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Abstract

If (X,P) is a sequentially complete locally convex space, then a quo-
tient bounded operator is regular (in the sense of Waelbroeck) if and only
if it is a bounded element (in the sense of Allan) of algebra Q»(X). Using
germs of analytic functions from a open set of C to the locally convex
algebra Qp(X), the classic functional calculus for the bounded operators
on a Banach space is naturally generalized for bounded elements of the
algebra Qp(X).
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1 Introduction

In this paper we define a functional calculus for bounded operators on sequen-
tially complete spaces which is inspired by Waelbroeck’s functional calculus
presented in [20]. It is well-known that if X is a Banach space and L(X) is
Banach algebra of bounded operators on X, then the formula

A(T) = ﬁrff (2) (1 = T) " dz,

(where f is an analytic function on some neighborhood of o(T'), T" is a closed
rectifiable Jordan curve whose interior domain D is such that o(T") C D, and f
is analytic on D and continuous on D UT') defines a homomorphism f — f(7T')
from the set of all analytic functions on some neighborhood of ¢(T") into L(X),
with very useful properties. If we want to generalize this theory for sequen-
tially complete locally convex spaces we need new notions which are related to
this spaces. Through this paper all the locally convex spaces will be assumed
sequentially complete Hausdorff space, over the complex field C, and all the
operators will be linear.
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Matematico, from Facultad de Ciencias Matematicas, Universidad Complutense de Madrid
(Spain), and was supported by the MEdC-ANCS CEEX grant ET65/2005 contract no.
2987/11.10.2005 and the M.Ed.C. grant C.N.B.S.S. contract no. 5800/09.10.2006.



The collection of all families of seminorms P which generate the topology of
a locally convex space X (in the sense that the topology of X is the coarsest
with respect to which all seminorms of P are continuous) will be denoted by
C(X). The set of all directed families P € C(X) is denoted by Co(X). On a
family of seminorms on a linear space X we define the relation ,, <” by

p<qgep(@) <qx), (V)zeX.
A family of seminorms is preordered by the relation ” <”, where
p < ¢ & there exists some r > 0 such that p (z) < rq (z), for all x € X.

If p < qand g < p, we write p ~ q. Two families P; and Py of seminorms
on a linear space are called Q-equivalent ( denoted P; & Ps) if:

1. for each p; € P; there exists pa € Pa such that p; = po;
2. for each py € P, there exists p; € Py such that ps =~ p;.

Two Q-equivalent and separating families of seminorms on a linear space
generate the same locally convex topology.
An operator T' € L(X) is:

1. a quotient bounded operator with respect to P € C(X) if for every semi-
norm p € P there exists ¢, > 0 such that

p(Tx) <cpp(z),(V)x € X.

2. an universally bounded with respect to P € C(X) if there exists ¢y > 0
such that
p(Tz) <cop(z), M)z e X,(¥)peP.

Example 1.1 1. Let X be the vectorial space of the complex function and
F be the set of the finite parts from C. We consider on X the topology
generated by the family of the seminorms P = {pp | F € F}, where

pr(f)=max{ | f(x)|| x€ F},(WV)FeF,(¥)feX.

Then, the operator T : X — X given by

(Tf)(z) =af (z), (V)z € C.
18 a quotient bounded operator with respect to P.

2. Every locally bounded operator on a locally convex space X (i.e. an oper-
ator which maps some zero neighborhood into a bounded set) is quotient
bounded with respect to some family of seminorms P € C(X).



The class of the quotient bounded operators (universally bounded operators)
with respect to P € C(X) is denoted by Qp(X) (respectively Bp(X)). It is
obvious that Bp(X) C Qp(X). For every p € P the application p : @Qp(X) — R
defined by

p(T) =inf{r>0][p(Tz) <rp(z),(V)x e X},

is a submultiplicative seminorm on Qp(X), satisfying the relation p(I) = 1, and
has the following properties

L. p(T)= sup p(Tz)= sup p(Tz), (V)p € P;

p(z)=1 p(z)<1

2. p(Tx) < p(T)p(a), (V) € X.

For a calibration P € C(X), we denote by P the family {p | p € P}.
(Qp(X ),75) is a sequentially complete locally multiplicatively convex algebra
for all P € C(X), and Bp(X) is a unitary normed algebra with respect to the
norm |||, defined by

Tl = sup{p(T) | p € P},(V) T € Bp(X).

and
[T]lp =inf{M >0 p(Tz) < Mp(z),(V)z € X,(V) pe P}

If T € Qp(X) we said that o € C is in the resolvent set p(Qp,T) if there
exists (ol —T)~! € Qp(X). The spectral set o(Qp,T) will be the complement
of p(QP7 T)

