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Abstract: The paper presents a serial robot, whose main spatial kinematic chain consists of four 

revolute joints. Four continuous current electric motors are used for driving the serial robot. We 

carried out a structural analysis of the robot, which has four mobilities, while the fourth one is 

redundant. We have used matrix calculus for the kinematic analysis of the serial robot arm so that 

we obtained the three Cartesian coordinates of the characteristic points according to the four 

independent angular parameters. Regarding the prehension mechanism, the kinematic schema 

with two symmetrical parallelograms has been presented, which ensures the circular translational 

motion of the two fingers. 
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1. The topological structure of robot arm 
 

The robotic arm (fig. 1) is a serial type robot [5, 9, 10], including an open kinematic chain 

[1, 2] with spatial motion (fig. 1c). 

      
    a    b                              c 

Fig. 1. Photos of the electrically driven serial robot [11] 
 

The kinematic schema of the robotic arm (fig. 2) consists of a fixed standing point 0 

around which the articulated kinematic chain moves in a horizontal plane. 

    

 

 

 

 

 

 

 

   a            b   c 
  Fig. 2. Kinematic schema of the serial robot mechanism 
 

The mobility of the open kinematic chain is given by the number of kinematic joints, 

which represent planar articulations (mono-mobile): O (with a vertical axis), A, B, C (with 
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parallel horizontal axes), and D (whose axis is perpendicular on the C axis). For the vertical 

position of the kinematic chain (fig. 2b), the articulation axis in D is horizontal.   

By observing the kinematic schema (fig. 2), we identify five articulations, which means 

that the mobility of the serial robot is .5bM  The five main kinematic elements are driven by 

five continuous current electric motors, located right on or next to the axis of each 

articulation.  

Each electric motor is geared with a worm-type reducer and spur gears. What is specific to 

this serial robot is the fact that the motor of the articulation in C is placed on bar 3 in point E 

(fig. 2c). From E, the motion is transmitted to the axis in C by means of two parallelogram 

dyadic chains (EFGC, EF'G'C) denoted as 6 and 7. 

The articulation in D (fig. 2b) is double, consisting of two closed kinematic chains 

(4,5,8,9) of the parallelogram type (fig. 3).    

    

 
    a      b 

Fig. 3. Photo (a) [11] and kinematic schema (b) of the prehension mechanism  

 

Thus, a dyadic chain LD(8,9) is added to each bar 5, and the rotations of bars 5 (to the 

right and to the left) are obtained by means of a spur gear (fig. 3b). 

The double articulation in D (fig. 2b) is in fact a plate 4 with four articulations D, D', D1 

and D'1 (fig. 3b). 

Each of the two gears is solidary with bar 5, the one to the left, respectively to the right 

(fig. 3). The two segments JK and J'K' are parallel, which allows for better prehension. 

The mobility of the serial robot, equipped with two kinematic closed contours on bar 3 

(fig. 2c), is then calculated using the formula [1, 3, 4] 
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The kinematic parameters of the mechanism (fig. 2) are in the matrix  
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Using formula (1) we deduce 

    523111 bM       (3) 

Regarding the prehension mechanism that consists of articulated bars and gears (fig. 3), its 

mobility is calculated by means of formula (1), where structural parameters are given in the 

matrix  
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Substituting these parameters in formula (1) we deduce 

    133)1281( bM      (5) 

The mobility of the entire mechanism of the serial robot (fig. 2), including the prehension 

mechanism (fig. 3), is deduced by means of formula (1) and the matrix of specific parameters 

is 

    

















00050

000119

65432

54321

NNNNN

CCCCC
   (6) 

Substituting these numerical data, we obtain  

     553)12181( bM      (7) 

Besides the mobility of the prehension mechanism (fig. 3), the serial robot has four 

mobilities, which shows that the robot is hyper-redundant [7] since a point in 3D is defined by 

three Cartesian coordinates. 

 

2. The geometry and kinematics of the robot arm type RRRR  

Let us consider the spatial kinematic chain of the RRRR type, having the geometrical 

configuration RR||R||R (fig. 4), which can be used as a positioning mechanism [6, 8] in the 

structure of a serial robot. 

