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TWO SHARED SET PROBLEMS IN THE LIGHT OF
POWERS OF MEROMORPHIC FUNCTIONS

Sanjay Mallick

Abstract. In the paper, we deal the two shared set problems in view of powers of meromorphic
functions and find results in the sense of least cardinality. We have also shown the sharpness of our

main results. Moreover, one of our main results improve a result of Yi [25] significantly.

1 Introduction

The uniqueness theory of entire or meromorphic functions via pre-images of it’s
shared sets is an established and active area of research. The genesis of this theory
is the famous “Gross Problem” introduced in 1976 by Fred Gross [9]. So first of all,
we recall some basic definitions and the famous “Gross Problem” as follows.

Definition 1.1. [9] For a non-constant meromorphic function f and S C CU {oo},
let E¢(S) = Uuegi(z,p) € C x N f(2) = a with multiplicity p}
(Ef(S) =Uges{(:1) e CxN: f(2) =a}). Then we say f, g share the set S
CM(IM) if Ef(S) = Ey(S) (Ef(S) = E4(S)).

If S contains only one element, then we say f and g share the value a CM(IM).

Definition 1.2 ([13],[14]). Let k be a non-negative integer or infinity. For a € C
we denote by Ex(a; f) the set of all a-points of f, where an a-point of multiplicity m
is counted m times if m < k and k + 1 times if m > k. If Ex(a; f) = Ex(a;g), we
say that f, g share the value a with weight k.

We write f, g share (a, k) to mean that f, g share the value a with weight k.
Clearly if f, g share (a,k) then f, g share (a,p) for any integer p, 0 < p < k. Also
we note that f, g share a value a IM or CM if and only if f, g share (a,0) or (a, )
respectively.

Definition 1.3. [13/ For S C C U {oo}, we define E¢(S,k) = UsesEx(a; f),
where k is a non-negative integer a € S or infinity. Clearly E;(S) = Ef(S,0)
and E¢(S) = Ef(S,0). Further, if Ef(S,k) = E4(S,k) for two non-constant
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meromorphic functions f and g, then we say that f and g share the set S with
weight k.

Gross Problem: Can one find two finite sets S; (j = 1,2) such that any two
non-constant entire functions f and g satisfying E¢(S;,00) = E4(Sj,00) for j =1,2
must be identical ? If the answer is affirmative, it would be interesting to know how
large both sets would have to be ?

Regarding “Gross Problem”, a lot of investigations [21, 20, 22, 23, 24, 25] have
been made by various authors in different time. Finally, Yi [25] settled the problem in
1998 by providing two sets, one containing only one element and the other containing
three elements. Below we recall the result.

Theorem A. [25] Let Sy = {0} and So = {2z : 2%(z + a) — b = 0}, where a and b
are two non-zero constants such that the algebraic equation z%(z +a) —b = 0 has
no multiple roots. If f and g are any two non-constant entire functions satisfying
E¢(Sj,00) = E4(Sj,00) for j =1,2, then f = g.

In the same paper [25], Yi also provided examples showing that the cardinality
of these two sets are the smallest possible. Now observe that, in view of the notion
of weighted sharing one may naturally inquire about the fact whether the sharing
conditions of the sets in Theorem A are also settled or can be relaxed further. Hence
let us formulate this query as follows.

Question 1.1. Can we have the same result as obtained in Theorem A under more
relaxed sharing hypothesis?

To obtain the best possible answer of the above question is one of the motivations
of the paper. In fact, in Theorem 2.2 of this paper we answer this question affirmatively
and improve Theorem A significantly.

On the other hand, after the initiation of “Gross Problem” researchers also
started to study the analogue of “Gross Problem” for meromorphic functions. Below
we recall the problem.

Question 1.2. Can one find two finite sets S; (j = 1,2) such that any two non-
constant meromorphic functions f and g satisfying E¢(S},00) = E4(Sj,00) for j =
1,2 must be identical ? If the answer is affirmative it would be interesting to know
how large both sets would have to be ?

With respect to Question 1.2, also a number of affirmative answers [17, 8, 27, 2,
28, 5, 21, 4, 19, 6, 7] have been obtained by various authors throughout these years.
Naturally like Gross Problem, the research in this direction mainly confined towards
obtaining the shared sets with least possible cardinalities. In this connection, the
notion of bi-unique range sets introduced by Banerjee in [4] played a vital role to
obtain shared sets with smallest possible cardinalities. Below we recall the definition
of bi-unique range sets and the result of Banerjee in [4], respectively.
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Definition 1.4. [}] A pair of finite sets S1 and S2 in C is called bi-unique range sets
for meromorphic (entire) functions with weights m, k if for any two non-constant
meromorphic (entire) functions f and g, Ef(S1,m) = E4(S1,m), E¢(S2,k) =
Ey(S2, k) imply f = g. We write S;’s ¢ = 1, 2 as BURSMm, k (BURSEm, k)
in short. As usual if both m =k = oo, we say S;’si =1, 2 as BURSM (BURSE).

Theorem B. [}/ Let S; = {0,1} and
Sy = {z : (n_l)zﬂz” —n(n—2)z""1+ WZ"_Q —d= 0}, where n(> 5) is an

integer and d # 0, 1, % is a complex number such that d> —d +1 # 0. Then S;’s
i=1,2 are BURSM1,3, BURSM3,2.

Observe that, in Theorem B the least cardinalities of the shared sets are 2 and
5, respectively. Later to obtain the shared sets with lesser cardinalities, Banerjee-
Mallick [7] considered the class of derivatives of the meromorphic functions instead
of the class of meromorphic functions only. Below we recall the result of Banerjee-
Mallick [7].

