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Abstract. The purpose of this note is to introduce four different groupoids associated to a function
f:XxNxN—-X, where X is a uniform space. Thesegroupoids allow to study within a unified framework

theasymptotic behavior of thediscrete systems of the form X,.; = fn'no (XnssXn-ts o) Xno) that do not necessarily
satisfy the semigroup property of a process. For these systems the groupoidsare associated with the functionsf
defined by f(x,n,ng) := .\ (Xn-1,Xn2 o0 X, ) With X=X .
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1. INTRODUCTION

In this article we associate several groupoidsto abstract discrete systems that generalize
nonautonomousdiscrete-time processes. Let us recall that the mathematical formalization for a
nonautonomousdiscrete-time process includesa space X and a sequence (f,), of maps
f.:X—X. Then the nonautonomous difference equation

Xn+1 = Fa(Xn)
generates a discrete-time process which is defined for all xeX and n, no€ N with n > ng by:
o (N, No, X) =X,
o (n,no, x) := f of ,o.of (X).

The function o: N x N xX—X defined above has the following properties:
1.1) o (no, Ng, X) = x for all npe N and xeX.
1.2) o (ny, Ng, X) = & (N2, N1, o (Ny, N, X)) for all ng<n;<n, and xe X
Howeverthere are processes (such as fractional order systems [3]) that do not satisfy
semigroup condition 1.2.In this article we consider processes that do not necessarily
semigroup condition 1.2. More precisely, we take into consideration the processes generated
by the difference equations of the form

Xn+1 = fn,no (Xn. Xn-1,- - Xn, ), n>no.
We introduce different groupoids associated to an uniform space X and a function
f:N x N xX—X
having the meaning that for all (n,ng) e N x N such that n>ng
f(n,no,X) = fr1(Xn-1,Xn-2,- .- xno) with Xp, =X
The use of an abstract notion of system allows to study within a unified framework diverse
processesand provides a unique language for several different areas of applications.
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2. EQUILIBRIUM AND STABILITY

Definition 2.1. Letf: N x N xX—Xbe a function. For each xe X we write
Ne(X)={noe N :f(n,no,x)=x for all ne N, n>ng}.
An element xe X is said to be an equilibrium point of the system defined by f: N xN xX—X
If Ne(X)2J, i.e. if there is nge N such that f(n,ng,x)=x for all ne N, n>n,.

Remark 2.2.Letf: N x N xX—X be a process that satisfies semigroup condition, i.e
f(n2, no, X) =T (N2, Ny, T (N1, Ny, X)) for all ng<n;<n, and xeX.
If X, be an equilibrium point of f, then there is npe N such that
Ne(X)={ne N : n>ng}.
Indeed, let np=min Ng(X¢) and let me N such that m>no. Then for all n>m we have
f(n,no,Xe) =f (N, m, f (M, no, X¢)) (Semigroup condition).
Since npeNe(Xe), it follows thatx.=f (n, m, x¢)for all n>m, or equivalently, meNe(Xe).

Let us recall thata uniform space is a set X equipped with a nonempty family 2 of subsets

of X x X (called uniform structure on X) satisfying the following conditions:

1. AcUforallUe, where A= {(x,x):x eX }.

2. IfUeU and UcV <X x X, thenVe .

3. fUefandVeA,thenUNV .

4. Foreach Ue 2 there exists Ve 2 such that VVcU, where

VV={(x,z): there is y such that (x,y) eV and (y,z) eV}

5. IfUefA, thenU ={(y,x):(x,y) eU} e.
If2 is a uniform structure on X, then 2l induces a topology on X: Ac X is openset if and
only if for every xeA there exists Ue 2 such that {y: (x,y)eU}cA.

Definition 2.3.Let X be a space endowed with a uniform structure 2(. Let us consider

a system defined by a function f: NxNxX—X and let x, bean equilibrium point of the
system. We write

Ns(Xe)={noeNe(Xe):for every Ue 2 there is Vye 2 with the property that
iIf (Xe,X) €Vy, then (Xe, f(n,ng,x)) €U for all ne N, n>ng}
The equilibrium pointx.is said to bestable if N¢(X)=J.

