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QUADRATIC DYNAMICS OVER HYPERBOLIC
NUMBERS: A BRIEF SURVEY

Sandra Hayes

Abstract. Hyperbolic numbers, also called split complex or perplex numbers in the literature,
are a variation of complex numbers established as a theory primarily by W. Clifford in the nineteenth
century who applied them to mechanics. Today hyperbolic numbers are considered to be the basic
mathematics of Einstein’s theory of special relativity. The goal of this paper is to present concise,
direct proofs of results contained in [1, 2, 4, 5, 6, 7] on the dynamics of hyperbolic numbers which
is quite different from the dynamics of complex numbers. The hyperbolic Mandelbrot set for
quadratic functions over hyperbolic numbers is simply a filled square, and the filled Julia set for
hyperbolic parameters inside the hyperbolic Mandelbrot set is a filled rectangle. For hyperbolic
parameters outside the hyperbolic Mandelbrot set, the filled Julia set has 3 possible topological
descriptions, if it is not empty, namely it is connected, totally disconnected, or disconnected but
not totally disconnected. This is in contrast to the complex case where it is always a non-empty

totally disconnected set.

1 Introduction

A hyperbolic number is a number z with two real components x and y written as
z = x+jy with a new imaginary unit j, referred to as the hyperbolic imaginary unit,
defined by the property that it is not equal to 1 or —1 but satisfies j2 = 1. Whereas
the complex numbers form a field, the hyperbolic numbers are only an algebra,
because there are zero divisors, i.e. non-zero hyperbolic numbers which have no
multiplicative inverse. The zero divisors are all non-zero numbers z = x + jy with
x = ty, i.e numbers on either diagonal. The zero divisors play a fundamental role
in explaining the dynamics of quadratic functions over hyperbolic numbers as well
as in explaining the applications of hyperbolic numbers to physics. Geometrically,
the zero divisors form the light cone.

Because of the zero divisors, the algebra H of all hyperbolic numbers is not a
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normed space in the natural way, i.e. by generalizing the Fuclidean norm for complex
numbers ||z|| = V2Z = /2?2 + y2, where Z = z — iy is the complex conjugate of
the complex number z = = + iy. However, the modulus of a hyperbolic number
z = x + jy, which is defined to be /|22 — y2| = \/|z2*|, where 2* = z — jy is the
hyperbolic conjugate of the hyperbolic number z, does play a role in special relativity,
since it is invariant under the Lorentz transformations of special relativity.

Quadratic dynamics over hyperbolic numbers refers to the dynamics of quadratic
functions f.(z) = z2+c with 2z and ¢ hyperbolic, i.e. describing their Mandelbrot sets
and their filled Julia sets for parameters ¢ inside and outside those Mandelbrot sets.
The boundary of the Mandelbrot set for quadratic functions over complex numbers
is a classical fractal. However, the Mandelbrot set for quadratic functions over
hyperbolic numbers is simply a filled square, The filled Julia set for all hyperbolic
parameters c¢ inside the hyperbolic Mandelbrot set is a filled rectangle, but the
only filled Julia set for complex numbers whose boundary is a simple curve is when
the parameter c is the origin. For hyperbolic parameters ¢ outside the hyperbolic
Mandelbrot set, the filled Julia set has 3 possible topological descriptions if it non-
empty, in contrast to the complex case where the filled Julia set for parameters
outside the Mandelbrot set is topologically always a non-empty Cantor set.

These known results, whose proofs are straightforward using the technique of
characteristic coordinates, will be discussed here. In contrast to the importance of
hyperbolic numbers in physics, where they are viewed as basic to Einstein’s theory
of special relativity [9], the quadratic dynamics over hyperbolic numbers is not very
interesting. Some open questions for further investigations of the dynamics over
hyperbolic numbers will be mentioned.

2 The Hyperbolic Mandelbrot Set

The hyperbolic Mandelbrot set as well as the hyperbolic filled Julia set for quadratic
functions f.(z) = 2z + ¢ over hyperbolic numbers, i.e. z and ¢ are hyperbolic, rely
on the notion of boundedness for a sequence (z,)nen of hyperbolic numbers z,.

Definition 1. (z,,)nen is bounded if each of the real sequences (xn)neN and (Yn)neN
1s bounded where z, = Ty, + JYn.-

This is one way of generalizing the notion of boundedness for a sequence (z,)neN
of complex numbers z, = x, + iy, to that for a sequence of hyperbolic numbers,
but is not the only way as will be mentioned later.