Theorem C. [7] Let S; = {0}, So = {z : 2" + az""! +b = 0}, where n(> 4)
be an integer and a, b be two non-zero constants such that z™ 4+ az"~' + b has no
multiple zero. If for two non-constant meromorphic functions f and g, with f*) and
g™ having no simple —a@ points; Esu) (S1,1) = By (S1,1) and Epx)(S2,2) =
E 1) (52,2), then k) = g(k),

Clearly S7 and S9 in Theorem C' are bi-unique range sets for the derivatives of
meromorphic functions. Also note that in Theorem C considering the derivatives
of the meromorphic functions instead of the original ones, the authors became
successful to obtain smaller sets or in particular smaller bi-unique range sets than
those of Theorem B. In the same paper, authors also mentioned in their concluding
section that using the method adopted to prove Theorem C the lower bound of the
degree of the underlying polynomial of a BURSM cannot be reduced further. So
natural query arose whether we can obtain further smaller sets for any subclass of
meromorphic functions or these are the smallest possible sets in the direction of
Question 1.2. Pertinent to this, the authors posed the following question in their
paper [7] for further investigations.

Question 1.3. [7] Does there exist any pair of bi-unique range sets, even if for a
special class of meromorphic functions, sum of whose cardinalities are less than 5%

To obtain the answer of Question 1.3 is the another motivation of the paper.
In fact, in Theorem 2.1 we answer Question 1.3 affirmatively. We obtain a pair of
bi-unique range sets with one and three elements respectively, for a special class of
meromorphic functions. This result also provides two shared sets with least possible
cardinality in the direction of Question 1.2. We have further exhibited two examples
to show the sharpness of the result. For this purpose, we consider the class of powers
of meromorphic functions. Apropos of that, we define the following notions.
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Definition 1.5. Suppose M (C) denotes the set of all meromorphic functions defined
on C. We define M%(C) to be the collection of all such meromorphic functions
which are powers of some meromorphic functions of power at least d, where d is a
positive integer. That is, in set theoretic notation, M (C) = {f¢*" | d €N, r ¢
NuU{0} and fe M(C)}.

Clearly, MP(C) Cc M*(C) Cc M'(C) = M(C) whenever p > s > 1.

Similar notions can be defined for entire functions and be denoted by E(C) and
E4(C). In that case also we would have EP(C) C E*(C) C EY(C) = E(C) whenever
p>s>1.

Definition 1.6. A pair of finite sets Sy and So in C is called bi-unique range sets
for meromorphic (entire) functions of power at least d with weights m, k; if for any
two mon-constant functions f,g € M4(C), E;(S1,m) = E4(S1,m) and E¢(Sa, k) =
Ey(Sa, k) imply f = g. We write S;’s i =1, 2 as BURSPYMm, k (BURSP?Em,
k) in short.

If both m = k = oo, then we say S;’s i = 1, 2 are bi-unique range sets for
meromorphic (entire) functions of power at least d or BURSPM (BURSPIE) in
short.

As usual, if m =k = oo and d = 1, then we say S;’si =1, 2 are bi-unique range
sets for meromorphic (entire) functions or BURSM (BURSE) in short.

Using this notion of BURSP?Mm, k(BURSPYEm, k), we answer Question 1.3
as well as Question 1.1. Now we proceed to our main results.

2 Main Results
Let us consider the following polynomial
P(z) = 2" +az""t +b, (2.1)
where n(> 2) € N and a,b € C — {0} be such that P(z) has only simple zeros.

Theorem 2.1. Let P(z) be given by (2.1) and S, = {0}, S = {z : P(z) = 0}.
1
Then S;’s are BURSPYMO,2 forn > 2+ 2*2, where d > 2.

The following example shows that the condition d > 2 in Theorem 2.1 is sharp.

Example 2.1. Let S; = {0} and So = {z : P(z) = 0}, where P(z) is given by (2.1).
Now consider
€%+ ez 4 e3z 4+ e(nfl)z

e teted 1. fem D2
1+6Z+62Z+€3Z+...+6(n_2)2
a .
1+e*+e2+ed2 4 ... +eln1)z

f(z) = -

9(z) = —
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Then clearly f, g share (S;,00) for i =1,2; but f # g.

Corollary 2.1. Let S1 and Sy be defined as in Theorem 2.1. Then S;’s are
BURSP"MO0,2 forn > 2.

Remark 2.1. Corollary 2.1 answers Question 1.3 successfully. Here we would have
one set containing only one element and the other set containing only three elements
and this pair of sets are bi-unique range sets too. That is, we obtain a pair of
bi-unique range sets (for a special class of meromorphic functions) sum of whose
cardinalities are less than 5. Clearly, this result provides two shared sets with least
possible cardinality in the direction of Question 1.2.

Theorem 2.2. Let S; and Sy be defined as in Theorem 2.1. Then S;’s are
BURSPYEO0,2 forn > 2.

Remark 2.2. Observe that the statement of Theorem 2.2 itself says the result does
not depend upon the values of d; i.e., it is true for all values of d; i.e., S;’s are
nothing but BURSEOQ,2; which significantly improves Theorem A by relaxing the
nature of sharing the sets.

Now we have the following two examples which show the sharpness of Corollary
2.1 and Theorem 2.2 with respect to the cardinalities of the shared sets.

