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Abstract. A review on Hermite-Hadamard type inequalities connected with a different classes

of convexities and fractional differential operators is presented. In the various classes of convexities it

includes, classical convex functions, quasi-convex functions, p-convex functions, strongly-m-convex

functions, strongly-(θ,m)-convex functions, (s,m)-convex functions, (θ, h − m)-convex functions,

strongly (θ, h−m)-convex functions, (h,m)-convex functions of the second type, m-convex functions,

h-convex functions, (h,m)-convex functions, relative-convex functions, exponentially (θ, h − m)-

convex functions, harmonically h-convex functions and geometric-arithmetically s-convex functions.

In the fractional differential operators it includes, Caputo fractional derivative, k-Caputo fractional

derivative and Hilfer fractional derivative.

1 Introduction

The term convex function is a family of important functions that is widely acknowled-
ged in the field of mathematical analysis. This family represents significant parts
of the theory of inequality. Convex functions have also been extensively used
and applied in a variety of study areas, including physics, financial operations,
optimization, engineering etc. The notion of modified convexity and the theory
of inequality are frequently employed in optimization. Because of their prominence
and effectiveness, the Hermite-Hadamard (H-H) integral inequalities with convex
functions are a prominent research subject for many mathematicians.

The subject fractional calculus addressed the research of asserted fractional
derivatives and integrations over complex domains and their utilization. Fractional
calculus has gained considerable popularity over the past ten years. Numerous
investigators are researchers are intrigued by this topic due to its numerous applicati-
ons in various fields, for example, designing, material science, fluid mechanics,
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probability theory, image processing, biomathematics and viscoelasticity etc. Recent-
ly, it has been observed and reported that a number of mathematicians have been
employing their notations and methods to investigate various definitions that might
be applicable to fractional-order integrals and derivatives.

Due to its numerous implementations in physics and mathematics, mathematical
inequalities have major implications in both the study of mathematics and other
branches of mathematics, for example see the papers [1]-[4]. A convex function is one
of the most important functions used to investigate different intriguing inequalities,
which is stated that:

A real-valued function Υ is called convex, if

Υ(tv1 + (1− t)v2) ≤ tΥ(v1) + (1− t)Υ(v2)

holds true ∀ v1, v2 ∈ I and t ∈ [0, 1].
The analysis of convex functions, and in specific, the H-H inequality, has gained

the attention and interest of many scholars in recent years, which is stated that:

Υ

(
v1 + v2

2

)
≤ 1

v2 − v1

∫ v2

v1

Υ(x)dx ≤ Υ(v1) + Υ(v2)

2
. (1.1)

The above inequality (1.1) was studied first time by Hermite [5] and examined by
Hadamard [6] in 1893.

In [7], Dragomir investigated the H-H result for differentiable function, which is
given as:

Theorem 1. Assume that a real-valued function Υ is differentiable on I◦, v1, v2 ∈ I◦

with v1 < v2. If |Υ′| is convex on [v1, v2], then⏐⏐⏐Υ(v1) + Υ(v2)

2
− 1

v2 − v1

∫ v2

v1

Υ(x)dx
⏐⏐⏐ ≤ (v2 − v1)

8
(|Υ′(v1)|+ |Υ′(v2)|). (1.2)

Very recently in [8] a comprehensive and up-to-date review on H-H-type inequaliti-
es for different kinds of convexities and different kinds of fractional integral operators
is presented. The present paper compliments the paper [8] presenting a comprehensive
and up-to-date review of H-H-type inequalities pertaining to fractional differential
operators (FDO). Thus, paper [8] and this paper are comprehensive and up-to-
date reviews on H-H-type inequalities for both integral and differential fractional
operators. We believe that the present review will motivate and provide a platform
for the researchers working on H-H-type inequalities to learn about the available
work on the topic before developing new results.

This review paper is constructed in the following manner. In Section 2, we
present H-H type inequalities via Caputo fractional derivative (CFD), in Section
3 we collect H-H type inequalities via k-CFD, while H-H type inequalities via
Hadamard fractional derivative (HFD) are included in Section 4. A variety of
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classes of convexities are associated with H-H type inequalities, like classical convex
functions, quasi-convex functions, p-convex functions, strongly-m-convex functions,
strongly-(θ,m)-convex functions, (s,m)-convex functi-ons, (θ, h−m)-convex functions,
strongly (θ, h − m)-convex functions, (h,m)-convex functions of the second type,
m-convex functions, h-convex functions, (h,m)-convex functions, relative -convex
functions, exponentially (θ, h−m)-convex functions, harmonically h-convex functions
and geometric-arithmetically s-convex functions.

