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Abstract. We start from the question raised by Williams (Proc. Am. Math. Soc. 2016): Must a
second countable, locally compact, transitive groupoid G have open range map? If the answer is
positive, the topology of G is in fact locally transitive (in the sense of [Seda, 1976]). We prove that
even if the answer is negative, we can replace the original topology of G with a local transitive
topology so that the topologies of the r-fibres are not affected. The new topology is locally
compact Hausdorff but not necessary second countable. However its full C*-algebra (introduced
in [Renault, 1980]) is still isomorphic to C*(H) &K(L?()), where H is the isotropy group at a unit
u and w is a positive Radon measure on the unit space.

We also present a few remarks concerning the Haar systems on locally compact groupoids and for
every locally compact groupoid having paracompact unit space and second countable r-fibres, we
prove the existence of a pre-Haar system bounded on the compact sets.
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1. A few remarks on the haar systems on locally compact groupoids

The construction of the full (respectively, reduced) C*-algebra associated to a locally
compact Hausdorff groupoid G, introduced by Renault in [21], extends the case of a group:
the space C(G) of continuous functions with compact support on G is made into a *-algebra
(using convolution) and then completed in a C*-norm making all its representations
continuous (respectively, the “regular” representation continuous). In the locally compact
non-Hausdorff case, then as pointed out by A. Connes [10], one has to modify the choice of
C.(G) (because C(G) may be too small to capture the topological structure of G). Usually is
this case (assuming that G is locally Hausdorff) C.(G) is replaced with the space C.(G) of
complex valued functions on G spanned by functions which vanishes outside a compact set K
contained in an open Hausdorff subset U of G and being continuous on U. In order to define
the convolution on C¢(G) (or on the space C¢(G) that replaces C.(G) in the non-Hausdorff
case), one needs an analogue of Haar measure on locally compact groups, called Haar system
(see Definition 2.2 [21]), subject to suitable support, invariance and smoothness conditions
called respectively “full support on fibres”, "left invariance" and "continuity".

Unlike the case for locally compact groups, Haar systems on groupoids (in the sense of
Definition 2.2 [21]) need not exist. The “continuity condition” entails that the range map (and
hence the domain/source map) of the groupoid is an open map (Proposition 1.4 [30]).
According to a result of Seda [25], the “continuity condition” is essential for construction of
the convolution algebra C.(G) (and consequently, for construction of the C*-algebras
introduced in [21]). More precisely, he proved that for a locally compact Hausdorff groupoid
G, Cc(G) is closed to convolution if and only if the system of measures used as analogue of
the Haar measure satisfies the “continuity condition”. Thus in order to construct the C*-
algebras associated to G as in [21], the range map of G should be open. However as Deitmar
pointed out in [9], it is possible that, although the range map is open, the “full support on
fibres condition” of a Haar system cannot be satisfied (see Proposition 2.2 [9] where Deitmar
constructed a compact transitive principal groupoid G=XxX for which no Haar system exists,
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though for any positive Radon measure A on X, {dx x A, XxeX} is a system of measures on G
satisfying “left invariance” and ‘“continuity” conditions, but not “full support on fibres
condition”, since X is chosen such that it not be the support of a Radon measure). Such a
space exists. If fact for a compact space X a necessary and sufficient condition to admit a full
supported positive Radon measure (Borel regular measure) was established in [13] and for a
locally compact Hausdorff space in Theorem 4.6 [26] (based on Theorem 1.6 [13]): a locally
compact Hausdorff space X admits a full supported positive Borel finite measure if and only
if X satisfies Kelley condition [15] (i.e. the family of its nonempty open subsets is the union
of a countable family of positive collections, where a positive collection H is a family of
subsets of X with the property that there is >0 such that for each finite sequence (S1, Sy, ..

*

k
Sn) in H, there is a subsequence (Sil,Siz,...,Sik) such that ﬂSiA #O and k > o). Obviously,
S n

every locally compact Hausdorff second countable space satisfies Kelley condition.

Let us briefly recall some results concerning the existence of Haar systems (we use the
notation and definition of a groupoid given by J. Renault in [21] with the exception of the
source (domain) map which is denoted d as in [12]; all groupoids are assume topological
locally compact, locally Hausdorff in the sense that each point has a Hausdorff compact
neighborhood and having Hausdorff unit space):

- locally transitive groupoids (groupoide microtransitif [11]), i.e. groupoids for
which the restriction of the range map to the d-fibre G, is an open map for each unit

U: Seda proved that if a locally compact Hausdorff groupoid G is locally transitive, then the
“continuity assumption” of a system of measures follows from the left invariance assumption
(Theorem 2 [24]).

