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Abstract.For "non-conforming" contact where deformations are small enough compared to body dimensions,
the theoretical elasticity will apply to the closed contact defined by the contact area.The tension can be
calculated by considering each body as a solid semiinfinite, limited by a flat surface, that is to say a semisphere
of elasticity. This idealization, where the bodies have the surface of the arbitrary profile and seen as a
semifinished extension is almost universal for the elastic contacts.Tensions and displacements in the elastic
semisphere can determine surface tractions being deduced for the first time by Boussinesq (1885) and Cerruti
(1882) who have made the theory of potential, and this approach is presented by Love as well (1957)
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1.Introduction

For "non-conforming™ contact where deformations are small enough compared to body
dimensions, the theoretical elasticity will apply to the closed contact defined by the contact
area [1], [2]. The contact tensions is concentrated, being closed in the contact area and rapidly
decreasing with the distance from the contact point. Thus, the region of practical interest is
closed at the interface of the contact.

By conditioning the dimensions of the body as being larger than the dimensions of the
contact area, the contact contact tensions is not critically dependent on the distance of the
bodies from the contact area. The tension can be calculated by considering each body as a
solid semiinfinite, limited by a flat surface, that is to say a semisphere of elasticity. This
idealization, where the bodies have the surface of the arbitrary profile and seen as a
semifinished extension is almost universal for the elastic contacts. [3]

2. Applying the Boussinesg-Cerruti problem

In the following, pressures and deformations produced in the elastic semi-stretch limited by a
plane surface, z = 0, shall be considered under the action of a tangential and normal traction
applied to the area S in the vicinity of the origin. Outside of the loading axis both tensions are
null. Thus the problem of elasticity is one in which the tractions are not specified everywhere
on the whole surface with z = 0.

In order to restrict the area where the load is applied, it will be considered the moment
when all the pressure components reach zero. The loading is two-dimensional: the normal
pressure p (X, y) and the tangential traction gx (x, y) and qy (X, y), generally varying in both
directions x and y.

The two-dimensional tension system is that all six components: oy, Gy, Gz, Txy, Tyz Tz
tensions will appear.
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A special case is when the load is asymmetric with respect to the z-axis. Considering
that the polar coordinates (r,0,z), the presussre p(r) and the tangential stress q (r) are
independent of 6 and q (r) if present is acting in the radial direction. The tensions
components tpand g disappear and the other components are independent of 6

Tensions and displacements in the elastic semisphere can determine surface tractions

being deduced for the first time by Boussinesq (1885) [4] and Cerruti (1882) who have made

the theory of potential, and this approach is presented by Love as well (1957).

The elastic semispace is shown in figure 1. If a C(§, n) is denoted a point on the surface inside
the loaded area S, and A (X, Y, z) represents a general point inside the solid body, the distance
CA will be:
CA=p={e-xF +(n-yf +22f" )
Efforts that work on S surface will be p(&, n), 9x(&, n) si qy(&, ).
The unitary efforts satisfy the Laplace equations and we can determine the potential
functions based on them.

R = [ [a.(& k2 dedn
G, = [[a,(& 2 dedn 2
H, = [ [ p(& n)X2 dédn

where:
Q=z-In(p+2)-p 3
Result potential functions:
oF
F=—"=[]a,(&n)In(p+2) dedn
oG
G=—*=][q,(&n)In(p+2) dedn @)

H= % = [ Jp(&,n)-In(p +2) dedn

It can be written:

oF, 0G, OH,
=—t—+— 5
V1o e T ®)
_%y, _OF oG oH (6)

oz oXx oy ’ oz
Love (1957) shows that the components of the elastic displacements ux, uy, use in a point A
(X, y, z) of the solid, will be given by the expressions of the terms from the above
functions[5,6].
So:
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oF oH

A

uX:L 2———+2v —za—l/j (7.8)
42G | 0z X OX OX

uy:L Zﬁ—ﬁ+2v%—za—l// (7.b)
2G| oz oy oy oy
1 oH oy

U =— 08 a2y - Y 7.c

. 47ZG{ = A-2v)y 82} (7.c)

Z

Fig. 1. Elastic semispace [4]