Note that our aim here is a more comprehensive and complete review and the
incorporation of as many results as appropriate is considered to demonstrate the
development and progress on the subject. For this regard, any proofs (which are
very lengthy) are excluded, and the reader is directed to the related article as a
result.

2 Hermite-Hadamard Type Inequalities via Caputo
Fractional Derivative

Let us start with the definition of the left-sided and right-sided CFD.

Definition 2 ([9]). Let α > 0 and α ̸∈ {1, 2, 3, . . .}, n = [α] + 1, Υ ∈ ACm[v1, v2].
The CFD for right and left-sided of order α are stated that:

(CDα
v2−Υ)(x) =

1

Γ(n− α)

∫ x

v1

Υ(n)(t)

(x− t)α−n+1
dt, x > v1

and

(CDα
v1+Υ)(x) =

(−1)n

Γ(n− α)

∫ b

x

Υ(n)(t)

(t− x)α−n+1
dt, x < v2.

In the following we give H-H type inequalities for n-times differentiable convex
functions via CFD.

Theorem 3 ([10]). Let Υ : [v1, v2] → R, 0 ≤ v1 < v2 be such that Υ ∈ Cm[v1, v2].
Also suppose Υ(n) be convex and positive mapping on [v1, v2]. Then fractional inequality
pertaining to CFD is given as:

Υ(n)
(v1 + v2

2

)
≤ Γ(n− α+ 1)

2(v2 − v1)n−α

[
CDα

v1+Υ
(n)(v2) + (−1)nCDα

v2−Υ
(n)(v1)

]
≤ Υ(n)(v1) + Υ(n)(v2)

2
.

Theorem 4 ([10]). Let Υ : [v1, v2] → R, 0 ≤ v1 < v2 be such that Υ ∈ Cn+1[v1, v2].
Also let |Υ(n+1)| is convex on [v1, v2]. Then fractional inequality pertaining to CFD
is given as:⏐⏐⏐⏐⏐Υ(n)(v1) + Υ(n)(v2)

2
− Γ(n− α+ 1

2(v2 − v1)n−α

[
CDα

v1+Υ(v2) + (−1)nCDα
v2−Υ(v1)

]⏐⏐⏐⏐⏐
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≤ v2 − v1

2(n− α+ 1)

(
1− 1

2n−α

)[
|Υ(n+1)(v1)|+ |Υ(n+1)(v2)|

]
.

Theorem 5 ([11]). Let Υ : [v1, v2] → R be a positive mapping with 0 ≤ v1 < v2 and
Υ ∈ Cn[v1, v2]. If Υ

(n) is a convex on [v1, v2], then fractional inequality pertaining
to CFD is given as:

Υ(n)
(v1 + v2

2

)
≤ 2n−α−1Γ(n− α+ 1)

(v2 − v1)n−α

[
CDα(

v1+v2
2

)
+
Υ(v2) + (−1)n CDα(

v1+v2
2

)
−
Υ(v1)

]
≤ Υ(n)(v1) + Υ(n)(v2)

2
.

Theorem 6 ([11]). Let Υ : [v1, v2] → R be a differential mapping on (v1, v2) with
v1 < v2 and Υ ∈ Cn+1[v1, v2]. If |Υ(n+1)|q is convex on [v1, v2] for q ≥ 1, then
fractional inequalities pertaining to CFD are given as:⏐⏐⏐⏐⏐2n−α−1Γ(n− α+ 1)

(v2 − v1)n−α

[
CDα(

v1+v2
2

)
+
Υ(v2) + (−1)n CDα(

v1+v2
2

)
−
Υ(v1)

]
−Υ(n)

(v1 + v2

2

)⏐⏐⏐⏐⏐
≤ v2 − v1

4(n− α+ 1)

( 1

2(n− α+ 2)

) 1
q
[[
(n− α+ 1)|Υ(n+1)(v1)|q

+(n− α+ 3)|Υ(n+1)(v2)|q
] 1

q
+
[
(n− α+ 3)|Υ(n+1)(v1)|q

+(n− α+ 1)|Υ(n+1)(v2)|q
] 1

q
]
.

In the next theorems we give Hermite-Jensen-Mercer type inequalities via CFD.