Example 2.2. Suppose that S; = {0} and Sy = {a}, where a € C — {0}. Consider
f=¢eandg= a%efz, where d € N and by ad we mean exactly one of the values of

the dth roots of a>. Then clearly f* and g share Si and So CM but f¢ % ¢?.

Example 2.3. Suppose that S; = {0} and Sy = {«a, B}, where o, € C — {0}.
Consider f = €* and g = (aﬂ)ée_z, where d € N and by (aﬁ)é we mean exactly
one of the values of the dth roots of af. Then clearly f¢ and g* share Si and Sp
CM but f*# ¢°.

Next we exhibit the following two examples in support of Theorem 2.2 and
Theorem 2.1.

Example 2.4. Let S1 = {0} and Sz = {-2,3,6} = {z : 23 — 722 + 36 = 0}.
Then according to Theorem 2.2 for any two non-constant entire functions f, g;
E¢(51,0) = E4(51,0) and E¢(S2,2) = E4(S2,2) implies f = g.

Example 2.5. In the above example, if f and g are considered as non-constant
meromorphic functions, then Erir(S1,0) = Ey7++(51,0) and
E140(S2,2) = Eyr+5(S2,2) implies f™" = g™%, where r,s € NU {0}
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3 Lemmas

In this section, we present different lemmas which are required to prove the
main results of the paper. Before that, we recall the following definitions of different
notations which we use in different lemmas and in the proofs of the main theorems.
For standard notations and definitions of Nevanlinna Theory we refer our readers to
follow [11, 18].

Definition 3.1. [12] For a € CU {oco} we denote by N(r,a; f |= 1) the counting
function of simple a-points of f. For a positive integer m we denote by N(r,a; f |<
m)(N(r,a; f |> m)) the counting function of those a-points of f whose multiplicities
are not greater(less) than m, where each a-point is counted according to its multiplicity.

N(r,a; f |[<m)(N(r,a; f |>m)) are defined similarly, where in counting the a-points
of f we ignore the multiplicities.

Also, N(r,a; f |< m),N(r,a; f |> m),N(r,a; f |< m) and N(r,a;f |> m) are
defined analogously.

Definition 3.2. [26] Let f and g be two non-constant meromorphic functions such
that f and g share (a,0), where a € CU {oco}. Let z9 be an a-point of f with
multiplicity p, an a-point of g with multiplicity q. We denote by N (r,a; f)

(NL(r,a;9)) the reduced counting function of those a-points of f and g where p > q
(g >p), by N}IE) (r,a; f) the counting function of those a-points of f and g where p =
q = 1. Clearly when f and g share (a,m), m > 1, then Né)(r,a;f) =N(r,a; f|=1).

Definition 3.3. [15, 1] Let f, g share (a,0). We denote by N.(r,a;f,g) the
reduced counting function of those a-points of f whose multiplicities differ from the
multiplicities of the corresponding a-points of g.

Clearly N(r,a; f,9) = Nx(r,a5 9, f) = Np(r,a; f) + N (r,a; g).

Definition 3.4. [15] Let a,b1,bs,..., b, € C U {oo}. We denote by N(r,a;f |
g #b1,ba,...,by) the counting function of those a-points of f, counted according to
multiplicity, which are not the b;-points of g fori=1,2,...,q.

Consider two arbitrary functions belonging to M¢(C). Then they must be of the
form f%*7 and ¢g%+%, where f and g be two meromorphic functions with d € N and
r,s € NU{0}. Suppose

(fd+?“)’nf].(fd+r +a) (gd+s)n71(gd+s _|_a)‘

F = = 1
—b ) G —b i (3 )
and 11 / 1" !
F 2F G 2G
H_(F/ _F_l)_(G/ _G—l)’ (32)
F G
@ —_— ﬁ - m. (3-3)
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Lemma 3.1. [29] If F', G are two non-constant meromorphic functions such that
they share (1,0) and H # 0, then

NP (1, F) < N(r, H) + S(r, F) + S(r, G).

Lemma 3.2. [3] Let F' and G be two non-constant meromorphic functions sharing
(1,m), where 0 < m < co. Then

N(r,1;F)+ N(r, 1;G) — NJ (r, 1; F) + <m — ;) N.(r,1,F,G)

< [N(r,1; F) + N(r,1;G)].

DO |

Lemma 3.3. Let F and G be given by (3.1) and H # 0. If f447, ¢+ share (0,1)
and F, G share (1,m) for 0 <l < oo and 0 < m < oo, then

N(r,H) < N(r, —au

;fdJrT) + N(r, 005 fd”) + N(r, —ai(n —1) : gd+5)
n

+N(r,00; ¢%) + Ni(r,0; f77, g*) + N (1, 1; F, G)

+No(r, 0; (F7)) 4+ No(r, 0; (¢F)) + S(r, f447) 4+ S(r, g?),

where No(r,0; (f&7)") denotes the reduced counting function corresponding to the
zeros of (f47)" which are not the zeros offd'*'r(fd"'r—f—a(nn;l))(F—l). No(r,0; (g%+%))
is defined similarly.