Recall that the complex Mandelbrot set M comprises all complex numbers ¢ for
which the orbit (f7(0))nen is bounded when f.(2) = 2%+ ¢ with z complex. Analo-
gously, the hyperbolic Mandelbrot set, denoted by My, is the set of all hyperbolic
numbers ¢ such that the forward orbit of the origin (f(0))nen is bounded when
fo(2) = 22 4 c and 2 is hyperbolic.
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As already mentioned, the technique of characteristic coordinates is used to prove
that My is a square. This is a tool using the existence of zero divisors and therefore
not available in studying complex numbers.

The characteristic coordinates for the hyperbolic number z = x4+ jy are the real
numbers X =z —y,Y =z +y. These are the coordinates for z with respect to the

idempotent basis {o, a*} of zero divisors with o = (1 — j) and o* = (1 + j) of
zero divisors. In this basis, z = (z —y)a+ (z+y)a* = Xa+Ya*, and the quadratic
form zz* = 22 — y? becomes simply XY.

Let f.(z) = 2z? + ¢ with hyperbolic numbers z = z + jy and ¢ = a + jb. Then
fe(2) = 22 + 9% + a + j(22y + b) and its characteristic coordinates are X2 + ¢; and
Y2 + ¢y, where ¢; = a — b and ¢3 = a + b are the characteristic coordinates of c.

Consider the isomorphic linear transformation 7" of the vector space H given by

the matrix
1 -1
(i )

which maps a point onto its characteristic coordinates i.e. T(z) = X + jY, when
hyperbolic numbers z = x + jy are identified with ordered pairs z = z of real

numbers. Then
T(fo(2) = X* + 1+ (Y2 + c2) = fe, (X) 4§ (fer (Y))

for the real quadratic functions f., (X) = X2 + ¢1, fe, (Y) = Y? + ¢o. By induction,
for all n

T(fH(2)) = [, (X) +5(fe,(Y))-

Therefore, orbits f2'(0) of the origin for quadratic functions of hyperbolic numbers ¢
are reverted back to orbits f7 (0) and f (0) of the origin for real quadratic functions
which have been extensively studied. Obviously, a hyperbolic sequence z, = x,+jyn
is bounded if and only if its image 7'(z,) is bounded.

The hyperbolic Mandelbrot set is a square as was shown in [1, 2, 4, 5, 6]:

Theorem 2. For the quadratic hyperbolic function f.(z) = 2% + ¢ with ¢ = a + jb,
let S={(a,b)cR?®: 2<a—-b< i,—2§a—|—b§ %} Then

Mg =S.

Proof. By definition, ¢ € My if and only if the sequence of hyperbolic numbers
(f2(0))nen is bounded, i.e. if and only if both of the real sequences (7 (0))nen
and (fz(0))nen are bounded when ¢; = a — b,c2 = a + b are the characteristic
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coordinates of c. That means that ¢; and ¢y are in the real part of the complex

Mandelbrot set: )

MNR=[-2-]
[ 74]
Thus, ¢1,c2 € [—2, i] which defines S.
Visually, in the ab-plane, one diagonal of the square S is [—2, i] on the a-axis,
and S intersects the b-axis at i%. O

Another definition of boundedness was used in [2], namely a sequence (z,)neN
of hyperbolic numbers z, = ,, + jyn is bounded if (|2,2%)nen = (|22 — y2|)nen is
bounded. That implies that every sequence of zero divisors is bounded. In [2], the
hyperbolic Mandelbrot set is, therefore, larger, namely

Mg = S U D,

where D represents the two diagonals.

3 The Hyperbolic Filled Julia Sets

The complex filled Julia set K(f.) for the complex quadratic function f.(z) = 2% +¢
is the set of all complex numbers z for which (f(z))nen is bounded. This set is
either connected or a Cantor set and thus totally disconnected, but it is never empty
since it contains all periodic points.