Theorem 7 ([12]). Suppose that Υ : [v1, v2] → R is a positive function, with 0 ≤
v1 < v2 and Υ ∈ Cn[v1, v2]. If Υ

(n) is a convex function on [v1, v2], then fractional
inequalities pertaining to CFD are given as:

Υ(n)
(
v1 + v2 −

x+ y

2

)
≤ Υ(n)(v1) + Υ(n)(v2)−

Γ(n− α+ 1)

2(y − x)n−α

[
(CDα

x+Υ)(y) + (−1)n(CDα
y−Υ)(x)

]
≤ Υ(n)(v1) + Υ(n)(v2)−Υ(n)

(x+ y

2

)
,

for all x, y ∈ [v1, v2] and α > 0.
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Theorem 8 ([12]). Assume that Υ is as in Theorem 7. If Υ(n) is a convex on
[v1, v2], then fractional inequalities pertaining to CFD are given as:

Υ(n)
(
v1 + v2 −

x+ y

2

)
≤ 2n−α−1Γ(n− α+ 1)

(y − x)n−α

[
(CDα(

v1+v2−x+y
2

)
+
Υ)(v1 + v2 − x)

+(−1)n(CDα(
v1+v2−x+y

2

)
−)
Υ)(v1 + v2 − y)

]
≤ Υ(n)(v1) + Υ(n)(v2)−

(n)(x) + Υ(n)(y)

2
,

for all x, y ∈ [v1, v2] and α > 0.

Theorem 9 ([12]). Let Υ : [v1, v2] → R be a differentiable mapping on (v1, v2)
with v1 < v2 and Υ ∈ Cn+1[v1, v2]. If |Υn+1| is a convex on [v1, v2], then inequality
pertaining to CFD is given as:⏐⏐⏐⏐⏐Υ(n)

(
v1 + v2 −

x+ y

2

)
− 2n−α−1Γ(n− α+ 1)

(y − x)n−α

[
(CDα(

v1+v2−x+y
2

)
+
Υ)(v1 + v2 − x)

+(−1)n(CDα(
v1+v2−x+y

2

)
−
Υ)(v1 + v2 − y)

]⏐⏐⏐⏐⏐
≤ y − x

2(n− α+ 1)

[
|Υn+1(v1)|+ |Υn+1(v2)| −

|Υn+1(x)|+ |Υn+1(y)|
2

]
,

for all x, y ∈ [v1, v2] and α > 0.

H-H type fractional inequalities are given in the next theorems for CFD by
utilizing the property of quasi-convex functions.

Definition 10 ([13]). A real-valued function Υ is quasi-convex, if

Υ(tx+ (1− t)y) ≤ max{Υ(x),Υ(y)},

∀ x, y ∈ I and t ∈ [0, 1].

Theorem 11 ([14]). Let Υ : [v1, v2] → R be a function such that Υ ∈ ACn+1[v1, v2].
(Here AC[v1, v2] is the space of absolutely continuous functions on [v1, v2] and
ACm[v1, v2] is the space of all functions Υ ∈ Cm[v1, v2] with Υ(m−1) ∈ AC[v1, v2]).
Also let |Υ(n+1)| be quasi-convex function on [v1, v2]. Then fractional inequality
pertaining to CFD is stated as:⏐⏐⏐⏐⏐Υ(n)(v1) + Υ(n)(v2)

2
− Γ(n− α+ 1)

2(v2 − v1)n−α

[
CDα

v1+Υ)(v2) + (−1)nCDα
v2−Υ)(v1)

]⏐⏐⏐⏐⏐
≤ v2 − v1

n− α+ 1

(
1− 1

2n−α

)
max{|Υ(n+1)(v1)|, |Υ(n+1)(v2)|}.
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Theorem 12 ([14]). Assume that Υ is as in Theorem 11. Then⏐⏐⏐⏐⏐Υ(n)(v1) + Υ(n)(v2)

2
− Γ(n− α+ 1)

2(v2 − v1)n−α

[
CDα

v1+Υ)(v2) + (−1)nCDα
v2−Υ)(v1)

]⏐⏐⏐⏐⏐
≤ v2 − v1

(n− α+ 1)
1
p

max{|Υ(n+1)(v1)|, |Υ(n+1)(v2)|},

where
1

p
+

1

q
= 1.

Theorem 13 ([14]). Let Υ be as in Theorem 11. Then:⏐⏐⏐⏐⏐Υ(n)(v1) + Υ(n)(v2)

2
− Γ(n− α+ 1)

2(v2 − v1)n−α

[
CDα

v1+Υ)(v2) + (−1)nCDα
v2−Υ)(v1)

]⏐⏐⏐⏐⏐
≤ v2 − v1

n− α+ 1

(
1− 1

2n−α

)
max{|Υ(n+1)(v1)|q, |Υ(n+1)(v2)|q}.

Now we present H-H type integral inequalities involving p-convexity via CFD.

Definition 14 ([15]). A function Υ : I ⊂ (0,∞) → R is said to be p-convex, if

Υ
(
[txp + (1− t)yp]

1
p

)
≤ tΥ(x) + (1− t)Υ(y),

∀x, y ∈ I and t ∈ [0, 1].

