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Abstract: Evolute gearing is realized in a family of teeth profiles for gears and chain drives with 

convex-concave contact. The main criterion of loading capacity for gear is contact strength, for 

chain drive – tooth wear. Both indicators depend on the level of contact stress. Therefore, the aim 

of this work is to determine the contact stress in the evolute gearing. Calculations of contact stress 

are based on the Hertz formula and the finite element method. The analysis and comparison of 

results for different evolute profiles is carried out. 
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1. INTRODUCTION 
The main cause of failure in enclosed gears is pitting. In open gears and some chain 

drives (for example, agricultural and mining machines, bushing chains without rollers, 

sprockets of tracked vehicles) abrasive wear of the teeth surfaces takes place.  

As known, pitting and abrasive wear of teeth are depend on the intensity of contact 

stress in the gearing. In turn, the contact stress is decreased by increasing the reduced radius 

of curvature ρH in the gearing. It can be increased by the use of teeth with convex-concave 

contact. Therefore, the development and research of new gearing for gear and chain drives, 

providing convex-concave contact, an actual task of modern engineering. 

One promising solution to this problem is the use of so-called evolute gearing. This is a 

family of profiles for gear and chain drives with convex-concave contact. It created by 

Ukrainian scientist A.I. Pavlov [1] and based on Bobillier construction [2]. Replacement the 

gearing by an equivalent four-link hinge-lever mechanism is main idea of this construction. 

Changing the geometric dimensions of the mechanism can be synthesized the gearing with a 

variety of geometric and kinematic characteristics. Main characteristics are the reduced radius 

of curvature ρH and the relative sliding velocity λ. The value of λ has major impact on the 

wear of teeth profiles. 

 

2. MATERIAL AND METHODOLOGY 

2.1. Geometry synthesis of evolute gearing 

As a result of the Bobillier construction for gear or chain drive, we obtain the ordinary 

differential equation (ODE) of 2nd order. It describes the movement of the contact point 

between the teeth (or tooth and bush chain for chain drive). This equation has the next form 

for the basic rack tooth of gear [1]: 
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For the sprocket tooth of chain drive [3]: 
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- x0, y0 are the coordinates of the tooth profile. The centre of the coordinate system coincides 

with the pitch point P. Axis x0 is tangent to the pitch circle by radius r0;  

- f is the coefficient of sliding friction in the gearing, 

- k=h·sinα0 is the so-called variation coefficient of gearing [1]. This is one of the most 

important parameters for evolute gearing. It allows controlling the geometric characteristics of 

the synthesized gearing,  

- h is the distance between pitch point and the rotation centre of the connecting rod 

replacement mechanism,  

- α0 is pressure angle at the pitch point. 

Two approach to solve these ODEs are proposed: 

1. The approximate solution in the form of a polynomial [1, 3] using the program complex 

Vissim: 
n

n xCxCxCxy 0
3
020100 ...)(  .     (3) 

2. Numerical solution [3] by the Runge-Kutta method in the software-system MathCAD with 

the built-in function Rkadapt: 

),,,,Rkadapt( FyS nxx endstart ;     (4) 

- y is either a vector of k real initial values, where k is the number of unknowns,  

- xstart and xend are real, scalar endpoints of the interval over which the solution to the ODE is 

evaluated, 

- n is the integer number of discretization intervals used to interpolate the solution function,  

- F is a vector function of the right-hand side of the system. 

Additionally for evolute gearing, the solution (3) for the basic rack tooth is transformed 

to an equation of gear tooth profile [4]. For its use in a method of profile normal [2]. 

Fig. 1 shows examples of synthesized teeth profiles for gear [4] and chain drive [3]. The 

profiles are constructed in the coordinates system x, y. Center of coordinates system coincides 

with the rotation center of gear or sprocket. For chain drive, y-axis coincides with the tooth 

symmetry axis. For gear drive, y-axis coincides with the symmetry axis of tooth space. 

 



 Fiabilitate si Durabilitate - Fiability & Durability   No 1/ 2017 
 Editura “Academica Brâncuşi” , Târgu Jiu, ISSN 1844 – 640X 

 

 

 

 

 

 

 

289 

 

 

 
a) b) 

Fig. 1. Synthesized teeth profiles: a) the conjugate gear pair teeth [4] (m=4mm, α0=15°, z1=20, z2=40, k=–5), b) 

sprocket tooth [3] (pitch chain t=25.4mm, z=20, k=–5) 

 

2.2. Determination of contact stress in gearing on H. Hertz formula 
We use the formula to calculate the contact stress as follows [5]: 

Hw

Hn
H

b

EF







 418.0 ;     (5) 

- Fn is the normal tooth force, 

-    21212 EEEEEH   is the reduced modulus of elasticity for the materials of contacting 

bodies (E1, E2 are modulus of elasticity for pinion and gear), 

-    1221  H  is the reduced radius of curvature in the contact between two surfaces 

(ρ1, ρ2 are radius of tooth profile curvature for pinion and gear), "+" sign for the biconvex 

contact, "–" for the convex-concave contact, 

- bw is the working width of the tooth. 

The method of determining the radius of profile curvature depends on the method of 

solving the ODE (1) or (2). In the case of finding the profile in the form of the polynomial (3), 

radius of curvature can be determined using well-known formulas of differential geometry 

[6]. If the profile found by numerically (4), then it is preferable to find radius of curvature by 

a numerical method of "three points" [7]. 