Definition 2.4. Let us consider a system defined by a function f: N [1N 1 X—X and
let us assume that X is endowed with a uniform structure 2 .
e An equilibrium point X, is said to be attractive if there is npeNg(Xe) and there is
Ue 2 such that for all (xe,x) €U we have Ml f(n,ng,x) = Xe.

e An equilibrium point x, is asymptotically stable if it is stable and attracting.
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3. GROUPOIDS ASSOCIATED TO A GENERAL DISCRETE SYSTEM

In this section we use the same notation concerning groupoids as in [1] and [2].

Proposition 3.1. Let 2 be a uniform structure on a set X and let f: NxN xX—X be a
function. If

Gl(X,Ql,f) ={(x,n1 Kk, y,n2) e X xNxZxXxN:
forall U A there is ny[] N such that for all n>ny we have

n>ny, ntk>niand (f(n+k,ny,x),f(n,nz,y)) 1 U},
Then

1. Gl(X,Ql,f)is a subgroupoid of X xNxZ x XxN seen as a groupoid under the

operations
(x,n1 K, y, n2)(y, nz, m, z, n3) = (X, ny,k+m, z, n3) (product)
(x, n1, k, y n2)™t = (y, ny, -k, x, ny) (inversion).
2. If G(X,2,f) is endowed with the induced topology from X xNxZ xX xN,

then G,(X,%,f)is a topological groupoid.
Proof. 1. Let (X, ny, k, y, n)eG,(X,2,f) and let us prove that (y, na, -k, X,

ni)e G, (X,2,f). Let Ue 2. Then U™e A, hence there is ny[ Nsuch that for all n>nywe

have
n>ny, n+k>n; and (f(n+k,ny,x),f(n,nz,y)) 0 UL
Thus for all n > ny+k we have
n-k>ny, n>n; and (f(n,n1,x),f(n-k,nz,y)) 1 U*(or equivalently, (f(n-k,na,y),f(n,n1,x)) 1 U).
Consequently, (y,nz, -k, x,n;)e G, (X, 2,f).

Let (X, n1, K, y.nz), (y,nz, m, z,n5)e G(X,2,f) and let us prove that (x, ny, k+m,
zn3)e G (X, A,f). Let UeA. Then Ve such that VVcU. Since (x, n, Kk,
y.nz)e G, (X, 24, f) there is ny[JNsuch that for all n>ny, n>n,, n+k>nand
(f(n+k,n1,x),f(n,n2,y)) 1 V}. Since (y,np, M, Z,n3)e Gl(X,EZ[,f), there is n’y[] N such that for

all n>n’y, n>n3, ntm>n, and (f(n+m,n,,y),f(n,n3,2))1 V. Thus for all n>max {n\-m, n’y} we
have
n+m>ny, n+m+k>n; and (f(n+m+k,ny,x),f(n+m,n,,y))eV.
On the other hand n>n3, n+m>nand (f(n+m,n,,y),f(n,n3,z))eV. Therefore
(f(n+m+k,ny,x), f(n,n3,2))e VVU for all n>max {ny-m, n’\}.
Hence(x, ny, k+m, z, ng)e G, (X, 2,f).

2. Since X xNxZ xXx N is a topological groupoid, and G(X,%,f)a subgroupoid, it
follows that Gl(X,Q(,f) is a topological groupoid,
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Proposition 3.2. Let 2 be a uniform structure on a set X and let f: NxN xX—X be a
function. If

GZ(X,Ql,f) ={(X, Kk, y,ng) € X xZ xXxN:
forall U A there is ny[] N such that for all n>ny we have

n>ng, ntk>npand (f(n+k,ng,x),f(n,no,y))1 U},
Then

1. GZ(X,Ql,f)is a subgroupoid of X xZ x XxN seen as a groupoid under the
operations
(X, K, y, no)(y, m, z, no) = (X, k+m, z, ng) (product)
(x, k, y no)™* = (y, -k, x, no) (inversion).
2. If G,(X,2,f) is endowed with the induced topology from X xZ xXxN, then
G, (X,Ql,f) is a topological groupoid.
Proof.The proof is similar to that of Proposition 3.1.

Remark 3.3. The groupoidG,(X,2,f)introduced in Proposition 3.2 is a disjoint
union of groupoids defined in[2 ,Proposition 2.1].

Also G, (X,2,f)can be seen as a subgroupoid G, (X,2,f) introduced in Proposition
3.1 by the identification (x,k, y, ng) — (X,no, K, ¥, Ng).