Theorem 15 ([16]). Let Υ : [v1, v2] ⊂ (0,∞) → R be a function such that Υ ∈
Cm[v1, v2]. Also let Υm is positive p-convex. Then:

(i) for p > 0 we have:

Υ
([v1p + v2

p

2

] 1
p
)

≤ Γ(m− α+ 1)

2(v2p − v1p)m−α

[
(CDv1p+Υ)(µ(v2

p)) + (−1)m(CDv2p−Υ)(µ(v1
p))
]

≤ Υm(v1) + Υm(v2)

2
,

where µ(s) = s
1
p , ∀ s ∈ [v1

p, v2
p].

(ii) for p < 0 we have:

Υ
([v1p + v2

p

2

] 1
p
)

≤ Γ(m− α+ 1)

2(v1p − v2p)m−α

[
(−1)m(CDv1p+Υ)(µ(v2

p)) + (CDv2p−Υ)(µ(v1
p))
]

******************************************************************************
Surveys in Mathematics and its Applications 18 (2023), 223 – 257

https://www.utgjiu.ro/math/sma

https://www.utgjiu.ro/math/sma/v18/v18.html
https://www.utgjiu.ro/math/sma


Hermite-Hadamard type fractional inequalities 229

≤ Υm(v1) + Υm(v2)

2
,

where µ(s) = s
1
p , ∀ s ∈ [v2

p, v1
p].

Theorem 16 ([16]). Let Υ : [v1, v2] ⊂ (0,∞) → R be a function such that Υ ∈
Cm[v1, v2], with v1 < v2. Also let |Υm+1|q is p-convex. Then:

(i) for p > 1 we have:⏐⏐⏐⏐⏐Υm(v1) + Υm(v2)

2
− Γ(m− α+ 1)

2(v2p − v1p)m−α

[
(CDv1p+Υ)(µ(v2

p))

+(−1)m(CDv2p−Υ)(µ(v1
p))
]

≤ v2
p − v1

p

2p

[v21−p
2

2F1

(
1− 1

p
, 1; 2; 1− v1

p

v2p

)]1− 1
q
(
1− 1

2m−α

) 1
q

×
( |Υm+1(v1)|q + |Υm+1(v2)|q

m− α+ 1

) 1
q
,

where q ≥ 1.

(ii) for p < 1 we have:⏐⏐⏐⏐⏐Υm(v1) + Υm(v2)

2
− Γ(m− α+ 1)

2(v1p − v2p)m−α

[
(−1)m(CDv1p+Υ)(µ(v2

p))

+(CDv2p−Υ)(µ(v1
p))
]

≤ v2
p − v1

p

2p

[v2p−1

2
2F1

(
1− 1

p
, 1; 2; 1− v2

p

v1p

)]1− 1
q
(
1− 1

2m−α

) 1
q

×
( |Υm+1(v1)|q + |Υm+1(v2)|q

m− α+ 1

) 1
q
,

where(·)F(·)(a, b; c; z) is the hypergeometric function.

Theorem 17 ([16]). Let Υ : [v1, v2] ⊂ (0,∞) → R be a function such that Υ ∈
Cm[v1, v2], with v1 < v2. Also let |Υm+1|q be p-convex with q ≥ 1, then:

(i) for p > 1 we have:⏐⏐⏐⏐⏐Υm(v1) + Υm(v2)

2
− Γ(m− α+ 1)

2(v2p − v1p)m−α

[
(CDv1p+Υ)(µ(v2

p))

+(−1)m(CDv2p−Υ)(µ(v1
p))
]

≤ v2
p − v1

p

2p

( 2

m− α+ 1

)1− 1
q
[v21−p

2
2F1

(
1− 1

p
, 2; 3; 1− v1

p

v2p

)
|Υm+1(v1)|q

+
v2

1−p

2
2F1

(
1− 1

p
, 1; 3; 1− v1

p

v2p

)
|Υm+1(v2)|q

] 1
q
.

******************************************************************************
Surveys in Mathematics and its Applications 18 (2023), 223 – 257

https://www.utgjiu.ro/math/sma

https://www.utgjiu.ro/math/sma/v18/v18.html
https://www.utgjiu.ro/math/sma


230 M. Tariq, S.K. Ntouyas, A.A. Shaikh, J. Tariboon

(ii) for p < 1 we have:⏐⏐⏐⏐⏐Υm(v1) + Υm(v2)

2
− Γ(m− α+ 1)

2(v1p − v2p)m−α

[
(−1)m(CDv1p+Υ)(µ(v2

p))

+(CDv2p−Υ)(µ(v1
p))
]

≤ v2
p − v1

p

2p

( 2

m− α+ 1

)1− 1
q
[v2p−1

2
2F1

(
1− 1

p
, 1; 3; 1− v1

p

v2p

)
|Υm+1(v1)|q

+
v2
p−1

2
2F1

(
1− 1

p
, 2; 3; 1− v2

p

v1p

)
|Υm+1(v2)|q

] 1
q
.