 

2.3. Modelling of contact interaction by finite element method 

CAD-system Autodesk Inventor has been applied to construct parametric models of gear 

pair and pair of sprocket-bushing. FEM-system – add-in Autodesk Inventor – Nastran In-

CAD [8], solved the contact problem. 

Tooth profile built on 200 points in the xy plane with an accuracy of 7 decimal places. A 

high degree of accuracy is necessary because the profile equation is given by a polynomial 

function. The low accuracy in the calculation of the coordinates will manifest itself in the 

variable curvature of the curve over a section of several points. The result of low accuracy is 

shown in Fig. 2. 
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a) b) 
Fig. 2. Low accuracy in curve: a) in 3D-model, b) in relative units of curvature 

 

Profile points were placed in the working plane with a tool Import Point. Then, the 

spline was construct on these points by the parameter Curve. Use the tool Curvature has been 

defined curvature of obtained profile. Graph of the changing curvature of profile built. The 

obtained data were compared with numerical calculation for the curvature of tooth profile. 

Analysis of the results showed sufficient accuracy for profiles in Autodesk Inventor program. 

In Fig. 3a shows curvature of tooth profile, obtained by numerical method and Fig. 3b 

displaying curvature in the CAD-system Autodesk Inventor. 

  

                           a) b) 
Fig. 3. Curvature profile evolute: a) numerical method, b) Autodesk Inventor program 

 

The finite element analysis has been performed for a model of two tooth sectors. In the 

case of a chain drive, the sprocket sector and bushing of chain used. Sector consists of three 

teeth. The width of this sector equal to half of the tooth working width. Symmetry with 

respect to the median plane of the wheel is define in the CAE-system. Also has been removed 

chamfers and fillets. At the contact zone of teeth or tooth sprocket with the bushing has been 

created an area in the form a half-cylinder with a diameter of 1.5mm. It is necessary to specify 

the size of the finite element (FE), comparable to the size of the contact patch. 

The creation of this numerical model allows efficient and economical use of resources 

and time of your computer. At the same time, such a model will not worsen the accuracy of 

the result. 
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Initial data for calculation in the program Nastran In-CAD: 

 friction coefficient for the contacting bodies 0.1,  

 material – steel with characteristics: Poisson's ratio ν=0.3, modulus of elasticity 

E1=E2=2.1·10
11

Pa,  

 the type of finite element – "tetrahedrons",  

 the creation of torque gear or sprocket – around the axis z,  

 introduction of the boundary conditions for gear and bushing of chain drive – complete 

fixation. 

As a result, creation of the FE gears model obtained 295 thousand knots and 198 

thousand elements, from chain gears these values were 61 thousand knots and 36 thousand 

elements. Fig. 4a shows a general view and FE models, Fig. 4b – area in the contact of teeth 

with a fine mesh. 

  

                                              a) b) 
Fig. 4. Finite Element model gear drive: a) general view, b) area at the contact place 

 

From chain drive similar result show a Fig. 5a and Fig. 5b. 

 

  
                                              a) b) 

Fig. 5. Finite Element model chain drive: a) general view, b) area at the contact place 
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As a result of the FE analysis, distribution of contact stress shown in Fig. 6 has been 

obtained. 

  

                                              a) b) 
Fig. 6. Contact stress: a) contact patch at half the tooth length, b) edge effects 

 

The FE analysis takes into account the edge effect, so in the case of equal tooth width 

for gear pair contact pressure at the ends of the teeth are reduced.  

As seen in Fig. 4b, the size of FE in the contact area satisfies the condition – 4 element to 

the width of the contact patch. It is sufficient for solving the contact task. 

In addition, the equivalent von Mises stress on the contact surface ( HH  4.0eqv  ) and in 

depth ( HHd  56.0eqv  ) has been obtained. 

Distribution of von Mises equivalent stress is shown in Fig. 7a. The concentration of 

depth stress is shown in Fig. 7b. It displays Mises stress in the cross section of the tooth (in 

this case – the middle cross section). The possibility of a detailed analysis for the stress 

distribution is an advantage in the calculation using the FEM. Analysis of Fig. 7a and 7b 

display typical stress concentrators in the body of the tooth near the contact patch. In Fig. 8a 

displays von Mises stress for chain drive, and Fig. 8b – stress in depth tooth and chain roller. 

  

 

  
a) b)  a) b) 

Fig. 7. Equivalent stress in evolute gear:  

a) von Mises, b) von Mises in depth tooth 

 Fig. 8. Equivalent stress in evolute chain drive: 

a) von Mises, b) von Mises in depth tooth 

 

3. CONCLUSION  

1. Evolute gearing allows to improve the loading capacity of cylindrical gears and chain 

drives due to the convex-concave contact. 

2. Evolute gearing profile have been synthesized in two ways: in the form of a 

polynomial and numerically by the Runge-Kutta method. 

3. Parametric models of gear pair and sprocket-bushing pair have been built. The 

method of computer model modification for import into CAE-system was improved. The 

main need for this was to save computer resources for the FEM calculation.  
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4. The analysis of contact stress in the gear and chain drive has been carried out. Contact 

stress according to Hertz formula, contact stress and von Mises equivalent stress using FEM 

have been determined. 

5. The resulted technique of construction 3D-model of gear and chain drives and the 

analysis of its stress-strain state have shown high accuracy of the results comparable to those 

obtained analytically and in numerical experiments. The main need was to save time and 

computing resources in the analysis of new drives with an evolute gearing. 
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