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ON SPECTRALLY FINITE FRÉCHET ALGEBRAS

D. El Boukasmi and A. El Kinani

Abstract. We show that a spectrally finite Fréchet algebra is finite-dimensional modulo its

Jacobson radical. If moreover, the algebra has no nonzero quasi-nilpotent elements, then it is

semi-simple and commutative and so isomorphic to Cn for an integer n ∈ N.

1 Preliminaries and introduction

Let (A, τ) be a complex algebra endowed with a locally convex topology given by a
family (|.|λ)λ∈Λ of semi-norms. It is said to be locally m-convex algebra (l.m.c.a. in
short) [11] if:

|xy|λ ≤ |x|λ |y|λ , ∀x, y ∈ A, ∀λ ∈ Λ.

An algebraA is said to be F -algebra ifA is an F -space with continuous multiplication.
An F -algebra is called Fréchet algebra if it is m-convex. A l.m.c.a.with unit is said
to be Q-algebra if the group G(A) of its invertible elements is open. Let A be an
algebra with unit e. The spectrum of an element x of A, denoted by SpA(x), is
defined by:

SpA(x) = {λ ∈ C : x− λe /∈ G(A)}.

The spectral radius ρA(x) of x is given by:

ρA(x) = sup {|λ| : λ ∈ SpA(x)} .

If ρA(x) = 0, the element x is said to be quasi-nilpotent. Note that every nilpotent
element is actually quasi-nilpotent. We say that an algebra A is spectrally finite if
the spectrum of every element of A is finite. An element of an algebra A is said to
be algebraic if it is the root of a nonzero complex polynomial. The algebra A is said
to be algebraic if each element of A is algebraic. The Jacobson radical of an algebra
A with unit, denoted by Rad(A), is the intersection of all left maximal ideals of A.
If Rad(A) = {0}, we say that A is semi-simple.
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346 D. El Boukasmi, A. El Kinani

Let (A, τ) be l.m.c.a. and x ∈ A. The radius of boundedness β(x) of x is defined
by:

β (x) = inf
{
r > 0 :

(
r−1x

)n
, n = 1, 2, ..., is bounded

}
,

where inf ∅ = +∞. For a detailed account of the basic properties of m-convex and
Q-algebras see [11]. All algebras considered here are complex.

Let A be a spectrally finite complex Banach algebra. It is well known that A is
finite-dimensional modulo its Jacobson radical ([9], [7], [5]). We are interested in
finding in which classes of algebras this result remains true. We first deal with the
commutative case. We give an example which shows that in the case of spectrally
finite complete commutative Q-l.m.c.a., Jacobson’s radical is not necessarily of
finite codimension (Example 6). Afterward we show that if A is a spectrally finite
commutative Q-l.m.c.a. which is a Baire space, then A/RadA ≃ Cn for an integer
n ∈ N (Theorem 9). In the general case not necessarily commutative, we show that
if A is a spectrally finite Fréchet algebra, then A is finite-dimensional modulo its
Jacobson radical (Theorem 11). If moreover, the algebra A has no nonzero quasi-
nilpotent elements, then A is semi-simple (in the sense that the Jacobson radical
equals to {0}) and commutative and so A ≃ Cn for an integer n ∈ N (Proposition 12).

2 Some preparatory results

For the proof of the main result (Theorem 11), we will need several results that we
present in several lemmas. The first one is the version of the Lemma 2.3.8. p. 58 of
[13] in the Fréchet (m-convex) case.

Lemma 1. Let (A, (pk)k) be a Fréchet algebra and q0 ∈ Rad(A). Then the equation
x2 − x + q0 = 0 has a solution q1 in A such that, for every x ∈ A, one has the
implication:

(xq0 = q0x) =⇒ (xq1 = q1x) .

Proof. Observe first that, for every x ∈ A, one has ρA(x) = β(x) ([6], Proposition
2.1, p. 286) and every absolutely convergent series is convergent.

Let B =
[
q0, (q0 − λe)−1 : λ ̸= 0

]
be the closed full subalgebra generated by q0. Then

B is a commutative Fréchet algebra. Moreover q0 ∈ Rad(A) and since Rad(A) is an
ideal of A, one has q0x ∈ Rad(A), for every x ∈ A. So ρA(q0x) = 0, for every x ∈ A.
Now B is the closed full subalgebra generated by q0. Thus ρB(q0x) = 0, for every
x ∈ B. Whence q0 ∈ Rad(B). Consider the infinite series

−1

2

+∞∑
n=1

(
1
2
n

)
(−4q0)

n ,
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On spectrally finite Fréchet algebras 347

where the coefficients are binomial coefficients. Since q0 ∈ Rad(B), ρB(−4q0) = 0.
So β(−4q0) = 0. As

β(x) = sup

{
lim sup

n

n
√
pk(xn) : k ∈ N

}
,

the series converges absolutely to an element q1 ∈ A. As Rad(B) is closed, q1 ∈
Rad(B). Now the series for q1 converges absoluteley and hence as in the case of
numerical series, we have the formal relation e −

√
e− 4q0 = 2q1, which leads to

q21 − q1 + q0 = 0. Finally, by the definition of q1, it follows that q1 commutes with
every element of A which commutes with q0.