The next theorems concern H-H type inequalities for CFD and strongly convex
functions.

Definition 18 ([17]). A function Υ : I → R is called strongly convex with modulus
C if it satisfies

Υ(tx+ (1− t)y) ≤ tΥ(x) + (1− t)Υ(y)− Ct(1− t)|x− y|2,

for all x, y ∈ I, t ∈ [0, 1 and C > 0.

Theorem 19 ([18]). Let Υ : [v1, v2] → R be the positive function such that Υ ∈
Cn[v1, v2] and 0 ≤ v1 < v2. If Υ

(n) is strongly convex function with modulus C, then
fractional inequalities pertaining to CFD are given as:

Υ(n)
(v1 + v2

2

)
+
C(v2 − v1)

2
[
(α− n+ 2) + (n− α)2

]
4(n− α+ 1)(n− β + 2)

≤ Γ(n− α+ 1)

2(v2 − v1)n−α

[(
CDα

v1+Υ
)
(v2) + (−1)n

(
CDα

v2−Υ
)
(v1)

]
≤ Υ(n)(v1) + Υ(n)(v2)

2
− C(n− α)(v2 − v1)

2

(n− α+ 1)(n− α+ 2)
,

with α > 0.

Theorem 20 ([18]). Let the statement of Theorem 19 is satisfied. Then

Υ(n)
(v1 + v2

2

)
+

C(v2 − v1)
2

2(n− α+ 1)(n− α+ 2)

≤ 2n−α−1Γ(n− α+ 1)

(v2 − v1)n−α

[(
CDα(

v1+v2
2

)
+
Υ
)
(v2) + (−1)n

(
CDα(

v1+v2
2

)
−
Υ
)
(v1)

]
≤ Υ(n)(v1) + Υ(n)(v2)

2
− C(n− α)(v2 − v1)

2(n− α+ 3)

4(n− α+ 1)(n− α+ 2)
,

with α > 0.
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Theorem 21 ([18]). Let Υ : [v1, v2] → R be a function such that Υ ∈ Cn+1[v1, v2]
and 0 ≤ v1 < v2. If |Υ(n+1)| is a strongly convex on [v1, v2], then fractional inequalities
pertaining to CFD are given as:⏐⏐⏐⏐⏐Υ(n)(v1) + Υ(n)(v2)

2
− Γ(n− α+ 1)

2(v2 − v1)n−α

×
[(
CDα

v1+Υ
)
(v2) + (−1)n

(
CDα

v2−Υ
)
(v1)

]⏐⏐⏐⏐⏐
≤ v2 − v1

2(n− α+ 1)

(
1− 1

2n−α

)[
Υ(n+1)(v1) + Υ(n+1)(v2)

]
− C(v2 − v1)

3

(n− α+ 2)(n− α+ 3)

(
1− n− α+ 4

2n−α+2

)
,

with α > 0.

Next, we give H-H results for strongly m-convexity with modulus C ≥ 0 via
CFD.

Definition 22 ([19]). A real-valued function Υ is strongly m-convex with modulus
C ≥ 0 if

Υ(tv1 + (1− t)v2) ≤ tΥ(v1) +m(1− t)Υ(v2)− Cmt(1− t)|v1 − v2|2,

∀v1, v2 ∈ I and t ∈ [0, 1].

Theorem 23 ([19]). Let Υ ∈ ACn[v1, v2], 0 ≤ v1 < mv2 be a positive function.
If Υ(n) is a strongly m-convex with modulus C ≥ 0, m ∈ (0, 1], then fractional
inequality pertaining to CFD is given as:

Υ(n)
(mv2 + v1

2

)
+

mC(n− α)

4(n− α+ 2)

{
(v2 − v1)

2 +
2(v2 − v1)((v1/m)−mv2)

n− α+ 1

+
2((v1/m)−mv2)

2

(n− α)(n− α+ 1)

}
≤ Γ(n− α+ 1)

2(mv2 − v1)n−α

[
mn−α+1(−1)n

(
CDα

v2−Υ
)(v1

m

)
+
(
CDα

v1+Υ
)
(mv2)

]
≤ n− α

2(n− α+ 1)

{
m2Υ(n)(v1/m

2) +mΥ(n)(v2)

n− α

+
[
mΥ(n)(v2) + Υ(n)(v1)

]
−
Cm

(
(v2 − v1)