Proposition 3.4. Let 2 be a uniform structure on a set X and let f: NxN xX—X be a
function. If

Gg(X,Ql,f) ={(x,n1 K, y,n2) € X xNxZxXxN:
forall U A there is nyJ N such that for all n>ny we have n>n,, n+k>n;and
(f(n+k,my,x),f(n,m5,y)) 0 U for all m, m,J N [Jsuch that n+k>m;>n; and n> my>n;}
Then G, (X, 2, f)is a subgroupoid of G,(X,2,f) introduced in Proposition 3.1.
Proof.The proof is similar to that of Proposition 3.1.

Proposition 3.5. Let 2 be a uniform structure on a set X and let f: N xN xX—X be a
function. If

G,(X,2Lf) ={(x,k,y) € XxNxZ xXxN:
there is np] N such that for all UZI 2 there is ny[] N such that for all n>ny we have
n>ng, n+k>neand
(f(n+k,m3,Xx),f(n,m5,y)) ] U for all m, m,[1 N [Isuch that n+k >m; > ng and n > m; > ng}
Then
1. G,(X,2,f)is a subgroupoid of X xZ x X seen as a groupoid under the operations

(x, k, y)(y, m, z) = (x, k+m, z) (product)
(x, k, y)* = (y, -k, x) (inversion).
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2. If G,(X,,f) is endowed with the induced topology from X xZx X, then
G4(X,Ql,f) is a topological groupoid.

Proof.1. Let (x, k, y)e G,(X,2,f) and let us show that (y,-k, X)e G,(X,2,f). Let
Ue 2. Since Ue %, it follows that there are no,nyJ N such that for all n>nywe haven=>ny,
n+k>npand

(f(n+k,my,x),f(n,my,y)) 0 U* for all my, m,[1 N [isuch that n+k>my>ng and n> my>n.

Thus for all n > ny+k we haven-k>no, n>ng and (f(n,my,x),f(n-k,m.,y)) 1 U* (or equivalently,
(f(n-k,my,y),f(n,m1,x))J U) for all m, m,[J N CIsuch that n+tk>m;>ny and n> my>ny.
Consequently, (y,-k, X)e G, (X, 2,f).

Let (x, k y), (ym, 2)eG,(X,2f) and let us prove that (x, ni, k+m,
z,n3)e G, (X,A,f). Let Ue . Then Ve such that VVcU. Since (x, k, y)e G,(X,2,f)

there are ng,ny ] N such that for all n>ny we haven>ng, n+k>ng and (f(n+k,my,x),f(n,m,,y)) V
for all my, m, N Csuch that n+k>m;>no and n> my>no. Since (y, m, z)e G,(X,2,f), there
aren; n’y[1 N such that for all n>n’y we haven>n3, n+m>n; and (f(n+m,ms,y),f(n,m4,z)) 1V for
all mz, my[0 N [Jsuch that n+tm>ms>n; and n> mys>n;. Thus for all n>max {n\-m, n’v} we have
ntm>ng, ntm+k>ny and (f(n+m+k,my,x),f(n+m,m,,y)) 1V for all m, m,JN [Jsuch that
n+m+k>m;>ng and n+m> m,>nq.0On the other hand n>n;, n+m>n; and

(f(n+m,m3,y),f(n,m4,2))1 V for all nmy, my[ N [Isuch that ntm>ms>n; and n> mg>n;.
Therefore

(f(n+m+k,my,x), f(n,m4,2))1 VVcU

for all n>max {ny-m, n’yv} and all my, ms1 N [Jsuch that ntm+k>m;> max {ng, N1} and n> my>
max{noy, n1}. Consequently,(x,k+m, z)e G4(X,Ql,f).

2. SinceG(X,Ql,f) issubgroupoid of the topological groupoidX xZ x X is,it follows
that G,(X,2,f) is a topological groupoid,

Remark 3.6. Let x be an equilibrium point of the system defined by f: N 11N [ X>X.
1. If G is the groupoidG, (X, f)or G,(X,2,f), then Gggzg ={(x,ng)}Z [

{(x,no)}=7Z for all noeNeg(X).
2. If G is the groupoing(X,Ql,f) and f has semigroup property, then

G ()} Z 1 {(xm)}=2Z for all ngeNe(x).
3. If G is the groupoid G, (X,2(,f) and f has semigroup property, then G ={x}11Z [l
{X}=Z.