Proof. Since F, G share (1,0) and H has only simple poles, therefore the result is
obvious by some simple calculations. We omit the details. O

Lemma 3.4. Let F and G be given by (3.1) and H # 0. If f47, ¢4+ share (0,1)
and F, G share (1,m) for 0 <1 < oo and 0 < m < oo, then

ﬁ _ d+r d+s
(5-1) [T6.7%) + TG g™
< N0 )+ N (1, 0:9") 42 [ N(r, 00 f47) + N(r, 00 )|

_ 3 __
+N.o(r, 0; f97, g72) — (m — N L E.G) +5(r, FET) 4+ S(r, g™).
Proof. By the second fundamental theorem we get

(n+ DT (r, fT7) < N(r, L F)+ N(r,o00; f77) + N(r, 0; f7) (3.4)

N -0l ) N0 (7)) 4 S 1),

(n+1)T(r, g"*)

IN

N(r,1;G) + N(r,00; g"**) + N(r,0; g"*) (3.5)
_ 1 ,
a1 ) N (0 (6 ) 4 5,6,
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Now combining (3.4), (3.5) and using Lemma 3.2, Lemma 3.1 and Lemma 3.3 we
get

(n+ 1) | T(r, f57) + T(r, g™*)

< N(r,1;F)+ N(r,1;G) + N(r, 00; f47) + N(r, 00; g¢%)
+N(r,0; f57) + N(r,0; ¢¢7%) + N(r, —a(nr_Ll); )
G, —al gty - N, 0: (647
—No(r, 0 (F7)) + S(r, f77) + S(r,g™)

< g [T(r, FETY +T(r, gd“)] + [N(’I”,O; ) +N(T,0;gd+s)}
+2 -W(r, —a(n;ll); fd+r) + N(r, —CL(nT_ll);ngrs)]
FNLr, 0 £ %) — (m — )N (r, 1, G)
+2 _N(r, oo; f44T) + N (r, oo;ngrs)} + S(r, f4) 4 S(r, g7,

which proves the lemma. ]

Lemma 3.5. Let S1 and Sy be defined as in Theorem 2.1 and F', G be given by (3.1).
If Etatr (S1,1) = Ega+s(51,1) and Egasr(S2,m) = Ejars(S2,m), where 0 < 1 < oo,
0<m< oo and H#D0, then
(21 + 1) {N (r,o;fd+" > 1+ 1)}
< N(r,00 fT7) + N(r,00,g™) + Nou(r, 1, F,G) + S(r, f47) + S(r, g7*%).

Proof. By the given condition clearly F' and G share (1,m). Now we consider two
cases as follows.
Case-1 Let ® = 0. Then from (3.3) we have

F—1=AG-1)
— F = AG
= F' = AG",

which in turn implies that H = 0, a contradiction.
Case-2 Let ® # 0. Then observe that

(fdJrr)n—z (nfdﬂn + a(n o 1)) (fdJrr)’ (gd+s)n—2 (ngd+8 + a(n - 1)) (gd+s)"

¢ = —b(F —1) - —b(G —1)
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Let zg be a zero of f with multiplicity ¢. Since Eair(S1,1) = Ea+(S1,1), then
that would be a zero of ® of multiplicity (n—2)t+¢—1 i.e., of multiplicity (n—1)t—1
if t <1 and a zero of multiplicity at least (n —2)(I 4+ 1) +1 i.e., a zero of multiplicity
at least (n — 1)l + (n — 2) if ¢ > [. Since it is clear from the statement of Theorem
2.1 that n £ 3, so the order of zp in ® is at least 2] + 1 when ¢ > [. Hence we can
write

{20+ 1} {N(r,o;fd” > 1+ 1)}

N(r,0;®)

T(r,®)

N(r,00;®) + S(r, F) + S(r,G)

N.u(r, 1, F,G) + N(r, 00; f*7) + N(r, 00; **%) + S(r, f47) + S(r, g"**).

O]

VAN VAN VAN VAN

Lemma 3.6. Let S1, Sy be defined as in Theorem 2.1 and F', G be given by (3.1).
Further suppose that wi,ws ...w, are the members of the set So. If Efd+r(51,l) =
Ejats(S1,1) and Epasr(S2,m) = Ejars(S2,m), where 0 <1 < oo, 2 < m < oo and
H #£0, then

3

_ ‘ -
N.(r,1; F,G) < 72(771 Y

[N (r, 003 £47) + N(r, 00 g"%)| + S(r, f17) + S(r, g**).

Proof. First we note that ‘0’ is not a member of Sy. Therefore proceeding as follows
with the help of Lemma 3.5 for | = 0 we get,

N.(r,1; F,G)

< N(rL;F|>m+1)
< % (N(r,1;F) — N(r,1; F))
< % Zn: (N(h wis fTT) = N(r, wj;fd”))
=
< [N (ros gty L £0)]
)
< Tln-N (r,OO; (J;l;)/) + 5 (r, fHT)
< % :-N(T,O;fd”) +N(T700;fd”)} +8(r, fT)
S [2N (00 £1) + N, 003 6%) 4 Walr, 1 F,G)] + 80, £47) + 87, 6),
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which clearly implies

NnLEG) € o [N(r 00 57 4 Nirooig™™)]  (36)
+S(r, f7) + S, g™,

Similarly, applying the above method for GG instead of F' we can obtain

N LE.G) < — [aN(r,0016") + N(r. 00 /) (3.7)

m—1
+S(r, fHT) 4+ S(r, g*).

Now adding (3.6) and (3.7) we get the desired result. O

Lemma 3.7. Let S1, S2 be defined as in Theorem 2.1 and F', G be given by (5.1)
with d > 2. Further suppose that wi,ws...wy, are the members of the set Sy. If
Etair (S1,1) = Ears(S1,1) and Etarr(S2,m) = Egars(S2,m), where 0 < 1 < oo,
1 <m < oo and H#0, then

N.(r,1;F,G) < d

= 36m_1) [N(Tv 00; ) + N(r, 00, g™) | + S(r, f77) + S(r, g"+).