2 + (v2 − (v1/m
2))2

)
n− α+ 2

}
,

with α > 0.
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Theorem 24 ([19]). Let Υ ∈ ACn[v1, v2], 0 ≤ v1 < mv2 be a positive function.
If Υ(n) is a strongly m-convex with C ≥ 0, m ∈ (0, 1], then fractional inequality
pertaining to CFD is given as:

Υ(n)
(mv2 + v1

2

)
+

mC(n− α)

8(n− α+ 2)

{(v2 − v1)
2

2

+
(v2 − v1)((v1/m)−mv2)(n− α+ 3)

n− α+ 1

+
((v1/m)−mv2)

2[(n− α)2 + 5n− 5α+ 8]

2(n− α)(n− α+ 1)

}
≤ 2n−α−1Γ(n− α+ 1)

(mv2 − v1)n−α

[
mn−α+1(−1)n

(
CDα(

v1+v2m
2

)
−
Υ
)(v1

m

)
+
(
CDα(

v1+v2m
2

)
+
Υ
)
(mv2)

]
≤ n− α

4(n− α+ 1)

{
(n− α+ 2)[mΥ(n)(v2) +m2Υ(n)(v1/m

2)]

n− α

+[mΥ(n)(v2) + Υ(n)(v1)]−
Cm(n− α+ 3)

[
(v2 − v1)

2 +m(v2 − (v1/m
2))2

]
2(n− α+ 2)

}
,

with α > 0.

Theorem 25 ([19]). Let Υ ∈ ACn+1[v1, v2], v1 < v2 be a differentiable mapping
on (v1, v2). If |Υ(n+1)| is a strongly m-convex function with C ≥ 0 on [a,mv2],
m ∈ (0, 1], then fractional inequality pertaining to CFD is given as:⏐⏐⏐⏐⏐Υ(n)(v1) + Υ(n)(v2)

2
− Γ(n− α+ 1)

2(v2 − v1)n−α

×
[(
CDα

v1+Υ
)
(v2) + (−1)n

(
CDα

v2−Υ
)
(v1)

]⏐⏐⏐⏐⏐
≤ v2 − v1

2(n− α+ 1)

(
1− 1

2n−α

)[
|Υ(n+1)(v1)|+m

⏐⏐⏐Υ(n+1)
(v2
m

)⏐⏐⏐]
−Cm(v2 − v1)((v2/m)− v1)

2

(n− α+ 2)(n− α+ 3)

(
1− n− α+ 4

2n−α+2

)
,

with α > 0.

Theorem 26 ([19]). Let Υ ∈ ACn+1[v1, v2], v1 < v2 be a differentiable mapping on
(v1, v2). If |Υ(n+1)|q is a strongly m-convex with C ≥ 0 on [v1, v2], m ∈ (0, 1], for
q > 1, then fractional inequality pertaining to CFD is given as:⏐⏐⏐⏐⏐2n−α−1Γ(n− α+ 1)

(mv2 − v1)n−α

[
mn−α+1(−1)n

(
CDα(

v1+v2m
2

)
−
Υ
)(v1

m

)
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+
(
CDα(

v1+v2m
2

)
+
Υ
)
(mv2)

]
− 1

2

[
Υ(n)

(mv2 + v1

2

)
+mΥ(n)

(mv2 + v1

2m

)]⏐⏐⏐⏐⏐
≤ mv2 − v1

16

( 4

np− αp+ 1

) 1
p
[((

|Υ(n+1)(v1)|+ (3m)
1
q |Υ(n+1)(v2)|

)q
−2Cm(v2 − v1)

2

3

) 1
q
+
((

(3m)
1
q

⏐⏐⏐Υ(n+1)
( v1

m2

)⏐⏐⏐+ |Υ(n+1)(v2)|
)q

−2Cm(v2 − (v1/m
2))2

3

) 1
q
]
.

Next we present H-H type inequalities for strongly (θ,m)-convex functions with
modulus C ≥ 0 via CFD.

Definition 27 ([20]). A real-valued function Υ is strongly (θ,m)-convex with C ≥ 0,
if

Υ(tx+m(1− t)y) ≤ tθ +m(1− tθ)Υ(y)− Cmtθ(1− tθ)|y − x|2,

holds true ∀ x, y ∈ [0,+∞], (θ,m) ∈ [0, 1]2, and t ∈ [0, 1].

