+2)° p(p+2)

2
270, :_3X25 (8.0)
Q. P
2 2 2 2
Ty ——3X5y+(1—2v){— A A—— 3} 8.d)
Q, p plp+2)° p(p+2)° p(p+2)
2
Ty _ 32 (8.)
Q. P
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2rr 3x°z
=— (8.1)
Qy P
2—7[(<)'X+0'y +GZ)=@ (8.9)

Tensions and surface movements (excluding the origin) are calculated replacing z=0
and p=A\.

2.1.Unidirectional tangential traction applied to the circular regions
A. If circular region (n = —%)
Consider a distribution of the form:

Ay (X% Y) = qo(l— %z)% 9)

acting parallel to the axis Ox in the region of the radius of the circle shown in Figure
2.Constant pressure distribution produces normal displacement within the area of the circle.
By the above presented analogy for v = 0, tangential traction given by (9) produces a

uniform tangential displacement u,_ ,at the surface, in the direction of traction.

It can be shown that nonzero values of vresult in uniform tangential deflections.
For a point inside the circle loaded (r<a), equation (6) reduces to

b =] qX@,n){l‘s”v@ 2 }dédn (10)

T E=X0-y)
b, = 5o Lot E%D agay

(10.b)
1-2v - X
= a5 dedy (10.0)
where: s* = (£ -x)* +(n-Y)?
These expressions for surface movements can also be derived, obtaining from
equation (7) the displacements to any point B (x, y) stemming from a concentrated tangential

force Q, =q, d&dnacting at a point C(¢,n)[7], [8].[9]..

=l

Making a change of variable, moving from coordinates (§,m) at (s,¢) where
£% +m% = (X +scosd)® + (y + ssing)®
considering: o’ =a®—x* -y si

B =xcos¢d+ysing

0, (s.) = goalo — 2ps - s2) 2 (11)
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The equations become:

u, = %Jjﬂf a, (s,¢){(1— V) +vcos® ¢}d¢ds
(12.a)
_—LﬂGjozﬁ'f:qx(s,gb)sin $cos ¢ dgds (12.b)
U, =2 [ [ a,(s.) cosg d s
(12.c)

4 q ()

Fig.2.Tractions distribution for a circular region

S1 limit is given by point D on the edge of the circle to which:
s, =—ﬂ+(a2 +ﬁ2)%
By integrating with¢ between 0 and 2z, noting B(¢) = (¢ + ) , we get (r<a).

u qo 72'(2 - V)
4G 4G

u, =0 (13.b)

" (1 2v)q0 j cos g tan” (ﬂ/) _ (1 2V)qoa{a (az —rrz)%}(lac)

I {1-v)+vcos® g} dg =

g,a = cons tant (13.3)

r
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b.The case of circular region ( = %)

For a traction distribution like:
2\
qx = qo(l_ ?j (14)

acting in a circular region, can be treated in the same manner by substituting equation (14)
into the equation (12)[10]..
By integrating in compliance with s we have:

U, = {42 -)a’ + (=) + (4-3)y?) (15.2)

. _ — 7,
Similary: u =——2 15.b
y VT 3262 Y (150

In this case I is not constant at any point in the circle loaded and E is not canceled.

It may be noted that normal movements are not zero, but can not be expressed
explicitly. Loaded tangential movements outside the circle (r> a) given by the thrust (14) were
investigated by Illingworth with the results:

1 1

_ 2\2 22

Uy .o (2-v) (Za2 —rz)sin_l[a}ar[l—az] +Ev rzsin_l[aj+(2a2 —rz)-[l—azj [?j (X2 —y2) (16.a)
r

8G-a r 2 r r

@zégg’—";{rzsin‘l(%ﬁ@az —rzﬁ—a%z)%(%)}xy (16.b)

Investigation of tensions within the solid given by the thrust (14) was treated by
Hamilton and Goodman (1966).

3.CONCLUSION

The fact that elastic semispace stresses and displacements can cause traction of the
surface was deducted for the first time by Boussinesq and Cerruti.

For a point contact loaded by a tangential force concentrated on issues Boussinesq-
Cerruti we can deduce displacements and stresses at the contact level.
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