An operator T' € Qp(X) is a bounded element of the algebra Qp(X) if it is
a bounded element in the sense of G.R. Allan [1], i.e some scalar multiple of it
generates a bounded semigroup. The class of the bounded elements of Qp(X)
is denoted by (Qp(X))o. An operator T' € Qp(X) is bounded in the algebra
Qp(X) if and only if there is P’ € C(X) such that P = P’ and T € Bp/(X)
[9]. If rp(T) is the P-spectral radius of the operator T, i.e. it is the radius of
boundness of the operator T" in Q»(X) given by

rp(T) = inf{a > 0 | o~ 'T generates a bounded semigroup in Qp(X)},

then in [1] and [18] was proved that the following relation hold

rp(T) = sup{ limsup (5 (T™)"/" | pe P} =

=sup{ lim (5(1")"/" | pe P} =sup{ inf (5(I")"" [ peP} (1)
rp(T) < +oc if and only if T € (Qp(X))o; (2)
rp(T):inf{)\>0| lim Z:TL:O}; (3)



If (X,P) is a locally convex space and T € (Qp (X))o, then the Neumann
series Y % converges to R (A, T)(in Qp (X)), for every |\ > rp(T), and

n=0

R(\T) € Qp(X) [18]. Moreover,
0(@p, T)| = rp(T). (4)

If T € (Qp, (X)) has the spectrum o(Qp,T) bounded, then T € (Qp(X))o
[9]. Hence, T € (Qp, (X))o if and only if the spectrum o(Qp,T) is bounded.
If (X,P) is a locally convex space and T € (Qp(X))o we denote by 7%(T) the
radius of boundness of the operator T in (Qp(X))o. We say that r%(T) is the
P-spectral radius of the operator T in the algebra (Qp(X))o. From definition
it follows that 7%(T") = rp(T) and r%(T') has all the properties of the spectral
radius rp (T') presented above. We denote by p(Q%,T)) the resolvent set of 7" in
(Qp(X))o. The spectral set o(Q%,T) will be the complement of p(Q%,T).

Definition 1.2 Let (X, P) be a locally convex space. The Waelbroeck resolvent
set of an operator T € Qp(X), denoted by pw (Qp,T), is the subset of elements
Ao € Copo = CU{o0}, for which there exists a neighborhood V' € V5, such that:

1. the operator \XI — T is invertible in Qp(X) for all X € V\{oo}

2. the set { (M =T )" | Xe V\{co} } is bounded in Qp(X).

The Waelbroeck spectrum of T, denoted by ow (Qp,T), is the complement
of the set pw (Qp,T) in Cy. It is obvious that o(Qp,T) C ow (@p,T).

Definition 1.3 Let (X,P) be a locally convex space. An operator T € Qp(X)
is reqular if oo ¢ ow (Qp,T), i.e. there exists some t > 0 such that:

1. the operator A\I — T is invertible in Qp(X), for all | X |> ¢;

2. the set {R(N\,T) || A |> t} is bounded in Qp(X).

2 Bounded operators in Qp(X)
Lemma 2.1 Let (X,P) be a locally convex space and T € (Qp (X))o such that

rp(T) < 1. Then the operator I — T is invertible and (I — T)~t = Y T".
n=0

Proof. Assume that rp(T) < ¢t < 1. From relation (3) it follows that

lim sup (p (T"))l/n <t (v) peP,

n—oo

so for each p € P there exists n, € N such that

(B(T™)'™ < sup (p(T")" < t,(¥) n = ny,

n>ng,



o0
This relation implies that the series > p(T™) converges, so
n=0

lim §(T™) = 0,(¥) p € P,

n—oo

therefore lim 7™ = 0. Since the algebra Qp(X) is sequentially complete it

n—oo

o0
results that the series Y T™ converges. Moreover,
n=0

(I—T)iT" = zm:T"(I—T) =1 -T17m"!
n=0

n=0

SO

(I—T)iT” = iT”(I—T) =1,
n=0 n=0

.
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which implies that I — T is invertible and (I —T)~! =

n

0
Lemma 2.2 Let (X,P) be a locally convex space. If T € (Qp(X))o then

1. the mapping A — R(\,T) is holomorphic on pw (Qp,T);

2. dd;n R\, T) = (—=1)"n!R(\, T)"*L, for every n € N;

3. lim R\T)=0and lim R(1,A"'T)= lim AR(1,T)=1;

|A]—o0 [A]—o0 [A]—o0

4. ow(Qp,T) # 2.

Proof. 1) If Ay € pw(Qp,T) then there exists V € V(,,) with the properties
(1) and (2) from definition (1.2). For every A € V\{oo} we have

R(ANT)—R(XNo,T) = (Mo — N)RNT)R(Xo, T)

and since the set {R(A,T)| A € V\{oco}} is bounded in Qp(X) results that the
application A — R(A,T') is continuous in Ag, so

lim R(M\T)— R(M,T)

_ P2
A— Ao A— AQ =R ()\O’ T)

If Ag = oo then, there exists some neighborhood V' € V() such that the
application A — R(\,T) is defined and bounded on V\{oco}. Moreover, this
application is holomorphic and bounded on V\{co}, which implies that it is
holomorphic at oc.