Similarly, the hyperbolic filled Julia set Kyy(f.) for the hyperbolic quadratic func-
tion f.(z) = z?+c is the set of all hyperbolic numbers z = z+ jy whose forward orbit
(f(2))nen is bounded or equivalently such that its image (T'(f'(2))nenN is bounded,
i.e such that the sequences (f2 (X))nen and (f7 (Y))nen of real quadratic functions
are bounded where X = x — y,Y = z + y are the characteristic coordinates of z
and ¢y = a — b,co = a + b are the characteristic coordinates of ¢ = a + jb. This set
can be connected, totally disconnected, disconnected but not totally disconnected
or empty. The following two lemmas are used in the proof.

If ¢ is real, let

PCR(fE)::IC(fL)FWI{

be the set of all real numbers x whose orbit (f*(z))nen is bounded. The hyper-
bolic filled Julia set can be written in terms of these real filled Julia sets [2, 6]:

Lemma 3. Let ¢ = a + jb with its characteristic coordinates ¢y = a — b,co = a + b.
If fo(z) = 22 + ¢ is a hyperbolic quadratic function, let f.,(X) = X? + ¢1 and
fe,(Y) = Y2 4 ¢9 be the corresponding real quadratic functions in the characteristic
coordinates X =x —y,Y =x+y for z=x+ jy. Then

T(Ku(fe)) = Kr(fe,) + 1(Kr(fe,))-
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Proof. z € Ku(f.) if and only if the sequence (f7'(z))nen is bounded which is true if
and only if the real sequences (f (X))nen and (f2(Y))nen are bounded. It follows
that z € Ku(f.) if and only if X € Kr(f.,) and Y € Kr(f,)-

To describe the hyperbolic filled Julia sets topologically, the following well known
facts [3] about the real filled Julia set of the real quadratic function f.(z) = 2% + ¢
for z,c € R are used, namely it is empty or it is an interval or it is a Cantor set and
therefore a totally disconnected subset of that interval.

Let p4 = &f‘/@ denote the two fixed points of the complex function f. which
are real if and only if ¢ < %. Ifc= i there is just one fixed point at py = % O

Lemma 4. Let f.(zr) = 2% + ¢ for z,c € R.

If ¢ < =2, then Kr(f.) is a Cantor set contained in [—p4,p+].
IfC S [_27 i]y then KR(fC) = [_p+ap+]'

Ifc> %, then Kr(f.) =0

After Lemma 3, the hyperbolic filled Julia set is given by an ordered pair of two
real filled Julia sets, each of which can be connected or a Cantor set, and thus totally
disconnected, if it isn’t empty. Then there are only three ways of combining them
if neither is empty: both connected, both totally disconnected or one connected
and the other totally disconnected. The following topological description of the
hyperbolic filled Julia set was proved in [2, 4, 7]. Computer generated images are
given in [2].

Theorem 5. If f.(z) = 2% + ¢ with hyperbolic numbers z = = + jy,c = a + jb,
then Ky (f.) has one the following four possibilities depending on the characteristic
coordinates ¢y = a —b,co = a+b of c:

(i) Ku(fe) is connected if c € S, i.e. if c1,ca € [=2, %], namely it is a rectangle.

Ifcg S:
(ii) Ku(f.) is a Cantor set, thus totally disconnected, if c1,ca < —2

(iii) Ku(f.) is disconnected but not totally disconnected if either ¢1 or cy is in
[—2, 1] and the other is < —2

(iv) Ku(f.) is empty otherwise, i.e. if either ¢ or cy > %

Proof. (i) Using Lemma 3 and Lemma 4, if ¢ € S, then Kg(f.) is an ordered pair of
the two intervals [—pi, p’i] where p’fr is the positive fixed point of the real quadratic
function 22 + ¢;, k = 1,2 .

(ii) An ordered pair of two Cantor sets is a Cantor set.
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(iii) An ordered pair of a connected set and a totally disconnected set is a discon-
nected set.

(iv) At least one of the real filled Julia sets Kr(fe,) is empty for £ = 1,2, and thus
the pair. ]

Open questions

(1) What are the properties of other maps, which are important in complex analysis,
if they are considered as maps over hyperbolic numbers? One such map has
been treated in [8], namely the generalization of the complex Riemann zeta
function ¢(s) =Y 7, %, s a complex number, to hyperbolic numbers s € H.
In [8] it is shown that every zero of the hyperbolic Riemann zeta function
is trivial, so there is no analogy to the Riemann hypothesis for hyperbolic

numbers.

(2) What maps over the hyperbolic numbers have interesting dynamics, if any?
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