Proof. Since d > 2, so N(r,0; f*") = N(r,0; f*" |> 2) and N(r,0;9**) =
N(r,0;g%"* |> 2). Now proceeding similarly like Lemma 3.6, in view of Lemma
3.5 we get,

N.(r,1; F,G)

N(r, 05 7 + N(r, 005 f77)] + S(r, £47)

IN

IA
=33

—N(r, 0; f47 |> 2) + N (r, oo;fd”)] + S(r, 47

IN

é (N(r,oo; f4T) + N(r,00;9*7%) + N (1, 1; F, G)) + N(r, 00; f47)
+S(r, f4)

< L 4N, o0 1)+ N lr, 003 7) £ W, 1 F, G)] + S, 7).

3m
which implies

Nu(r, 1, F,G) < 3

——— [4N(r, 00 £47) + N(r, 001 )| + S(r, f47). (3.8)

Similar approach for g¢+* will provide

N.(r,1;F,G) < 3

AT . d+s AT . pd+r d+s
[4N(r, 00 9™5%) 4+ N (1,003 f457)] + S(r,6). (3.9)
m—1
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Combining (3.8) and (3.9) we get

N.(r,1;F,G) < 2(3753_1) ﬁVXT,oo;gd+S)4—?V(r,oo;fd+*) +5(r, 7T +S(r, g).
O
Lemma 3.8. Let F' and G be defined by (3.1). Then FG # 1 forn > 3.
Proof. If possible suppose that F'G = 1. That is
FE T 4 a) (g ) g ) = B (3.10)
Clearly applying the first fundamental theorem on (3.10) we would get
T(r, f47) = T(r,g"**) + O(1). (3.11)

Since f4t7, g4*¢ share (0,0), so (3.10) clearly implies that f%*" and ¢?** both omit
the value 0. Also note that N(r,o0; f4*") = N(r, —a; g?**) and N(r,o0; g¢%) =
N(r,—a; fH7), so each —a point of g%+% or f47 is of multiplicity at least n. Hence
by the second fundamental theorem in view of (3.11) we get

T(r, f7) < N(r,0; f77) + N(r,00; f47) + N(r, —a; f57) + S(r, f77)
S N(ﬂ —a; gd+s) + N(Ta —ay fdJrT) + S(T’ fd+r)
2
< ST( £ 4 S £,
which is a contradiction for n > 3. ]

Lemma 3.9. Let F and G be defined by (3.1). Then F = G implies f&" = gi+s
form > 2, where d > 2.

Proof. Since F' = G. Therefore we have

(fd—‘rr)n—l(fd-i-r + a) _ (gd—l—S)n—l(gd-i-s + a) (3'12)
gd+s

By substituting A = in the above equation we get
fd—H"

(fEM (1 = B + a1 — v = 0. (3.13)

If h is non-constant, then from (3.13) we have

i
(]
—~
>
|
2
—

-.
Il

p—l 1

d+r _
= hn —1

a

, (3.14)
(h — Bi)

|
|
S
3
L

-
Il
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where «;’s are distinct (n — 1)th roots of unity with a; # 1 and j;’s are distinct nth
roots of unity with 8; # 1. Clearly o; # ;. Note that from (3.14), it is obvious
that each a; and (3; point of h is of multiplicity at least d. Further, from (3.12) we
get that f4+7 g%*s share (0,00) and (00, 00). Hence h does not have any zero or
pole. So, by the second fundamental theorem we get

(2n —3)T(r,h)

n—2 n—1

< Y N(ryai;h)+ Y N(r, 8i; h) + N(r,0;h) + N(r,00; h) + S(r, h)
=1 =1

< MT@«, h) + S(r, h),

d

which is a contradiction for n > 2 as d > 2.
Thus h is a constant, which implies h* = h"! = 1; i.e., h = 1 and hence f&" =
gd+8. H

Remark 3.1. Note that if f47 and g*** are entire functions in Lemma 3.9, then
from (3.14) one can easily conclude that h omits 5; points for i = 1,2,...,n — 1,
where n > 2 at the same time h omits zeros and poles as discussed above, which
contradicts the fact that h is non-constant. Hence we would have f¢" = ¢%*s for
n>2 even if d = 1.

4 Proof of the Theorems

Proof of Theorem 2.1. Let ' and G be defined by (3.1). Then F, G share (1,2).
Case-1 Suppose H # 0. Since f4+", g4+ share (0,0), so we have
No(r,0; f447, g%5) < N(r,0; f77) = N(r,0;g%*). Also we have N(r,0; f447) =

N(r,0; f |> 2) as d > 2. Now, using Lemma 3./ for m = 2 and | = 0, Lemma 3.5
for I = 1 and then Lemma 3.7 for m = 2, we get

(5 =1 [TO. %)+ T(r,g™)]

< [W(MJ; FE +N(7‘,0;gd+s)} + N(r,0; f57) — %W*(T, 1, F,G)
+2 [N (7,005 77 4+ N(r, 003 g%)] + S(r, f77) + S(r, g**)

< 3N(r,0; f*7) +2 [N(h o0; fH7) 4+ N(r, 00; g‘”s)}
_%moﬂ, 1, F,G) + S(r, f7) + S(r, g**+*)

<

BN (1,0 447 |2 2) +2 |N(r, 005 f77) + N(r, 001 g)|
SN L EG) + S(r, 157 + 8(7,6)
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< 3 [; (N(r, 00; f4T) + N (r, 00; ¢4%) + N, (r, 1; F, G))]