Therefore, the application A — R(\,T) is holomorphic on pw (Qp,T).

2) Results from the proof of (1).

3) For each A € pw (Qp,T), X # 0, we have

AN YT +TRNT)N -T) =1,



” RO\ T)=X"YI+TR\T)). (5)

If V€ V() satisfies the conditions of the definition 1.2, then the set
{TRA, T)| A € V\{oo}}

is bounded, so from relation (5) it results that lim R(A,T) = 0.

[A|— 00

From the equality
R\T) = A\"'R(,ATIT), N #0,
and relation (5) results that
R(L,AT'T) =TI+ TR\, T),

SO
Mllim R(LATIT) = Mllim (I+TR\T))=1.

4) Assume that oy (Qp,T) = @. Then the application A — R(A,T) is
holomorphic on C and converges to 0 at infinity. From Liouville Theorem results
that R(A\,T) = 0, for all A € C, hence I = (A — T)R(A,T) = 0, which is not
true. .

Proposition 2.3 Let (X,P) be a locally convex space. An operator T € Qp(X)
is reqular if and only if T € (Qp(X))o-

Proof. Assume that T € (Qp(X))o. It follows that there is P’ € C(X) such
that P~ P’ and T' € Bp/(X). Moreover, Qp(X) = Qp/(X).

If | A |> 2||T||p/, then the Neumann series )\Z—:l converges in Bp/ (X)
n=0

and its sum is R (A,T). This means that the operator A\I — T is invertible in

Qp(X) for all | X [> 2||T ||,. Moreover, for each € > 0 there exists an index

ne € N such that

ROT) = 5o
k=0

<e, (V) n > ne,

P’

which implies that for each n > n. we have

Ne Tk Ne Tk
IR T)||p < R(A,T)fzw 4 S| <
k=0 P! k=0 P
Ne k Ne
<et | AT Z Sl <et T )p) " ZQ*’C <e+ (IT)p) 2
k=0 P k=0

Since € > 0 was arbitrarily chosen, we have that

IR D)llpr <UITlp) ™" (9) TA > 2T,



From the definition of the norm || ||, it follows that
P (ROT)) <(ITlp) 7Y
for any p € P’ and for each | A |[> 2||T'||5,, which means that the set
{RAT) [A[>20T 5}

is bounded in Qp(X) = Qp/(X). Hence T is regular.
Now suppose that T € Qp(X) is regular, but it is not bounded in Qp(X).
Since o(Qp,T) C ow (Qp,T) from (2) it follows that

|ow(Qp,T) |=[o(Qp,T) |=rp(T) = oo,

which contradicts the assumption we have made. Thus, T is a bounded element

of Qp(X). .
Proposition 2.4 Let (X,P) be a locally convex space. If T € (Qp (X))o, then

ow (Qp,T) = p(Q%p,T).

Proof. If \g € p(Q%,T) then from the previous proposition it follows that
R(Xo,T) is a regular element of the algebra Qp(X), so there exists ¢ > 0 for
which the condition (1) and (2) of the definition 1.3 are fulfilled. Those condi-
tions are equivalent with

1) (A=Xo) 1T —R()\o,T) is invertible in Qp(X) for all |A\—Xo| < t71, X # Ao;

2’) the set
{R((A=X0) "1, R0, )| IA = Xo| <71 A # Ao}

is bounded in @Qp(X).
From the condition (2’) and lemma 2.2 it results that the set

{A=20)T"R((A = 20) " R0, T))| [A = Aol <t7H X # Ao}

is bounded in @Qp(X). Moreover, each seminorm p, p € P, is submultiplicative,
so the set

{(A=20) 'R0, T)R((A = A0) ", R0, T))| A = Xol <75 A # Ao}
is also bounded in @Qp(X). Since
(A =T)(Ao = XN R0, T)R((A = X0) 1, R(Xg, T)) =

= (Mol =T) + (A= 2) 1) (Ao = A) "' R(Xo, T)R((A — Xo) ", R(Xo, T)) =
= (Ao = M) 7TR((A = X) "1 R(XN, T)) — R(Ao, T)R((A = Xo) ™', R(Xo, T)) =
= (Ao =N = R0, T)R((A = Xo) !, R(Xo, T)) =1,



results that
ROT) = (Mo — N TRNo, T)R((X — Xo) ™1, R(No, T)). (6)

Therefore, the conditions

1) M — T is invertible for all |X — \g| < t71;