These relationships decrease bylfor long distances to the loaded region.
P

Thus, the elastic movements, of the closed points in the loaded region, relative to the
solid points distant from the loaded region (p—) where the elastic elastic is located rather

than fixed, corresponds to a two-dimensional load.
The displacements will be calculated by allowing stress determination based on

Hooke's law:
ou
o, = 2G| ou, +— u, 126 (8.9)
1-2viox oy oz OX
ou ou
=20 [N Ty A gDy (8.b)
1-2vl ox oy @z oy
ou
o, = 2C [ My My My g, (8.0)
1-2vi ox oy oz oz
ou
r, =G| X Ay 8.d)
oy  OX
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ou
7, = G(—y + %J 8.e)

oz oy
au, 6uX
- G( X o j ®.0

For a normal (pure) p(&, m) pressure that exists for non-friction contacts the above
equations can be written[7]:

F=F1=G=G1=0

So:
M- [[p(&m)-In(p +2) ded 9)
Y. = oz n)-1rp n
6H 8
r=[[elen)— dffdn (10)
u, :—i (1-2v )‘9'/’1 +za—"’ (11.a)
4nG OX OX
oy 8w
u =——<@-2v L4 11.b
] o
1 oy
u 2(1 -7— 11.c
2 4726{(0)1// az} (11.c)
withyand y; — Harmonic functions of x, y and z, thus satisfying the Laplace equations:
Vz\y =0
VZ\Vl =0.

The value ofAis given by :

ou -
AEGUX+ y+8UZ:1 2v 2y

ox oy oz 272G oz
By replacing equations (11) and (12) in equations (8) the expression for the tensions

components in a solid point is expressed.

(12)

These are:
2 2
o =210 9V 1 )TV (13.3)
2 oz OX OX
2 2
o, =21y 0V 4 )T (13.b)
2r oz oy oy
2
o, =i a—l//—zﬁ—l';/ (13.0)
2w | Oz oz
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2 2
r =_i{(1_2,/)%+26_‘//} (13.d)
X

W g oxdy  oxdy
2
"= _L1,%y (13.e)
2w 0oyoz
1 _o%y
=——7 13.
o T ok (139

It can be noted that the tensions o, 1y, and t,x depend on a single function .
The tension components oy si oy depend on the function w1 but their sum does not
depend, therefore:

1 oy 0w
+o0,=—<1+2v)—/—+2 14
Ty 271'{( o 822} (14)
At the solid surface the normal tension will be:
— — p(&,7),1nside S
o = i(a_‘/'j _ P& (15)
2r\ oz ),, |0, outsideof S
And the displacements will be:
@:—1_2‘/- oy (16.a)
472G \ OX ),
— — 0
i = o (16.h)
4G\ oy ),
— 1-v (oy, 1-v
u. = . = _ 16.C
z ZJZG ( az JZ_O 27ZG (l//)zfo ( )

Equations (15) and (16.c) show that normal pressure and normal displacement within
the loaded area depend only on the potential function .

If pressure distribution within S area is known then stresses and displacements at a
point in the solid will be discovered. In practice, obtaining tension expressions at a point in
the solid presents a number of difficulties.

For particular conditions, the coordinates of the rectangular points in the ellipsoidal
can be changed, thus solving the problems in which the contact area is limited by an ellipse
(Lur'e - 1964 [135], Galin - 1953, de Pater - 1964)[8,9].

For circular contact areas, a special stress-function complex suggested by Rostovtzev
(1953) (and also by Green and Zerna, 1959) can be used to detect tensions when the
movements are specified within the loaded area.

For axial symmetry cases, the integrals transformation method discovered by Noble
and Spence (1971) (and Gladwell 1980) can be used.[10]
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Another way to determine stresses and deformations at a point within the load area is
to overlap the effects of a normal load and tangential force, solving the problems based on
numerical analysis.

3.Conclusions

Applying the Boussinesg-Cerruti problem allows the determination of the pressures and
deformations produced in the elastic semi-suspension limited by a flat surface under the
action of a tangential and normal traction applied to the S. surface area

Normal pressure and normal displacement within the loaded area depend only on the
potential functiony.
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