42 [N(r 00 F57) 4+ N, 001 %7%)] = LN, 1 F, G) 4 (0, £57) + S(r, %)
< qN@mf“U+mrmfﬂﬂ % (r,1; F,G) + S(r, f47) + S(r, g%**)
< 3 [Wrioes 1)+ Nrooesg®®)] + 3 |3 (o007 + Wl ooi )|

S, 1)+ 8(r,6)
< [ ] [FOoes s+ oo go0)] + 5005 + 50 97)
< [N o0r 4 4 N, 0016779 + S, £7) 4 (1, %)
< () [T £ T )] 4 800147 4 (g%,

13
which is a contradiction for n > 2 + —

Case-2 Suppose H = 0. Then on 1ntegration we get

1 A
= B 4.1
F-1 G-1'" (4.1
where A(# 0), B are complex constants. From (4.1), clearly we have
T(r, f5*7) = T(r, ™) + S(r,g"*). (4.2)

Now we can write (4.1) as
(B+1)G+A-B—-1
BG+A-B '
Hence let us consider the following subcases.
Subcase-2.1 Let B # 0.
Subcase-2.1.1 Let B # —1. Obviously Agffl =+ A*TB. For if ABEI L= A*TB,
then A = 0, which is absurd. Therefore
B-A
B

Now using the second fundamental theorem in view of (4.2) we have

F=

(4.3)

N(r, :G) = N(r,00; F). (4.4)

T(r,G) < N(r,0;G)+ N(r,o0;G)+ N(r, )+ S(r,G)

< N(r,0;¢"") + N(r, —a; g**%) + N(r, 00; g**%) + N(r, 00; f47) + S(r,G)
143
d | 7(r,G) + S(r,G),

IN

n
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which is a contradiction for n > 1 + §
Subcase-2.1.2 Let B = —1. Then from (4.3) we get

A

F=———. 4.
-G+ A+1 (45)

Subcase-2.1.2.1 Let A+ 1 # 0. Then N(r,A + 1;G) = N(r,00;F) and

N(r,00;G) = N(r,0; F). Now using the second fundamental theorem in view of
(4.2) we have

T(r,Q) N(r,0;G) + N(r,00;G) + N(r, A+ 1;G) + S(r,G)

N(r,0;g%%) + N(r, —a; ¢***) + N(r, 00; ¢***) + N(r, 00; f7) + S(r, G)

143
4| T(r,G) + S(r,G),

<
<

IN

n

3
which is a contradiction for n > 1 + —.

d
13
Subcase-2.1.2.2 Let A4+ 1=0. Then FFG = 1. Since n > 2+ 20" so in view of
Lemma 3.8, this case is invalid.
Subcase-2.2 Suppose B = 0 then from (4.3) we get
AF =G+ A—-1. (4.6)

Subcase-2.2.1 Let A # 1. Therefore (4.6) implies N(r,0; F) = N(r,1 — A; G).
Now using the second fundamental theorem in view of (4.2), we get

T(r,G)
< N(r,0;G)+ N(r,00;G) + N(r,1 — A;G) + S(r,G)
< N(r,0;¢%%) + N(r, —a; %) + N(r,00; ¢¢7%) + N(r,0; f7) + N(r, —a; f2+7)
+S(r,G)
243
< 4\ 7(r,G) + 5(r,G),

n

3
which is a contradiction for n > 2 + T

Subcase-2.2.2 Let A = 1 ie., F = G. So in view of Lemma 3.9, we get

13
fitr = gdts asn>2+ﬁ. O

Proof of Theorem 2.2. Let ' and G be defined by (3.1). Then F, G share (1,2).
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Case-1 Suppose H # 0. Then using [ = 0 and m = 2 in Lemma 3.4, Lemma
3.5 and Lemma 3.6 respectively, we get

(5= 1) [T0,757) + T, ™))

{N(r,o; fETY + N (r, 0;gd+3)} + N(r,0; f47) — %W*(r, 1, F,G)

IN

+2 [N (r, 005 f7) 4+ W (r, 001 g42)] + S(r, f77) + 5(r, g+*)

IA

BN (r,0: f47) +2 | N(r,00: f*47) + N(r,00:g")| + S(r. f*7) + S(r. ")

IN

BN.(r, 1 F,G) +5 [ N(r,00: /) + N(r,00:g")| + S( f47) + S(r. 9"

IN

B + 5] [N(r, 00; fd”) + N(r, oo;gd“)} + S(r, fd”) + S(r, gd+s)

IN

S(r, f5T) + S(r, g,

which is a contradiction for n > 3.

Case-2 Suppose H = 0. Then using N (r, oo; f417) = S(r, f147), N(r, 00; g¢+%) =
S(r,g%**), Remark 3.1 and proceeding similarly like Case-2 of Theorem 2.1, we
obtain 7" = ¢4 for n > 3. In this process, we just need to deal the Subcase-
2.2.1 in a slight detail as follows.

Here we would again have AF = G + A — 1 with A # 1. Since f¢", ¢+ share
(0,0), so for a zg € C if f4*7(2) = 0, then g%**(29) = 0. For that zp, we must
have AF(z9) = G(z9) + A — 1. But this contradicts the fact that A # 1. So, f&+"
and ¢g¢** must omit the value 0; i.e., N(r,0; f4) = S(r, f%7) and N(r,0; g¢*+%) =
S(r, g%+*). Now applying this fact in Subcase-2.2.1 of Theorem 2.1, we would have
a contradiction for n > 3. ]

Acknowledgement. The author thanks the anonymous referee for his/her valuable
suggestions towards the betterment of the paper.