2) {R(\,T)| |A—Xo| <t~ '} is bounded in Qp(X),

of definition (1.2) are fulfilled, so Ao € pw (Qp,T) and p(Q@%,T) C pw (Qp,T).
Conversely, if A\g € pw (Qp,T) there exists K > 0 such that

17) AI — T is invertible for all |\ — X\g| < K;;

27) {R(\,T)| |A — Ao| < K} is bounded in Qp(X).
From the equality

(Ao = MR, T)(AoI = T)((Ao = A) "' = R(Xo, T)) = I
it follows that
R((Ao = N7 R(X0, T)) = (Ao = MR, T) (Aol = T)
Hence property (2”) implies that the set
{A=20) "R = 20) "L R0, T A= ol ™ > K71 X # Ao}

is bounded in Qp(X), so R(Ao,T) is regular in @p(X). From the previous
proposition results that R(Ag,T) € (Qp (X))o and Ao € p(Q%, T). .

Proposition 2.5 Let (X,P) be a locally convex space. If T € (Qp(X))o and
| Xo |> rp(T), then \o € p(Q%,T).

Proof. The series > % converges to R (Ao, T) € Qp(X), forall | A |> rp(T),
n=0
hence it results that there exists e>0 such that
D (Xo,e) = {ATIA=dol <&} C{p|lul >rp(T)},

so the operator A\I — T is invertible, for every A € D (X\g,¢), and (A —T)~ ! €
Qp(X).

Now we will prove that the set o(Qp, R(\g,T)) is bounded. If | pu |> 71,
then | u |7*< e and \g—p~! € D (o, €). From the previous observations results
that (\g — p=1)I — T is invertible and ((Ag — =) —T)~! € Qp(X).

Since

p R (Mo — 7L T) (Aol = T) (I — R(X, T)) =
=RXo—p "T) Mol =T)—p"R(No—p ',T) =
=RMNo—p LT (Mo —p NI =T)+p " ) =p ' RN —p ', T) =

=I+p'RMo—p " T)—p '"R(N—p 1 T) =L



it results that
R(u, R(Xo,T)) = p 'R (Ao — ', T) (oI = T)

But
R(X—p 1 T), (NI —T) € Qp(X),
so R(p, R (Ao, T)) € Qp(X), for all | u|> e L.
This implies that o(Qp, R(Ao,T)) C D (0,e71), so the set o(Qp, R(Ao,T))
is bounded. Thus R(\g,T) € (Qp(X))o. .

Corollary 2.6 Let X be a locally convex space and P € C(X). If T € (Qp(X))o
then

lo(Qp, T)| = low (@p, T)| = rp(T)

Proof. It is a direct consequence of propositions 2.4, 2.5 and relation (4). -

Definition 2.7 Let (X, P) be a locally convex space. An operator T € Qp(X)
is said to be P-quasinilpotent if rp(T) = 0.

Remark 2.8 1. If T € Qp(X) is P-quasinilpotent, then T € (Qp (X))o and
O—W(Q'PvT) = {0}

2. T € Qp(X) is P-quasinilpotent if and only if o(Qp,T) = {0}.

3 A functional calculus for bounded operators

A functional calculus for regular operator on quasi-complete locally convex space
is presented by L.Waelbroeck in [20]. In this section using some ideas from I.
Colojoara [4] and L.Waelbroeck [20] we prove that we can construct a functional
calculus for the bounded elements of the algebra Qp(X) (which by previous sec-
tion are regular elements of this algebra), when (X, P) (P € C(X)) is a sequen-
tially complete locally convex space. For the theory of holomorphic functions
on locally convex spaces can see [2] or [5].

Let P € C(X) be arbitrary chosen and D C C a relatively compact open set.
Denote by O(D, Qp(X)) the unitary algebra of the functions f : D — Qp(X)
which are holomorphic on D and continuous on D.

Lemma 3.1 Ifp € P, then the mapping | ® [,.p: O(D,Qp(X)) — R given by

|/ lp.0= Slelgp(f (2)), (V) f € O(D, Qp (X)),

is a submultiplicative seminorm on O(D, Qp(X)).



If we denote by 7p p the topology defined by the family of seminorms
{l ' Ip,p Ip € P} on O(D,Qp(X)), then (O(D, Qp (X)), Tp,p) is a L m.c.-algebra.

Let K C C be a compact set, arbitrarlly chosen. We define the set
O(K,Qp(X)) =U{O(D,Qp(X))| D is relatively compact open set and K C D}

If D1, Dy C C are relatively compact open sets such that K C D;, i = 1,2,
and f; € O(D;, Qp(X)), i = 1,2, we say that fi « fo if and only if there exists
an open set D such that K € D C Dy N Dy and fi|p = f2|p. Denote by
A(K,Qp (X)) the set of the equivalence classes of O(K, Qp(X)) respect to this
equivalence relation. It is easy to see that A(K, Qp (X)) is a unitary algebra and
the elements of this algebra are usually called germs of holomorphic functions
from K to Qp(X).