- totally intransitive groupoids (group bundles), i.e. groupoids with the property that r (x)
= d (x) for all x: Renault proved that if a locally compact (or more generally, a locally
conditionally compact), locally Hausdorff group bundle G admits a continuous function
Fo:G—[0, 1] with conditionally compact support such that Fo(u)=1 for all units ueG©, then G
has a Haar system if and only if its range map r is open (Lemma 1.3/p. 6 [23]).

- r-discrete groupoids, i.e. groupoids having open unit space (as a subspace of the
groupoid): Thomsen proved (Lemma 2.1 [28]) that a groupoid G has open unit space G if
and only if its range map is locally injective. This result together with Proposition 2.8 [21]
imply that a locally compact groupoid with open unit space has a Haar system if and only if
its range map is open.

- equivalent groupoids: Williams proved (Theorem 2.1 [31]) that if G is a second
countable, locally compact Hausdorff groupoid having a Haar system, and H is a second
countable, locally compact groupoid which is equivalent to G (in the sense of Definition 2.1
[17]), then also H has a Haar system.

Another difference between the Haar systems and the Haar measures on locally compact
groups is that even when a Haar system does exist, it need not be unique. However groupoid
C*-algebras associated to different Haar systems on the same groupoid are canonically
Morita—Rieffel equivalent. This is a particular case of a more general result: equivalent
groupoids (in the sense of Definition 2.1 [17]), have Morita-Rieffel equivalent C*-algebras.
For full C*-algebras associated with second countable locally compact groupoids the result
was proved in [17] (in Hausdorff case) and in [18] (in locally Hausdorff case). The Morita-
Rieffel equivalence for reduced C*-algebras associated with second countable locally
compact Hausdorff groupoids was proved in [27] (for locally Hausdorff case a similar result
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is stated in [29]). In [17], [18] and [27], the proof of the Morita-Rieffel equivalence of
(full/reduced) C*-algebras associated to equivalent groupoid uses Renault’s Disintegration
Theorem (Proposition 4.2 [22]) and therefore the second countability hypothesis is essential.
A recent result in [8] (Corollary 6.2) establishes the I-boundedness of densely defined *-
representations of C¢(G), for a locally compact Hausdorff groupoid G, even if G is not second
countable. As a consequence it follows that equivalent locally compact Hausdorff groupoids
(not necessarily second countable) have Morita-Rieffel equivalent C*-algebras (Corollary 6.3

[8]).

2. Existence of the pre-haar systems and c*-algebras for transitive groupoids

When we try to associate C*-algebras to locally compact groupoids which do not
necessarily admit Haar systems in the sense of Definition 2.2 [21], one variant is to replace
C.(G) with a larger space closed to convolution (see [28] for r-discrete (semi-etale) groupoids,
[2] for transitive groupoids). Also in [21], [20] and [3] various subspaces of Borel functions
was used. However those constructions need a left invariant system of measures which
satisfies at least a Borel condition (instead of the continuity condition). The constructions of
the convolution algebras in [5] require systems of measures satisfying only “support” and
"left invariance" conditions. The same is true for [4], where in addition the system of
measures should be bounded on compact sets. Let us prove that for locally compact (locally
Hausdorff) topological groupoid having paracompact (Hausdorff) unit space and second
countable r-fibres there exist systems of measures satisfying “full support on fibres” and "left
invariance" conditions and which are bounded on compact sets.

Let us start with a groupoid G endowed with a topology that satisfies the following
conditions

1. The groupoid operations are continuous.
2. Each point in G has a compact Hausdorff neighborhood.
3. The unit space G© is paracompact (Hausdorff).
We shall call such a groupoid locally compact groupoid with paracompact unit space.

Definition 2.1. Let G be a locally compact groupoid with paracompact unit space. A

(left) pre-Haar system on G is a family of positive measures, v={v", ueG®}, with the
following properties:

1. V' isa positive Radon measure on G" with supp(v") = G" for all ueG©.

2. [f(y)dv'®(y)= [f(xy)dvi®(y) for all xeG and f:G—R such that fiG'™® is continuous and

compactly supported.

The pre-Haar system v={v*, ueG®} on G is said to be bounded on compact sets if

sup{v" (KNGY), ueG?} < 0
for all compact subsets of G.

In E?] for a groupoid G we introduced the notion of G-uniformity meaning a collection
W(G) of subsets of G satisfying the following conditions:

1. GcWcG for all We W(G©).

2. 1f W1, W, W(G?), then there is WscW,NW,, such that W5 eW(G©).

3. W=W" for all We W(G?).

4. For every W, € W(G9) there is W,eW(G®) such that W,W,cW;.
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If G is a topological groupoid with paracompact unit space, then for each
neighborhood W, of G there is a symmetric neighborhood W, of G© such that W,W; ¢ W,
(Proposition 3 [6]). A similar result is true for topological paracompact groupoids ([19] p.
362).