References

[1] A. Banerjee, Some uniqueness results on meromorphic functions sharing three
sets, Ann. Polon. Math., 92(3) (2007), 261-274. MR2353890. Zbl 1130.30027.
2353890

[2] A. Banerjee, On the uniqueness of meromorphic functions that share two sets,
Georgian Math. J., 15(1) (2008), 1-18. MR2418873. Zbl 1159.30018.

[3] A. Banerjee, Uniqueness of meromorphic functions sharing two sets with finite
weight 11, Tamkang J. Math., 41(4) (2010), 379-392. MR2789974. Zbl 1213.30052.

Sk ok koo ok ok >k kR Sk ok Kok ok sk ok kook sk ok okok ok sk sk kok sk sk skokok skook kokook sk ok skokook sk ok okok sk ok kokook sk ok skok sk sk skokosk sk sk skokosk sk skokok skokokokok skokokok

Surveys in Mathematics and its Applications 16 (2021), 13 — 30
http://www.utgjiu.ro/math/sma


http://www.ams.org/mathscinet-getitem?mr=2353890
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1130.30027&format=complete
http://www.ams.org/mathscinet-getitem?mr=2418873
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1159.30018&format=complete
http://www.ams.org/mathscinet-getitem?mr=2789974
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1213.30052&format=complete
http://www.utgjiu.ro/math/sma/v16/v16.html
http://www.utgjiu.ro/math/sma

28 S. Mallick

[4] A. Banerjee, Bi-unique range sets for meromorphic functions, Nihonkai Math.
J., 24(2) (2013), 121-134. MR3178503. Zbl 1291.30189.

[5] A. Banerjee and P. Bhattacharajee, Uniqueness and set sharing of derivatives of
meromorphic functions, Math. Slovaca, 61(2) (2011), 197-214. MR2786694. Zbl
1265.30141.

[6] A. Banerjee and S. Mallick, Bi-unique range sets - A Further Study, Bol. Soc.
Paran. Mat., (3s.) 35(3) (2017), 39-53. MR3573626.

[7] A. Banerjee and S. Mallick, Bi-unique range sets with smallest cardinalities for
the derivatives of meromorphic functions, Thilisi Mathematical Journal., 9(2)
(2016), 1-13. MR3538509. Zbl 1350.30045.

[8] M. Fang and H. Guo, On meromorphic functions sharing two values, Analysis,
17(1997), 355-366. MR1600358. Zbl 0894.30020.

[9] F. Gross, Factorization of meromorphic functions and some open problems, Proc.
Conf. Univ. Kentucky, Leixngton, Kentucky(1976); Lecture Notes in Math., 599
(1977), 51-69, Springer(Berlin). MR0450529. Zbl 0357.30007.

[10] F. Gross and C. C. Yang, On preimage and range sets of meromorphic functions,
Proc. Japan Acad. Ser. A Math. Sci., 58(1) (1982), 17-20. MR0649056. Zbl
0501.30026.

[11] W. K. Hayman, Meromorphic Functions, The Clarendon Press, Oxford, 1964.
MR0164038. Zbl 0115.06203.

[12] 1. Lahiri, Value distribution of certain differential polynomials, Int. J. Math.
Math. Sci., 28(2) (2001), 83-91. MR1885054. Zbl 0999.30023.

[13] I. Lahiri, Weighted sharing and uniqueness of meromorphic functions, Nagoya
Math. J., 161(2001), 193-206. MR1820218. Zbl 0981.30023.

[14] 1. Lahiri, Weighted value sharing and uniqueness of meromorphic functions,
Complex Var. Elliptic Equ., 46(2001), 241-253. MR1869738. Zbl 1025.30027.

[15] 1. Lahiri and A.Banerjee, Weighted sharing of two sets, Kyungpook Math. J.,
Vol. 46(1)(2006), 79-87. MR2214802. Zbl 1103.30017.

[16] P. Li and C. C. Yang, Some further results on the unique range sets of
meromorphic functions, Kodai Math. J., 18(1995), 437-450. MR1362919. Zbl
0849.30025.

[17] P. Li and C. C. Yang, On the unique range set of meromorphic functions, Proc.
Amer. Math. Soc., 124(1) (1996), 177-185. MR1291784. Zbl 0845.30018.

sk sk ok sk ok sk s ok sk sk ok s ok sk sk ok sk sk sk s ok sk sk sk s sk sk sk ok sk sk sk sk ok sk sk sk sk sk sk sk ok sk sk sk sk ok stk sk sk sk sk sk ok sk sk ok ok sk ok sk sk ok ok sk skok ok sk ok

Surveys in Mathematics and its Applications 16 (2021), 13 — 30
http://www.utgjiu.ro/math/sma


http://www.ams.org/mathscinet-getitem?mr=3178503
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1291.30189&format=complete
http://www.ams.org/mathscinet-getitem?mr=2786694
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1265.30141&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1265.30141&format=complete
http://www.ams.org/mathscinet-getitem?mr=3573626
http://www.ams.org/mathscinet-getitem?mr=3538509
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1350.30045&format=complete
http://www.ams.org/mathscinet-getitem?mr=1600358
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0894.30020&format=complete
http://www.ams.org/mathscinet-getitem?mr=0450529
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0357.30007&format=complete
http://www.ams.org/mathscinet-getitem?mr=0649056
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0501.30026&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0501.30026&format=complete
http://www.ams.org/mathscinet-getitem?mr=0164038
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0115.06203&format=complete
http://www.ams.org/mathscinet-getitem?mr=1885054
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0999.30023&format=complete
http://www.ams.org/mathscinet-getitem?mr=1820218
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0981.30023&format=complete
http://www.ams.org/mathscinet-getitem?mr=1869738
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1025.30027&format=complete
http://www.ams.org/mathscinet-getitem?mr=2214802
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1103.30017&format=complete
http://www.ams.org/mathscinet-getitem?mr=1362919
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0849.30025&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0849.30025&format=complete
http://www.ams.org/mathscinet-getitem?mr=1291784
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0845.30018&format=complete
http://www.utgjiu.ro/math/sma/v16/v16.html
http://www.utgjiu.ro/math/sma