Remark 3.2 We consider the following notations:
1. f is the germ of the holomorphic function f € O(D,Qp(X)).
2. ¢ is the canonical morphism O(K,Qp(X)) — A(K,Qp(X));
3. p is the restriction of ¢ to O(D,Qp(X)).

Remark 3.3 1. Since we can identify C with CI = {\I | A € C }, the alge-
bras O(K,C) and A(K,C) can be considered subalgebras of O(K, Qp (X)),
respectively A(K,Qp(X)). Therefore, we write O(K) and A(K) instead
of O(K,C) and A(K,C).

2. If TP ina = lirng,D (inductive limit), then (A(K,Qp (X)), Tp,ind) is a
l.m.c.-algebra.

We need the following lemma from complex analysis.

Lemma 3.4 For each compact set K C C and each relatively compact open set
D D K there exists some open set G such that:

1. KcGcGcD;

2. G has a finite number of conex components (G;)
are pairwise disjoint;

the closure of which

1=1n’

3. the boundary 0G; of Gi,i = 1,n, consists of a finite positive number of

closed rectifiable Jordan curves (Fij)jzm7 no two of which intersect;

4. KNIy =@, for each i =1,n and every j = 1,m;.

Definition 3.5 If the sets K and D are like in the previous lemma, then an
open set G is called Cauchy domain for the pair (K, D) if satisfies the properties
(1)-(4). The boundary

I'= Ui:ﬁ Uj:l,mi Pij

of G is called Cauchy boundary for the pair (K, D).
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Theorem 3.6 If P € Co(X) and T € (Qp(X))o, then for each relatively
compact open set D D ow (Qp,T) there exists an application

Fr.p : O(D,Qp(X)) — Qp(X)
with the properties:
1. Fr p is continuous and linear;
2. Frp(ks) =S, where k¢ = S;
3. Frp (id;) =T, where id;(\) = X, for every A € C.

Proof. Let T be a Cauchy boundary for the pair (ow (Qp,T), D). Then the
integral

2m/f ROLT) A, (¥) f € O(D,Qp(X)),

exists like Stieltjes integral, since Qp(X) is a sequentially complete l.m.c.-
algebra and the applications ¢ ~» f(w(t))R(w(t),T) are continuous on [0, 1]
for a continuous parametrization w of I'.

Moreover, if T'; and I'; are Cauchy boundaries for the pair (ow (Qp,T), D)
then

2m/f /f ROLT) A, (¥) f € O(D,Qp(X)),

hence the application Fr p : O(K,Qp(X)) — Qp(X) given by formula

o / F )R\ T)dz (V) f € O(D,Qp(X)),
I

Frp(f) =

is well defined. Now we prove that Fr p has the properties (1)-(3).
The linearity is obvious. For every p € P and every f € O(D,Qp(X)) we
have

LE) G (0, T)supp(F0) < 2D upp(r (0, 1) | £
T Xel AET T Xel

p(Frp(f)) <

p,D>
where L(T") is the length of I', which implies the continuity of application Fr p.

Let r > rp(T) and T', = {z € C| |z| = r}. For each A € T, we have
rp(%) <1, so from lemma 2.1 results that

R(AT) =" <I— §>_1 =21y G)n = ZM—;

neN neN
This observation implies that
S dA
= — Tn =
Fr.p (ks) = / ks (A Tydh == / T =5
neN T

11



‘ 1 1 [ dA
Fr,p (idr) = o //\R(/\,T) d)\ = %ZT /}\7 =T
r neN T

Corollary 3.7 If P € Co(X) and T € (Qp(X))o, then there exists an applica-
tion Fp : Alow (Qp,T),Qp(X)) — Qp(X) which satisfies the conditions:

1. Fr is continuous and linear;

2. Fr (l%s) = S, where kr is the germ of the function ks = S;

3. Fr (z~d1> =T, where i~d1 is the germ of the function id;(N\) = M, for all
reC

Proof. If f € Alow (Qp,T)), then we consider
Fr(f) = Fro(f),(¥) f € Alow (Qp, T)),

where f € O(D,Qp,T)) is an element of the equivalence class f. It is obvious

that the definition of Fr ( f) is independent of the function f and Fr ( f)

is linear. Since Fr p = Fr o ¢p and Fr p is continuous results that Fr is
continuous.
The properties (2) and (3) results directly from the previous theorem. .

Corollary 3.8 If P € Co(X) and T € (Qp(X))o, then there exists an unique
unitary continuous morphism Fp : A(ow (Qp,T)) — Qp(X) which satisfies the

condition Frp (271) =T, where id is the identity function on C.