Using the previous lemma instead of the Lemma 2.3.8 of [13], the proof of
Theorem 2.3.9 of [13] applies, mutatics mutandis, to this setting as well and one
has:

Theorem 2. Let (A, (pk)k) be a Fréchet algebra and u be an element of A which
is idempotent modulo the radical. Then there exists in A an idempotent v which is
equal, modulo the radical, to u.

We also need the following three lemmas.

Lemma 3. Let A be an algebra. If SpA(x) is a singleton, for all x ∈ A, then
A/Rad (A) is isomorphic to C.

Proof. Note first that A has only one maximal left ideal. Otherwise let M and M ′

be two distinct maximal left ideals of A. Then M +M ′ is an ideal of A such that
M + M ′ ̸= M and M ⊂ M + M ′ ⊂ A. So M + M ′ = A. Consider m ∈ M and
m′ ∈ M ′ such that m+m′ = e. One has m′ = e−m is not invertible, so 1 ∈ SpA(m).
But m is not invertible so 0 ∈ SpA(m). It follows that SpA(m) contains at least two
points, which is impossible. Now let M be the unique maximal left ideal necessarily
the unique maximal right ideal of A. Take x ∈ A and λ ∈ SpA(x). Then necessarily
x− λe ∈ M and the latter has codimension 1. This completes the proof.

Lemma 4. Let (A, (pk)k) be a semi-simple unital Fréchet algebra in which the
spectrum of any element is finite. If A is of dimension ≥ 2, possibly infinite, then
A admits an idempotent other than 0 and e.

Proof. By Lemma 3, there exists x ∈ A whose spectrum contains at least two
elements. Denote by B a commutative maximal subalgebra of A containing x. Then
the spectrum of any element of the algebra C = B/Rad(B) is finite. So C admits

a finite number χ1,...,χn of characters. Moreover
n⋂

i=1
kerχi = {0} for C is also

semi-simple. Now consider the mapping

θ : C −→
n∏

i=1

C/ kerχi
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defined by :

θ(x) = (s1(x), ..., sn(x)) ,

where si denotes the natural homomorphism from C onto C/ kerχi. It is clear that
θ is an algebra homomorphism and

ker(θ) =
n⋂

i=1

kerχi.

Since kerχi + kerχj = C, for every i ̸= j, it follows from ([3], Proposition 5, p.
72) that

C/

n⋂
i=1

kerχi ≃
n∏

i=1

C/ kerχi

Whence

C ≃
n∏

i=1

C/ kerχi.

Moreover, for every i = 1, ..., n, C/ kerχi is a Fréchet division algebra. It follows,
from Gelfand Mazur Theorem ([11], Proposition 2.9. b), p. 13), that C/ kerχi ≃ C.
Whence B/Rad(B) is isomorphic to Cn, where n ≥ 2. Let v ∈ B/Rad(B) be a
non-trivial idempotent. By Theorem 2, there exists in B an idempotent u such
that v = s(u), where s is the canonical surjection from B onto B/Rad(B). Hence
the result.

Lemma 5. Let (A, (pk)k) be a semi-simple unital Fréchet algebra. If A has an
infinite sequence of non zero mutually orthogonal idempotents, then A contains an
element of infinite spectrum.

Proof. Let (hn)n be an infinite sequence of non zero mutually orthogonal idempotents
of A. We are going to construct an element a of A of infinite spectrum. For n = 1,
there exists k1 such that pk1(h1) ̸= 0. We take λ1 =

1
pk1 (h1)

. For n = 2, there exists

k2 > k1 such that pk2(h2) ̸= 0 and there exists m2 > 1 such that 1
2m2pk2 (h2)

< λ1. We

take λ2 = 1
2m2pk2 (h2)

. So, by induction, we build two strictly increasing sequences

(kn)n≥1 and (mn)n≥1 such that:

(i) pkn(hn) ̸= 0, for every n,
(ii) the sequence (λn)n, where:

λn =
1

nmnpkn(hn)
, for every n ≥ 1, is strictly decreasing.
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On spectrally finite Fréchet algebras 349

Let us now show that the series
∑
n
λnhn is absolutely convergent in A. Take N ≥ 1.