Lemma 3.7. Let 2 be a uniform structure on X, let f: N N [ X—>X be a function
and let x. be an equilibrium point of the system associated with f and let ngeNe(Xe).

305 Fiabilitate si Durabilitate - Fiability & Durability No 1/2017
Editura “Academica Brincugi”, Targu Jiu, ISSN 1844 — 640X



1. If G is the groupoidG,(X,2,f)orG,(X,2,f), then (x, n;) and (Xe, no) are
equivalent units of Gif and only if lim f(n,n;,x) = X..

n—oo

2. If (x, n1) and (Xe, no) are equivalent units of G, (X, 2, f), then lim f(n,n;,x) = Xe.

Proof. 1. Let G=G,(X,2,f).Then (x, n;) and (X, no) are equivalent units of G if and

only if there is ke Z such that (Xe, no, k,x,n1) €G if and only if for every U112l there is
nylJ N such that for all n>ny, we have n>nz, n+tk>ng and (f(n+k,ng,Xe),f(n,n1,x)) ] U. Since %
is an equilibrium point, f(n+k, ng, Xe)=Xe for all n and k such that n+k > no. It follows that (X,
ny) and (Xe, Ng) are equivalent units of G if and only if(xe,f(n,ny,x))0 U for all n>ny or

equivalently, lim f(n,n,,x) = X.. Similarly, we can prove that if G =G, (X,2,f), then (x, ny)

and (Xe, No) are equivalent units of G if and only if lim f(n, N, X) = Xe.

n—o0

2. (X, ny) and (Xe, np)are two equivalent units of G3(X,Ql,f)if and only if there is

ke Z such that (Xe, o, kK,x,n;) € Gg(X,Ql,f) if and only if for every U1 there is ny[] N such
that for all n>ny we have n>n;, nt+k>ngand (f(n+k,m1,Xe),f(n,m2,x))J U for all m,
m, N [Jsuch that n+tk>mi;>ny and n> my>n;. Since X is an equilibrium point, f(n+k, no,
Xe)=Xe for all n and k such that ntk > ng. It follows that if (x, n;) and (Xe, ng) are two
equivalent units of GB(X,Ql,f), then (Xe,f(n,n1,x))[1 U for all n>ny or equivalently,

lim f(n,n;,x) =X

n—o0

Corollary 3.8.Let 2 be a uniform structure on X such that

(U ={(x,x):xeX}

Ued

andf: NIN T[] X>X be a function. Then each orbit of the groupoids G, where G isthe
groupoid G, (X, 2,f), G, (X, f)or G,(X,2,f),contains at most an element (x,no) with the
property that x an equilibrium point of the system associated with f and noeNe(x).

Proof. Let be (x,n;) and (y,n;) two equivalent units of G. Let us assume that x and y
are equilibrium points and that n,eNg(y). Then x= rILrE f(n,nz,y) :!]Lrpo y =y (since in this case

the topology on X induced by the uniform structure 2l is Hausdorff).

Proposition 3.9. Let 2 be a uniform structure on X, let f: NN [1X —>X be a
function, letx, be an equilibrium point and npeN¢(Xs). Then X, is attractive if and only if

(Xe,no) is in interior of its orbitwith respect to the structure of the groupoid G, (X,Ql,f) , 1=1,2.
Proof. Let us assume that (xe, ng) belongs to the interior of [(Xe, Ng)]=XI N . Then

there is Ue 2 such that {(X,no): (Xe, X) eU}[(Xe,n0)]. Let xeX such that (Xe, X) €U. Then

(x,no)€[(Xe,no)] and according Lemma 3.7, lim f(n,no,x) = Xe. Thus X, is attractive.

Conversely, assume that X, is attractive.
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Then there is Ue 2 such that if (Xe,X) €U, then lim f(n,no,x) = Xe. ApplyingLemma
3.7,if lim f(n,ny,x) = X, then (x,no) €[(Xe,No)]. Consequently,

{(X,n0): (Xe, X) eU}[(Xe,No)].
Therefore (Xe, No) belongs to the interior of [(Xe, Ng)]&X[IN.

Corollary 3.10.Let 2 be a uniform structure on a set X, let f: NxNxX—X be a
function, let X, be a stable equilibrium point and npeNe(X.). Then X, is asymptotically stable if
and only if (Xe,Nnp) is in interior of its orbitwith respect to the structure of the groupoidG,
where G=G, (X,2(,f) or G=G, (X, 2,f).
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