Proof. The application Fr and Fr p are defined in the same way like the ap-
plications Fr and Fpr p. It is easily to see that F’r and Fr p are linear and

continuous. Moreover, Fp is unitary and Fr <z~d) =T.

Now, we prove that Fr is multiplicative. Let £, € Alow(Qp,T)) and
[ € [, respectively g € g. We consider that G and G’ are two Cauchy domains
with the property G’ C G. If T and IV are the boundaries of G and G’ then

Pr(P)Pr @) =~ [ [ FOV(0) RO TR Tyads

Since G’ C G, results that T NTY = ®, so
w=A#0, V)Ael,(Vw el
From the equality

RO\T) — R(w,T) = (w — RO\, T)R(w,T)

12



it follows

Fr (f)FT i /f (F/w )d)\+
+(27T1i)2//g(w)R(w,T)< [ {(_Aldg d

1
©2mi Jr

fNg (V) RO\ T)dw = Pr (£9)

Assume that F' : A(ow(Qp,T)) — Qp(X) is an unitary continuous mor-
phism which satisfies the condition F' <z~d> =T. We prove that Fpr = F.

Let f € Alow (Qp,T)), D O ow(Qp,T) a relatively compact open set,
f € O(D), such that f € f, and G a Cauchy domain for (ow (Qp,T), D) with

the boundary I'. For every n € N\ {0} and 21,...,2, € I' we consider the
function f,, : G — C given by the relation

f(z5) (z41 — )
fo(w) =5~ Z 3) G ,(V)weQG. (7)
Then,
nlingof”( w) = 2i r zfizzj dz =1 )

and since this convergence is uniformly on each compact set K C G, results
that lim,, , fn = f. Using the continuity of F it results that

lim F (f,) = F (7) (8)
Since F' is a unitary morphism with the property F (z~d) = T, then from
relation (7) results that

n

P (1) = g 215 (s =) Rley T

SO

hmF fn —2Z/f Z, (9)

n—oo

From relations (8) and (9) results that

F(F) =5 [ 1@ RET) 4 = Pro() = Fr (7)
r
which implies that Fp = F. -

13



Lemma 3.9 If K C C is a compact set, then each element of the algebra A(K)
1s reqular.

Proof. Let f € A(K), D D K a relatively compact open set, f € O(D) (f €
f ) and wy ¢ f(K). Then there are two relatively compact open set U and V
such that wg € U, f(K) C V and UNV = ®. For every w € U the function
fu i f7H(V) — C given by relation

ot
w—f()

is holomorphic on f~1(V), so f., € A(K).
Since for every compact set A C f~1(V) we have

fo(N) = (M Ae f7HV)

sup sup|f, (A)| < o0
wel AEA

it results that the set { f,|w € U} is bounded in (A(K), Tinq). Moreover,

Wwi-ffo=1
so w € ow(f). Therefore ow(f) C f (K). Since K is compact the set f (K) is
compact, hence ow (f) is compact and f is regular. .

Lemma 3.10 If X and Y are unitary locally convex algebra and F : X — Y is
an unitary continuous morphism, then F (X,) C Y,, where X,. and Y, are the
algebras of the regular elements of X, respectively Y .

Proof. If x € X, then there exists k > 0 such that Ae —z is invertible for every
[A| > k and the set {R (A, z)||A| > k} is bounded in X. Since F' is unitary
morphism it follows that
F(R(A ) =R\ F(x)), (V) |\l >k,
so from continuity of F' it results that the set
{F (R 2) Al >k} ={R(\ F(x))[|Al > k}
is bounded. Hence, F' (z) is regular.

Proposition 3.11 If P € Co(X) and T € (Qp(X))o, then

Fr (A(ow (Qp,T))) C (Qp(X))o-

Proof. From lemmas 3.9 and 3.10 results that Fr(f) is a regular element of
algebra Qp(X), for every f € A(ow (Qp,T)), so by proposition 2.3 we have

that Fr(f) € (Qr(X))o- .

14



Remark 3.12 If P € Co(X), T € (Qp (X))o and P is a polynomial, then

Fr(P) = P(T) and Fr p(P) = P(T).

for each relatively compact open set D D ow (Qp,T). Hence, for each T €
(Qr(X))o we can use the following notation:

Fr(f) = f(T) and Frp(f) = f(T).
where f € A(K), D D K open set and f € O(D), such that f € f.

The following theorem represents the analogous of the spectral mapping
theorem for Banach spaces.

Theorem 3.13 IfP € Co(X), T € (Qp(X) )o and f is a holomorphic function
on an open set D D ow (Qp,T), then

UW(QP7 f(T)) = f(O'W(QP7T>)'

Proof. From lemma 3.10 it follows that the operator f(T) is regular element of
the algebra Qp(X), so the spectrum ow (Qp, f(T')) is compact.