Two shared set problems in the light of ... 29

[18] C. C. Yang and H. X. Yi, Uniqueness theory of meromorphic functions, Kluwer
Academic Publishers, 2003. MR2105668. Zbl 1070.30011.

[19] B.Yiand Y. H. Li, The uniqueness of meromorphic functions that share two sets
with CM, Acta Math. Sinica Chinese Ser., 55(2)(2012), 363-368. MR2963005. Zbl
1265.30162.

[20] H. X. Yi, Unicity theorems for meromorphic or entire functions, Bull. Austral.
Math. Soc., 49(1994), 257-265. MR1265362. Zbl 0809.30024.

[21] H. X. Yi, Uniqueness of meromorphic functions and question of Gross, [J]
Science in China (Ser A)., 37(7) (1994), 802-813. MR1324763. Zbl 0821.30024.

[22] H. X. Yi, Unicity theorems for entire functions, Kodai Math. J., 17(1994),
133-141. MR1262958. Zbl 0807.30017 .

[23] H. X. Yi, A question of Gross and the uniqueness of entire functions, Nagoya
Math. J., 138(1995), 169-177. MR1339947.

[24] H. X. Yi, Unicity theorems for meromorphic or entire functions II, Bull.
Austral. Math. Soc., 52(1995), 215-224. MR1348480. Zbl 0844.30022.

[25] H. X. Yi, On a question of Gross concerning uniqueness of entire functions,
Bull. Austral. Math. Soc., 57(1998), 343-349. MR1617332. Zbl 0905.30026 .

[26] H. X. Yi, Meromorphic functions that share one or two values II, Kodai Math.
J., 22(1999), 264-272. MR1700596. Zbl 0939.30020.

[27] H. X. Yi, Meromorphic functions that share two sets, Acta Math. Sin.,
45(1)(2002), 75-82. MR1923666. Zbl 1092.30051.

[28] H. X. Yi and W. C. Lin, Uniqueness of meromorphic functions and a question
of Gross, Kyungpook Math. J., 46(2006), 437-444. MR2261398. Zbl 1110.30017.

[29] H. X. Yi and W. R. Lii, Meromorphic functions that share two sets II, Acta
Math. Sci. Ser. B Engl. Ed., 24(1)(2004), 83-90. MR2036066. Zbl 1140.30315.

Sanjay Mallick

Department of Mathematics

Cooch Behar Panchanan Barma University
West Bengal, 736101

India.

E-mail: sanjay.mallick1986@gmail.com, smallick.ku@gmail.com

S ok koo ok ok >k kook Sk ok kok ok ok ok okook sk ok okok ok sk ok skok sk sk skokook skok kokook sk ok skokook sk ok okok sk sk kokook sk ok skok sk sk skokosk sk sk skokosk sk skokok skokokokok skokokok

Surveys in Mathematics and its Applications 16 (2021), 13 — 30
http://www.utgjiu.ro/math/sma


http://www.ams.org/mathscinet-getitem?mr=2105668
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1070.30011&format=complete
http://www.ams.org/mathscinet-getitem?mr=2963005
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1265.30162&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1265.30162&format=complete
http://www.ams.org/mathscinet-getitem?mr=1265362
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0809.30024&format=complete
http://www.ams.org/mathscinet-getitem?mr=1324763
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0821.30024&format=complete
http://www.ams.org/mathscinet-getitem?mr=1262958
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0807.30017&format=complete
http://www.ams.org/mathscinet-getitem?mr=1339947
http://www.ams.org/mathscinet-getitem?mr=1348480
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0844.30022&format=complete
http://www.ams.org/mathscinet-getitem?mr=1617332
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0905.30026&format=complete
http://www.ams.org/mathscinet-getitem?mr=1700596
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0939.30020&format=complete
http://www.ams.org/mathscinet-getitem?mr=1923666
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1092.30051&format=complete
http://www.ams.org/mathscinet-getitem?mr=2261398
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1110.30017&format=complete
http://www.ams.org/mathscinet-getitem?mr=2036066
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1140.30315&format=complete
http://www.utgjiu.ro/math/sma/v16/v16.html
http://www.utgjiu.ro/math/sma

30 S. Mallick

License

This work is licensed under a Creative Commons Attribution 4.0 International
License.

Sk ok koo ok ok >k kR Sk ok kok ok ok ok kook sk ok kok ok sk ok skok sk sk skokook skook kokook sk ok skokook sk kokok sk ok kokook sk okokok sk sk skokosk sk sk skokosk sk skokok skok kokok skokokok

Surveys in Mathematics and its Applications 16 (2021), 13 — 30
http://www.utgjiu.ro/math/sma


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://www.utgjiu.ro/math/sma/v16/v16.html
http://www.utgjiu.ro/math/sma

	Introduction
	Main Results
	Lemmas
	Proof of the Theorems