A subset K of G is said to be diagonally compact in [18] (p. 10) (or conditionally
compact in [23] p. 5) if KNr™{(L) and KNd™(L) are compact whenever L is a compact subset
of G©. According to Lemma 2.10 [18], if G is a locally compact groupoid with paracompact
unit space, then G has a fundamental system of diagonally compact neighborhoods of G©.
Therefore by Proposition 3 [6] and Lemma 2.10 [18], every locally compact groupoid G with
paracompact unit space has a G-uniformity W(G) consisting in a fundamental system of
diagonally compact neighborhoods of G®. Moreover since G is closed in G, it follows that
for uzv, C'Cv is a neighborhood of G©. Thus the G-uniformity W(G®) consisting in a
fundamental system of diagonally compact neighborhoods of G fulfills the condition

N (r.d)(W)=diag(c®)
Wew (G(O))
Also the G-uniformity W(G'®) is compatible with the topology of the fibres in the sense of
Definition 3.4 [7]. Let us consider the following topology tw on G: Aety if and only if for
every x e A there is Wy € W(G©) such that W,xW, = A (Definition 3.1 [7]). Then according
to Proposition 3.7 and Proposition 3.8 [7]:

1. G endowed with 1y is a topological locally transitive groupoid.

2. The topology tw is usually finer than the original topology of G.

3. The topologies induced by tw and the original topology on r-fibres (respectively,

on d-fibres) coincide.

4. The topology tw and the original topology coincide if and only if G endowed with

the original topology is locally transitive.

Proposition 2.2. Let G be a locally compact groupoid having paracompact unit space.
If every orbit [u] of G endowed with the quotient topology induced by d,: G"—[u]
(du(x)=d(x), for all x) satisfies Kelley condition (cf. [15], [26]), then G admits a pre-Haar
system bounded on compact sets.

Proof. Since G is paracompact, we showed above that there is a G-uniformity
W(G®) on G consisting of diagonally compact neighborhoods of the unit space such that

N (r.d)(W)=diag(c®)
Wew (G(O))

Let us endow G with the topology tw presented above. Then (G, tw) is a locally transitive and
locally compact Hausdorff groupoid. Thus for (G, tw) there is a coherent continuous system

of measures {ﬁj,(u,v)e(r,d)(G)} constructed as in Section 1 [23]. Let us recall that
Renault’s construction [23] is done under the assumption of the existence of a continuous

function 0<Fo<I on (G, tw) that is 1 at each u € G and has diagonally compact support. In
our case we can take Fo = 1-fywo, where WoeW and fyy is the function constructed in Theorem

2.5 [7] for A=W, and W=W,. The system of measures {Bj,(u,v) € (r,d)(G)} are constructed

as follows: for each ue G, let us choose a left Haar measure " on G' so the integral of Fo
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with respect to B, is 1; for each (u,v)e(r,d)(G) with u#v, let us choose xe G, and let us
define Pv =XBy

[F(y)dBy (y) =T (xy)dB) (y).
The measure By is independent of the choice of x, since if X’ is another element of G, , then

x'x’e , and since B, is a left Haar measure on GV, it follows that
XBy =X'B,.
Applying Lemma 1.3 [23], {Bﬁ,u e G(O)} is a (continuous) Haar system on the group bundle

G’={xeG: r(x)=d(x)} endowed with the topology coming from (G, tw). Consequently,
{Bﬁ,(u,v)e(r,d)(G)} is a continuous system of measures on (r,d)(G) endowed with the
quotient topology induced by (r,d):G —(r,d)(G), where G is endowed with ty. Since (G, tw)
is locally transitive, the quotient topology on (r,d)(G) coincides with the product topology
coming from GOxG©®, where the topology of G coming from (G, tw). This topology is the
disjoint union topology of U [u] where [u] is endowed with gquotient topology induced by

uec®
du:G" —[u] (dy(x)=d(x) for all x). As in [23] we prove that {Bﬂ,(u,V) e(r,d)(G)} is bounded
on compact sets (we recall here the reasoning because, unlike [23], we work with two
different topologies: we take into consideration compact sets with respect to the original
topology, but the system of measure{Bﬁ,(u,V)e(r,d)(G)} was constructed using the new

topology tw). Since
1=[F,(y)dB: (y)> [ R (y)dBL (y) = [ 10BY (y) =BS (W)

it follows that B, (W,)<1. Let K be a compact subset of G with respect to the original
topology. For each (u,v)€(r,d)(K), there is X eGﬂﬂK and thus

u v u)? \ -
B (K) =Py ((x3) K <B (K K).
The compact set K™K can be covered by finitely many open sets {Vi, i=1,2,..,n} such that
V'V, W, for all ie{1,2, ..., n}. For each i with the property that Gzﬁ\/I =, let us

choosex; e Gy[ ]V, . Then

By (V) =By (X 'V; ) =By (Vi ) < By (Vi V4 ) < By (W, ) <1.
Hence

n

By (K) <By(K7K)< X pi (Vi Vi) <n
i=1
for all (u,v)e(r,d)(G).