Let wo ¢ f(ow(Q@p,T)). Then there are two relatively compact open set U
and V such that wy € U, ow (Qp, f(T)) C V and UNV = ). We proved in the
proof of lemma 3.9 that if the functions f, : f=1(V) — C, w € U, are given by

1 T_1/17)
m7(V)A e f~4(V)

then the set {f,|w € U} is bounded in (A(ow (Qp, f(T))), Ting). The morphism
Fp is unitary, so

fo () =

Fr(fo)(wI = Fr(f)) = Fr(1) = I

Now from the continuity of Fp results that the set
{Fr(f,) lweU}={Rw,Pr(f)) |weTU } ={Rw,f(T) |wel}
is bounded in Qp(X). Therefore, wy ¢ ow (Qp, f(T)) and

ow (Qp, f(T)) C flow(Qp,T)).
If wo € ow (Qp,T) and g, : D — C is defined by

= B 2
f(wo), for A= wy,

then g, € O(D) and
fwo) = F(A) = (wo — N)gu, (A), (V) A € D.

Therefore
flwo)I = f(T) = (wol = T)guy(T).
and since wol — T is not invertible, it results that f(wp) € ow (Qp, f(T)), so

15



flow(Qp,T)) Cow(Qp, f(T)).

Theorem 3.14 Let P € Co(X) and T € (Qp(X))o. If f is holomorphic func-
tion on the open set D O ow (Qp,T) and g € O(Dy), such that Dy, O f(D),

then (g o f)(T) = g(f(T)).

Proof. Let G be a Cauchy domain for the pair (ow(Qp,T),D) and T' the
boundary of G. For each w ¢ f(G), the function f, : G — C,

1 _

fo(A) = ma(v))\ €q,
is holomorphic, hence we can define f,, (T'), where
o) = 5= | o= RO = R, S(T)). (10)

If we chose a Cauchy domain G’ for the pair (ow (Qp, f(T')), Dy) with bound-
ary IV such that f(G) C G', then f(T') NIV = &, so we can define the function
given by (10) for all A € T and w € TY. Thus, from relation (10) and Cauchy
formula it results

o7 (1) = 5 [ 9() Rl F(T))der =

211

_ 2% [ o) (;Ti/rw_lf()\)R(A,T)dA> dw =

-/ R(Am( =9 g(“’)A)dw) = o [ g(FO)ROT)ar =

T omi 27 Jpow— f( 2mi Jp
=57 [ e DRATIAN= (g0 1) (T)

Next, we develop the properties of the exponential function of a quotient
bounded operator.

Lemma 3.15 Assume that P € Co(X) and T € (Qp(X))o. If f is a holomor-

phic function on the open set D D ow (Qp,T) and f (\) = 3. axAk on D, then
k=0

F(T) =3 apT".

k=0

o0
Proof. For € > 0, sufficiently small, the power series > azA* converges uni-

formly on the boundary T of the disc D ={ A | |A| = |UV;(QP,T)| + €}

16



From corollary 3.8 it results that

f(T):%/Ff(A)R(A,T)dA:% F(};}akk’“>R(A,T>dA

1 oo
=_— ak//\’“R()\,T) d\
27TZ -0 T

For every |A| > |ow (Qp,T)| we have R(\,T)=>_ /\{—il, so from Cauchy
k=0

formula it follows

F(T) = 5= 3 ay [p AF ( AT+> d\ = kz apT*.
=0

= n=0

Corollary 3.16 If P € Co(X) and T € (Qp (X))o, thenexpT = > Tk—f
k=0

Definition 3.17 IfP € Co(X) and T € (Qp(X))o, then a subset of ow (Qp,T)
which is both open and closed in ow (Qp,T) is called a spectral set of T.

Denote by 7 the class of spectral sets of T'.

Proposition 3.18 If P € Co(X) and T € (Qp(X))o, then for each spectral
set H € or there exists a unique idempotent Ty € Qp(X) with the following
properties:

1. TyS = STy, whenever S € Qp(X) and ST =TS;

2. Ty is the null element of Qp(X);

3. Thnkx =TuTk,(V)H, K € dr;

4. Tgux = Ty + Tk, for each H, K € 61 with the property H N K = ().

Proof. First we make the observation that for each set H € dr there exists an
unique germ fg € A(ow (Qp,T)) with the property (H), where

for every pair (D, D’) of relatively compact open sets of the complex
plane which satisfies the conditions

HcD, ow(Qp,T)CD and DND' =1
then there exists fg € fH such that fiy/p =1and fg /p =0.

(H)

If T is the Cauchy boundary for the pair (H, D) (the closure of H is taken
in the topology of C) then we define

Ty = FT(fH) = QLT('Z /F R(\, T)d\.
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1) If ST = TS, then SR(\,T) = R(\, T)S, so TS = STy

2) Results from the definition of 7.