Theorem 28 ([20]). Let Υ : [v1, v2] → R be a positive function with Υ ∈ Cn[v1, v2],
(θ,m) ∈ [0, 1]2, and 0 ≤ v1 < mv2, m ̸= 0. If Υ(n) is a strongly (θ,m)-convex with
modulus C, then fractional inequality pertaining to CFD is given as:

Υ(n)
(mv2 + v1

2

)
+

mC(n− α)

2α(n− α+ 2)

(
1− 1

2θ

){
(v2 − v1)

2

+
2(v2 − v1)((v1/m)−mv2)

n− α+ 1
+

2((v1/m)−mv2)
2

(n− α)(n− α+ 1)

}

≤ Γ(n− α+ 1)

(mv2 − v1)n−α

[(
1− 1

2θ

)
mn−α+1(−1)n(CDα

v2−Υ)
(v1
m

)
+

1

2θ
(CDα

v1+Υ)(mv2)
]

≤ n− α

n− α+ θ

{(
1− 1

2θ

)m2Υ(n)
(
v1/m

2
)
+mΥ(n)(v2)

n− α
+
mΥ(n)(v2) +mΥ(n)(v1)

2θ

−
Cma

(
m(2θ − 1)(v2 − (v1/m

2))2 + (v2 − v1)
2
)

2θ(n− α+ 2θ)

}
,

with α > 0 and n = [α] + 1.

The following results on H-H type inequalities are based on (s,m)-convex functions
and CFD.

Definition 29 ([21]). A real-valued function Υ is (s,m)-convex in the 2nd sense, if

Υ(tx+m(1− t)y) ≤ tsΥ(x) +m(1− t)sΥ(y)

holds true ∀ x, y ∈ [0, a], s,m ∈ (0, 1], and t ∈ [0, 1].
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Theorem 30 ([22]). Assume that a real-valued function Υ is n-times differentiable.
If Υ(n) is (s,m)-convex, then for α, θ > 1, x ∈ [v1, v2] with n > max{α, θ}, the
fractional inequality pertaining to CFD is given as:

Γ(n− α+ 1)(CDα−1
v1+Υ)(x) + Γ(n− θ + 1)(CDθ−1

v2−Υ)(x)

≤ (x− v1)
n−α+1Υ(n)(v1) + (−1)n(v2 − x)n−θ+1Υ(n)(v2)

s+ 1

+m
((x− v1)

n−α+1 + (−1)n(v2 − x)n−θ+1

s+ 1

)
Υn
( x
m

)
.

Theorem 31 ([22]). Assume that a real-valued function Υ is n-times differentiable.
If Υ(n) is (s,m)-convex and integrable on [v1, v2], Then fractional inequalities pertaining
to CFD are given as:

2s

n− α
Υ(n)

(v1 +mv2

2

)
≤ Γ(n− α)

(mv2 − v1)n−α
(CDα

v1+Υ
(n))(mv2)

+m
Γ(n− α)(
v2 − v1

m

)n−α (−1)n(CDα
v2−Υ

(n))
(v1
m

)

≤ Υ(n)(v1)

n− α+ s
+mΥ(n)

(v1
m

)
β(s+ 1, n− α)

+Υ(n)(v2)
[
mβ(s+ 1, n− α) +

m2

n− α+ s

]
.

where β represents Euler Beta function.

H-H inequality results via strongly (θ, h −m)-convexity pertaining to CFD are
presented in the following.

Definition 32 ([23]). A real-valued function Υ is (θ, h−m)-convex, if

Υ(tx+m(1− t)y) ≤ h(tθ)Υ(x) +mh(1− tθ)Υ(y)

holds true ∀ x, y ∈ [0, b], where h be a non-negative real-valued function, t ∈ [0, 1],
and (θ,m) ∈ [0, 1]2

Definition 33 ([24]). A real-valued function Υ is (θ, h −m)-convex with modulus
C ≥ 0, if

Υ(tx+m(1− t)y) ≤ h(tθ)Υ(x) +mh(1− tθ)Υ(y)−mCh(tθ)h(1− tθ)|y − x|2

holds true ∀ x, y ∈ [0, b], where h be a non-negative real-valued function, t ∈ [0, 1]
and (θ,m) ∈ [0, 1]2.
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Theorem 34 ([25]). Suppose that Υ ∈ Cn[v1, v2] and Υ(n) is a strongly (θ, h−m)-
convex. Then

Υ(n)
(mv2 + v1

2

)
+
mC(n− α)

n− α+ 2
h
( 1

2θ

)
h
(
1− 1

2θ

){
(v2 − v1)

2

+
2(v2 − v1)

(
v1
m −mv2

)
n− α+ 1

+
2
(
v1
m −mv2

)2
(n− α)(n− α+ 1)

}
≤ θ(n− α+ 1)

(mv2 − v1)n−α

[
h
(
1− 1

2θ

)
mn−α+1(−1)n(CDα

v2−Υ)
(v1
m

)
+h
( 1

2θ

)
(CDα

v1+Υ)(mv2)
]
,

where m ∈ (0, 1], 0 ≤ v1 < mv2 and α > 0.