Let us remark that topology of G" coming from (G, tw) as well as from din original
topology of G coincide. Now to construct a pre-Haar system on G we take a finite positive
Borel measure H[U] on [u] of full support (according to Theorem 4.6 [26] there is such a
measure on [u]). Without loss of generality, we may assume that p([u]) = 1.

450
Fiabilitate si Durabilitate - Fiability & Durability No 1/2018
Editura “Academica Brincugi”, Targu Jiu, ISSN 1844 — 640X



For every ueG© and every feC¢(G") let us define
Vi = [ [ (y)dpy (y)dul (v).
Then for every ueG®, v" is a positive Radon measure on G" with supp(v")=G". Also for all

compact subsets K of G (with the respect to the original topology) we have
sup{v!(K), ueG} < oo,

Corollary 2.3. Let G be a locally compact groupoid having paracompact unit space
and second countable r-fibres. Then G admits a pre-Haar system bounded on compact sets.
Proof. First let us remark that [u] endowed with the quotient topology induced by
du:G" —[u] (dy(x) = d(x) for all x),
has a locally compact Hausdorff topology which is second countable. Since every second
countable space satisfies Kelley condition (see [15] and [26]), the conclusion follows from
Proposition 2.2.

Remark 2.3. The existence of a pre-Haar system bounded on compact sets was also
proved in Theorem 1 [1] for locally compact Hausdorff second countable groupoids. For
transitive groupoids the system of measures {v", ueG©} constructed in Theorem 1 [1] is
Borel (u —[f(y)dv"(y) is a Borel real extended map for every Borel nonnegative function f on
G) but not necessarily continuous (there is gap in the proof of Proposition 2 (3) [1], where
Mackey’s lemma (Lemma 1.1 [16]) was applied for a possible non open map between locally
compact second countable spaces; this invalidates Theorem 2 [1] and Corollary 1 [1]).

Remark 2.4. In [31] the following question was raised: Must a second countable,
locally compact, transitive groupoid G have open range map? If the answer is positive, then G
is also locally transitive (Theorems 2.2A and 2.2B [17] or Theorem 2.1 [19]) and according to
Theorem 3.1 [17], the C*-algebra associated to G endowed with a Haar system is isomorphic

to C*(Gj)®K(L2(G(°),p)). If the answer is negative, then there is a second countable,

locally compact, transitive groupoid G that has no Haar system. However even in this case G
can be endowed with a pre-Haar system which becomes a Haar system on (G, tw), since (G,
Tw) IS locally transitive and Seda result [24] can be applied (tw is the topology described in
beginning of this section). Therefore we can associated to (G, tw) the classical full C*-algebra
introduced in [21]. Since the topology tw is not necessarily second countable we cannot apply
Theorem 3.1 [17] but we show below that the result stated in 3.1 [17] remain true.

Proposition 2.5. Let G be a locally compact transitive groupoid having second
countable Hausdorff fibres and paracompact unit space. If {v", ueG®} is a pre-Haar system
on G and 1y is the topology described in beginning of this section, then the classical full C*-

algebra associated to (G, tw) and {v", ueG®} is isomorphic to C*(Gﬂ)®K(L2(G(°),H)),
where p is a positive Radon measure on G© and K(L2 (G(O),u)) is the algebra of compact

operators on the Hilbert space LZ(G(O),M) (Theorem 3.1 [17] without global second

countability assumption).
Proof. Let us denote by C"w(G, v) the full C*-algebra associated to (G, tw) and its
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Haar system {v", ueG®}. Let us fix ueG©®. The topological groupoid (G, tw) is a locally
transitive and locally compact (Hausdorff). Thus G" is a (Gﬁ,G) -equivalence in the sense of

Definition 2.1 [17].
There are only two points in the proof of Theorem 3.1 [17] where it is needed that the
groupoid involved is second countable. One is the Morita-Rieffel equivalence of C w(G, v)

and C*(Gj) which was proved using Theorem 2.8 [17] based on Renault’s Disintegration

Theorem (Proposition 4.2 [22]). However according Corollary 6.3 [8], C'w(G, v) and
C*(Gﬂ) are Morita-Rieffel equivalent (without second countability assumption). The other

point where the second countability is needed is for choosing a regular Borel cross section of
d:G">G? via Mackey’s lemma (Lemma 1.1 [16]). Since for (G, tw), du:G"—>G© is open
and since the topology induced by tw on G" coincides with the original topology (hence is
second countable) it follows that we can apply Lemma 1.1 [16]. Thus exactly as in the proof
of Theorem 3.1 [17], using Lemma 9 [14], Cw(G, V) is isomorphic to

C*(Gj)®K(L2(G(°),p)).
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