3) Let H,K € ér and [y, fk, funk € Alow(Qp,T)) which verifies the prop-
erties (H), (K), respectively (H N K).

Assume that the pairs (D, D) and (G, G’) are like in (H) and (K') properties.
Then there exists f € fy, such that f/p=1and f/pr =0, and g € fr, such
that g/¢ = 1 and g/g = 0. It is obvious that fg/png =1 and fg/pnc =0,
so fg € funk and

Tuom = Fr(funk) = Pr.onc(f9) = Fr.onc(f)Pr,pnc(9) =

= Frp(f)Pralg) = F(fu)F(fx) = TuTu.
4) We consider the above notations and with the supplementary conditions

DNG=@and D' NG’ = (since HNM = &). Then

1, if \e DUG,
f()\)Jrg(/\)—{ 0, forxeD'UG’

_ Therefore, if fauk € A(ow (Qp,T)) has the property (HUK), then f+g €
fHUK7 S0

Traom = Fr(faox) = Fr.puc(f+9) = Frpue(f) + Fr.puc(g) =

= Frp(f) + Prc(g9) = Fr(fu) + Pr(fx) = Tu + T

Corollary 3.19 If P € Co(X) and T € (Qp(X))o, then for every pair of spec-
tral sets spectral set H, K € 1, which have the propertiecs H N K = @ and
HUK =ow(Qp,T) , we have

Ty +Tx =1 and TyTx = O.

Remark 3.20 From proposition 3.11 results that Ty € (Qp(X))o, for each
H e ir

Lemma 3.21 Assume that P € Co(X) and T € (Qp(X))o. If F C C has the
property dist(ow (Qp,T),F) > e > 0, then for each p € P there exists ¢, > 0
such that .
mm&ﬂ%gﬁ,&neﬂwmeN
0

Proof. Let be ¢ € (0,¢¢), be arbitrarily fixed. If D = C\F, then for the pair
(ow(Qp,T)), D) there exists a Cauchy domain G such that

AN—w|>e0—¢, (VMAEF VweQ.
If ' is boundary of G, then

) =5 (g [ D)) < MO g HET))
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2D supyer p(R(w, T)™)
(0 — &)™

Since ¢ is arbitrary, the lemma is proved if we chose

<

cp = LZ(F) sup p(R(w, T)").
T werl

The next theorem gives an extension for Taylor’s theorem to functions of an
operator.

Theorem 3.22 Let P € Co(X) and T € (Qp(X))o. If D is an relatively com-
pact open set which contains the set ow (Qp,T), f € O(D) and S € (Q p(X))o,
such that rp(S) < dist(ow (Qp,T),C\D) and T'S = ST, then the following
statements are true:

1. Uw(Qp,T + S) C D;

2 f(T+8) =Y L Tgn
n>0

Proof. Let d,d; > 0 such that
7"7)(5) <d; <d<dist (Uw(QP,T),(C\D) .

If Ty = {X € C| |A\| =d1}, then for each p € P and every n € N we have

p(s" ( [ ASdA) < P up (371a(RO ) <

wel

§ (") sup p(R(X, S) sup A" < kpd} (11)
2m wely wely
where k, = L(Ql;l) sup,,er, D(R(A, T).
Moreover, the previous lemma implies that for each p € P there is ¢, > 0
such that

PIROLT)™!) < 2o ()A€ C\D,(V)n €N (12)

so from relations (11) and (12) it follows that

n+1
BROVTY™S") = SROTYi(s™) < 52 (%) (13)

for every p € P, n € Nand A € C\D. Since %1 < 1 the relation (13) proves that

the series > 2 | R(\, T)"*1S™ converge uniformly on C\D.
From the equalities

(M =T —S) Z RO\ T)™1S" =Y RO T)" 'S (M - T - S) =

n=1
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f: RO\, T)"S™ — ZRAT”“S"“
= n=1

it follows that A\I — T — S is invertible in @»(X), for all A € C\D, and

R\ T+ 8) = i R\, T)" 5™, (14)

n=1

Therefore the relation (13) implies that the set {R(A\, T + S)|A € C\D} is
bounded in Qp(X), so ow (Qp, T+ S) C D.

If T is a Cauchy boundary for the pair (ow (Qp,T +S5), D), then from (14)
and lemma 2.2 it results

fONT+S) = /f R\, T + S)d\ =

- i (217” /F f()\)R(/\,T)"“d/\) g =

—R A T)d)\> s =

oo

- (11 /F f(”)(A)R()\,T)d)\> g =31 (n;!(T) 5

n=

Corollary 3.23 Let P € Co(X) and T € (Qp(X))o- If S € Qp(X) is P-
quasinilpotent, such that T'S = ST, then

Fm (1)
!

n

fT+8)=>) s, (V] € Alow (Qp,T))

n>0
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