Then: ∑
n≥1

pN (λnhn) =
∑

1≤n≤N−1

|λn| pN (hn) +
∑
n≥N

|λn| pN (hn).

As the sequence (pn)n is increasing, one has:∑
n≥N

|λn| pN (hn) ≤
∑
n≥N

|λn| pn(hn).

Using again the fact that the sequence (pn)n is increasing and that kn ≥ n, we
obtain: ∑

n≥N

|λn| pn(hn) ≤
∑
n≥N

|λn| pkn(hn).

Using (ii), one has: ∑
n≥N

|λn| pkn(hn) ≤
∑
n≥N

1

nmn
< ∞.

It follows that the series
∑
n
λnhn is convergent in (A, (pk)k). Consequently, a =

+∞∑
n=0

λnhn belongs to A. Since ahm = λmhm or (a− λme)hm = 0, each λm must

belong to the spectrum of a. Hence SpA(a) is infinite.

3 Spectrally finite Fréchet algebras

We first deal with the commutative case. Then we consider the general situation.
The approaches in the two cases are different.

In a commutative spectrally finite complete Q-l.m.c.a., Jacobson’s radical is not
necessarily of finite codimension as shown in the following example:

Example 6. Let S be the algebra of stationary complex sequences. For k ≥ 1 define
Sk by:

Sk = {(xn)n ∈ S : xn = xk for every n ≥ k} .

It is clear that (Sk)k is an increasing sequence of finite dimensional sub-algebras
of S such that S =

⋃
k≥1

Sk. We endowed S with the locally convex topology τS

defined by the inductive system (Sk)k≥1. By a result of Arosio ([1], Proposition 12,
p. 349), the algebra S is an m-convex algebra. Furthermore it is complete ([10],
Proposition 9, p. II. 35). Moreover, for every k ≥ 1, Sk is barrelled since it is finite
dimensional. Then by ([2], Corollary 3, p. III. 23), S is barrelled. On the other
hand the spectrum of every element of S is bounded. In fact, the spectrum of every
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element of S is finite. It follows from ([15], Corollary 3, p. 296) that S is a Q-algebra.
Further, by its definition, S is commutative. Moreover, if x = (xn)n ∈ Rad(S), then
ρS(x) = 0. As (xn)n is stationary and SpS(x) = {xn : n ∈ N}. It follows that x = 0.
Whence S is semi-simple spectrally finite complete Q-l.m.c.a. of infinite dimension.

The algebra S is also algebraic. Thus we have the following simple result.

Proposition 7. Let A be a unital commutative Q-l.m.c.a. The following assertions
are equivalent:

1) A is spectrally finite.

2) A/RadA is algebraic.

Proof. 1)=⇒2) Changing A by A/RadA if its necessary, which does not change the
spectrum (see [4], 8), p. 3), we may suppose without loss of generality that A is
semi-simple. Moreover SpA(x) ̸= ∅ for every x ∈ A. Let λ1, ..., λn be the spectral

values of x. Put
n∏

i=1
(x− λie) = a. Then SpA(a) = {0}, so a ∈ RadA = {0}. Hence

P (x) = 0, where P (z) =
n∏

i=1
(z − λi).

2)⇒1) Take x ∈ A. Since x is algebraic, there exists a nonzero polynomial
P (z) ∈ C [z] such that P (x) = 0. As P (SpA(x)) = SpA(P (x)) = {0}, one has that
SpA(x) is finite since a nonzero complex polynomial admits finite number of roots.

Remark 8. In Proposition 7, the m-convexity hypothesis is necessary to obtain the
equivalence between assertion 1) and assertion 2), as shown by the rational fractions
algebra C (X) provided with the Williamson topology ([14], 3. p. 731). It is a Q-
algebra which is not l.m.c.a. This algebra satisfies assertion 1) of Proposition 7, but
not assertion 2).

The previous proposition shows, in particular, that a spectrally finite semi-simple
Q-l.m.c.a. is algebraic and not necessarily finite dimensional. However, if in addition
the algebra is a Baire space, then one has the following result:

Theorem 9. Let A be a semi-simple commutative Q-l.m.c.a. which is a Baire space.
The following assertions are equivalent:

1) A is spectrally finite.

2) A ≃ Cn for an integer n ∈ N.