 

 

 

 

 

 

 

 
 

    a                             b 
Fig. 4. Systems of coordinates used in direct kinematics  

 

Let us choose the systems of Cartesian coordinates conveniently (fig. 4b): the fixed system 

000 zyOx  linked to the robot base; the mobile system 111 zyAx  with the origin in the second 

articulation of element 1; the mobile system 222 zyBx  whose origin is in the second 

articulation of element 2; the mobile system 333 zyCx  whose origin is at the end of arm 3. 

The constant parameters of the RRRR kinematic chain are (fig. 4):  
 

    .;;; 4321 dCDdBCdABaOA   
 

The variable parameters of the robotic arm are (fig. 4b): 
 

  43433232212111010 ),(;),(;),(;),(   xxxxxxxx  
 

The direct kinematics of the serial robot type RRRR, with four rotational joints 

),,,( 4321  , entangles calculating the position of the end point (characteristic) D  using the 

Cartesian coordinates ),,( DDD zyx , obtaining three functions dependent on the four 

independent geometrical parameters: 
 

  ).,,,();,,,();,,,( 432143214321  zDyDxD fzfyfx   
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The method of the square matrices 44 (screw-matrix) uses the formula  
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The transfer matrix  
4404 

T  is the product of the four screw-matrices in (10): 
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where we have used the notations for the final expression:  

    c = cos, s = sin, θ2=θ20, θ3=θ32, θ4=θ43. 

We notice the identity of the first three terms of the last column in (11) with the column 

matrix to the right of the matrix equation (8). 

The Cartesian coordinates of point D are calculated by means of the formulas: 
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This proves relation (8) obtained from a square matrix .33  
 

3. Determining position functions for the RRRR robot 
 

For the serial robot of the RRRR type (fig. 5), reversed kinematics results on the position 

functions: 

                  )();();();( 4443333222211110 tftftftf               (13) 

The Cartesian coordinates of the tracing point D are imposed in reversed kinematics, and 

the system of equations (12) deduced in direct kinematics is written as follows: 
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In general, for the robot we have considered (fig. 4), the system of equations (14) has a 

singular solution only for angle θ1. Thus, we may deduce angle 1 from the first two 

equations using the formula 
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If we select a certain value for angle θ4, we eliminate angle 1  from the first two equations 

(14), and we obtain the trigonometric equation 
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Which together with the last equation of (14) forms the system of two non-linear equations: 
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From system (17) we first determine angle 2 , by eliminating angle )( 32   , which 

leads to the trigonometric equation of the form: 

    22222 cossin CBA        (18) 

whose solution is given by the formula: 
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In formula (19) we obtain two solutions for angle 2 (fig. 5). 

Angle 3  is obtained in a similar manner, but it can also be determined directly from one 

of the two equations (17). The two solutions for angles 2  and 3  have been distinctly 

represented for the same position of the tracing point D respectively of the articulation C. 

We shall consider the solution for which angle 2  is smaller, which corresponds to the 

kinematic chain depicted by means of the continuous line (fig. 5). 
 
 

 

      

 

 

 

 

 
 

 
 

 
Fig. 5. The two solutions B and B' for the articulation (2,3) 

 

The functional model of the serial redundant robot (fig. 1) allows the following limits of 

the rotation angles: 00
1 270,...,0  (fig. 6a), 00

2 180,...,0 (fig. 6b), 00
3 300,...,0 (fig. 6c) 

and 00
4 120,...,0 (fig. 6d).  
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Fig. 6. Extreme rotations of the kinematic elements [11] 

 

If we consider a median position of the kinematic chain plane, then angle θ1 will have the 

maximum value 0
max1 135 (fig. 7a). 

 
 

                                
     a      b 

Fig. 7. Photos of the mechanical robotic arm [11] 

 

     
             c      d    e 

 

Fig. 7. Photos of the mechanical robotic arm [11] 

 

For angle θ2 we consider the vertical position of bar 2 as a median position (fig. 7c), so 

that angle .900
max2   
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For bar 3, we also consider the vertical position as a median position (fig. 7d), which leads 

to the maximum value of angle θ3 - .1500
max3   For bar 4, the median position is as a 

continuation of bar 3 (fig. 7b), and the maximum value of θ4 will be .600
max4   
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