Proof. 1)=⇒2) Suppose that SpA(x) is finite for every x ∈ A. Let us show that A
admits a finite number of characters. Consider a sequence (χn)n of nonzero distinct
characters of A. For m ̸= n, put:

Am,n = {x ∈ A : χn(x) = χm(x)} .
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The Am,n are closed vector subspaces of A. Furthermore A ⊂
⋃

m ̸=n

Am,n. Indeed,

since SpA(x) is finite and

SpA(x) = {χ (x) : χ ∈ Sp (A)} ,

where Sp(A) denotes the set of nonzero characters of A, there exists m and n such
that m ̸= n and χn(x) = χm(x). Whence

A =
⋃
m ̸=n

Am,n

As A is a Baire space, there exists (m0, n0) ∈ N2 (m0 ̸= n0) such that int(Am0,n0) ̸=
∅. So Am0,n0 = A. Hence χn0 = χm0 ; which contradicts the fact that the characters
(χn)n are distinct. Let us denote by χ1, χ2,..., χn the non zero characters of A.
Using ([3], Proposition 5, p. 72), we can prove, as in Lemma 4, that

A/

n⋂
i=1

kerχi ≃
n∏

i=1

A/ kerχi.

Moreover, for every i = 1, ..., n, A/ kerχi is a Q-l.m.c. division algebra. It follows,
from Gelfand Mazur theorem ([11], Proposition 2.9. b), p. 13), that A/ kerχi ≃ C.
Thus

A/
n⋂

i=1

kerχi ≃ Cn.

Finally, since A is semi-simple,
n⋂

i=1
kerχi = {0} . Whence A ≃ Cn.

Remark 10. The result of the previous theorem is not valid without ”Baire”
hypothesis. Indeed, the algebra considered in Example 6 is a spectrally finite semi-
simple commutative complete Q-l.m.c.a. and which is infinite dimensional.

Here is now the main result of this paper. Notice that for the construction of
the point a with infinite spectrum, the authors ([7], Theorem, p. 19) did not justify
that the constructed sequence (λn)n in SpA(a) is infinite, in order to justify that the
spectrum of a is infinite.

Theorem 11. Let (A, (pk)k) be a spectrally finite Fréchet algebra. Then A is finite-
dimensional modulo its Jacobson radical.

Proof. Without loss of generality, we assume that the algebra A is unital. Indeed,
let A1 be the unitization of A. Then, by ([12], Corollary I.3.54, p. 93) Rad(A) =
Rad(A1) and so A/Rad(A) ⊂ A1/Rad(A1). Let us therefore consider that the
algebra A is unital̇. In this case, the proof go along the lines of ([7], Theorem, p.
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19) using previous preparatory results. Without loss of generality we may assume
that A is semi-simple and that it has an identity e. Let E ⊂ A be a maximal set of
commuting non-zero idempotents. The existence of E is guaranteed by the Zorn’s
Lemma and we have e ∈ E. It follows, from Lemma 5, that E is a finite set, since
(A, (pk)k) is spectrally finite Fréchet algebra. We consider, on E, the partial order
given by:

a ≤ b if ab = ba = a.

Let e1, ... en be the elements of E which are minimal relative to this last ordering.
Using the fact that eiej ≤ ei and eiej ≤ ej and by the minimality property, as
before, one has eiej = 0 if i ̸= j. Let

e′ = e− (e1 + e2 + ...en) .

Since eie
′ = 0, for all i = 1, ..., n, it follows that e′ = 0 and so

e1 + e2 + ...en = e.

This decomposition leads to

A = eAe =
n∑

i,j=1

eiAej .

The rest of the proof consists in showing that the factors eiAej have finite dimensions.
For i, j = 1, ..., n, put

Aij = eiAej

Let us first deal with the case where i = j. In this case, Aii is a Fréchet l.m.c.a. with
ei as identity and each a ∈ Aii has a finite spectrum on account of the well-known
equality

SpAii(a) ∪ {0} = SpA(a).

Let us show that Aii is semi-simple. Take c ∈ Rad(Aii) and a ∈ A. Then, one has:

(ca)n = (cb)n−1(ca), where b = eiaei ∈ eiAei

As cb ∈ Rad(Aii), (cb)
n−1 −→ 0 so (ca)n −→ 0, this being for every a ∈ A. It follows

that c ∈ Rad(A) = {0}. The Fréchet algebra Aii does not admit idempotents
other than 0 and ei. Indeed, let u ∈ eiAei be a non-zero idempotent. Notice that
uei = eiu and uej = eju = 0, for every j ̸= i. Thereby u commutes with all ej ,
therefore commutes with all sum of ej and so commutes with any element of E.
Therefore u ∈ E, given the maximum character of the latter. On the other hand,
it is clear that u ≤ ei. But as ei is minimal in E, we have u = ei. It follows from
Lemma 4 applied to the Fréchet algebra Aii, that dimAii = 1.
Now consider the space Aij = eiAej , where i ̸= j and suppose that Aij ̸= {0}. Then,
the algebraic argument used in ([7], Theorem, p. 19), shows that there exists a linear
isomorphism of Aij on Aii. This implies that dimAij = 1. Thus dimA ≤ n2.
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If a topological algebra is as in Theorem 11, and it has no nonzero quasi-nilpotent
elements, then it is semi-simple and commutative, as the following result shows:

Proposition 12. Let A be a spectrally finite Fréchet algebra. If A has no nonzero
quasi-nilpotent elements, then A ≃ Cn for an integer n ∈ N.

Proof. By assumption, we have SpA(x) ̸= ∅ for every x ∈ A. Let λ1, ..., λn be the

spectral values of x. Put a = P (x), where P (z) =
n∏

i=1
(z − λi). Then SpA(a) =

SpA(P (x)) = P (SpA(x)) = {0} . Whence ρA(a) = 0. Since A has no nonzero quasi-
nilpotent elements, a = 0. Hence P (x) = 0. This implies that A is algebraic. Let
us show that A is semi-simple and commutative then the assertion will follow from
Theorem 9 . Let x be a non-zero element of A. Then there exists n ≥ 1 and P ∈ C [z]
with non-zero constant term such that

xnP (x) = 0 (1)

If x is a non-zero element of Rad(A), then P (x) is invertible and so xn = 0, which is
impossible. Whence, A is semi-simple. Consider minimal n which satisfies equality
(1) and show that n = 1. Suppose that n ≥ 2. Since for k ∈ N, xk and P (x)
commute, one has

(xn−1P (x))2 = xn−2xnP (x)P (x).

It follows from (1) that (xn−1P (x))2 = 0. So xn−1P (x) = 0. Similar considerations
apply to xn−1P (x) which also satisfies (xn−1P (x))2 = 0 gives xn−1P (x) = 0. This
contradicts the choice of n. Whence xP (x) = 0. As the constant term of P is non
zero, put P (z) = amzm + ...+ a1z + a0, with a0 ̸= 0. Then

xP (x) = amxm+1 + ...+ a1x
2 + a0x.

Since xP (x) = 0, one has

x = −
[(

am
a0

xm−1 + ...+
a1
a0

e

)
x2

]
.

So
x = ax2 (2) ,

where

a = −
(
am
a0

xm−1 + ...+
a1
a0

e

)
∈ A.

Let us now show that xA ⊂ Ax for every x ∈ A. Let y ∈ A. Then yx = yax2

by (2) . An easy computation shows that (xy − xyax)2 = 0. This implies that
ρ (xy − xyax) = 0. Since A has no nonzero quasi-nilpotent elements, xy = xyax ∈
Ax for every y ∈ A. Take M a left maximal ideal of A. Using the relation xA ⊂ Ax
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for every x ∈ A, one has MA ⊂ AM ⊂ M , then M is a right maximal ideal of A, so
M is two-sided ideal of A and therefore A/M is a field. But A/M is algebraic and
C is an algebraically closed field. Whence, A/M is isomorphic to C. It follows that
A = A/Rad(A) is commutative.

The proof of Proposition 12 shows that semi-simplicity and commutativity stems
from the fact that the algebra is only algebraic and has no nonzero nilpotent
elements. Thus, one has the following result:

Proposition 13. Any algebraic algebra that has no nonzero nilpotent elements is
commutative and semi-simple.

Proof. Since A is algebraic, the same argument as in the proof of Proposition 12
shows that A is semi-simple. For the commutativity, let x be a non-zero element
of A. As in the proof of Proposition 12 , one has x = ax2, where a ∈ A. Moreover
(xy − xyax)2 = 0. Now since A has no nonzero nilpotent elements, xy = xyax ∈ Ax
for every y ∈ A. This implies that xA ⊂ Ax, for every x ∈ A, and we conclude, as
in the proof of Proposition 12, that A is commutative.

Remark 14. Notice that, by ([8], Theorem 9, p. 702), any algebraic algebra that
has no nonzero nilpotent elements, over a finite field, is commutative. Here, in
Proposition 13, the algebra is over the complex field C. Our approach shows that
the algebra is also semi-simple.

Acknowledgement. The authors would like to thank the referee for careful reading
of the manuscript and giving useful comments and valuable suggestions, which will
help to improve the paper.
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Université Mohammed V de Rabat, E.N.S de Rabat, B. P. 5118, 10105,

Rabat, Maroc.

email: ddriss6@gmail.com

A.El Kinani
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