Theorem 35 ([25]). Suppose that Υ is as in Theorem 34. Then we have:

Υ(n)
(mv2 + v1

2

)
+

mC(n− α)

2(n− α+ 2)
h
( 1

2θ

)
h
(
1− 1

2θ

)
×
{(v2 − v1)

2

2
+

(v2 − v1)
(
v1
m −mv2

)
(n− α+ 3)

n− α+ 1

+

(
v1
m −mv2

)2
[(n− α)2 + 5n− 5α+ 8]

2(n− α)(n− α+ 1)

}
≤ 2n−αθ(n− α+ 1)

(mv2 − v1)n−α

[
h
(
1− 1

2θ

)
mn−α+1(CDα(

v1+v2m
2m

)
−
Υ)
(v1
m

)
+h
( 1

2θ

)
(CDα(

v1+v2m
2m

)
+
Υ)(mv2)

]
,

where m ∈ (0, 1], 0 ≤ v1 < mv2 and α > 0.

Theorem 36 ([25]). Suppose that Υ ∈ Cn[v1, v2] and |Υ(n+1)| is a strongly (θ, h−
m)-convex and h(x+ y) ≤ h(x)h(y). Then we have⏐⏐⏐⏐⏐Υ(n)(v1) + Υ(n)(v2)

2
− θ(n− α+ 1)

2(v2 − v1)n−α

[
CDα

v1+Υ)(v2) + (−1)n(CDα
v2−Υ)(v1)

⏐⏐⏐⏐⏐
≤ v2 − v1

2

{[ (2np−αp+1 − 1)
1
p − 1

2
n−α+ 1

p (np− αp+ 1)
1
p

][
|Υ(n+1)(v1)|

((∫ 1/2

0
(h(uθ))qdu

) 1
q

+
(∫ 1

1/2
(h(uθ))qdu

) 1
q
)
+m

⏐⏐⏐Υ(n+1)
(v1
m

)⏐⏐⏐(( ∫ 1/2

0
(h(1− uθ))qdu

) 1
q

+
(∫ 1

1/2
(h(1− uθ))qdu

) 1
q
)]

−
Cmh(1)

(
v2
m − v1

)2
(2n−α − 1)

2n−α(n− α+ 1)

}
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where m ∈ (0, 1], 0 ≤ v1 < mv2, α > 0 and
1

p
+

1

q
= 1.

Theorem 37 ([25]). Suppose that Υ ∈ Cn+1[v1, v2] and |Υ(n+1)|q, q > 1 is a strongly
convex function. Then we have⏐⏐⏐⏐⏐2n−α−1θ(n− α+ 1)

(mv2 − v1)n−α

[
CDα(

v1+v2m
2

)
+
Υ)(v2)

+mn−α+1(−1)n(CDα(
v1+v2m

2

)
−
Υ)
(v1
m

)]
−1

2

[
Υ(n)

(v1 + v2m

2

)
+mΥ(n)

(v1 + v2m

2m

)]⏐⏐⏐⏐⏐
≤ mv2 − v1

4(n− α+ 1)
1
p

[(
|Υ(n+1)(v1)|q

∫ 1

0
h
(u
2

)θ
un−αdu

+m|Υ(n+1)(v2)|q
∫ 1

0
h
(
1−

(u
2

)θ)
un−αdu

−Cm(v2 − v1)
2

∫ 1

0
h
(u
2

)θ
h
(
1−

(u
2

)θ)
un−αdu

) 1
q

+
(
m
⏐⏐⏐Υ(n+1)

( v1

m2

)⏐⏐⏐q ∫ 1

0
h
(
1−

(u
2

)θ)
un−αdu+ |Υ(n+1)(v2)|q

∫ 1

0
h
(u
2

)θ
un−αdu

−Cm
(
v2 −

v1

m2

)2 ∫ 1

0
h
(u
2

)θ
h
(
1−

(u
2

)θ)
un−αdu

) 1
q

]
,

where m ∈ (0, 1], 0 ≤ v1 < mv2 and α > 0.

3 Hermite-Hadamard type Inequalities via k-Caputo
Fractional Derivatives

Definition 38 ([26]). The k-CFD for right and left-sided of order α are stated as:

(CDα,k
v2−Υ)(x) =

1

kΓk

(
n− α

k

) ∫ x

v1

Υ(n)(t)

(x− t)
α
k
−n+1

dt, x > a

and

(CDα
v1+Υ)(x) =

(−1)n

kΓk

(
n− α

k

) ∫ b

x

Υ(n)(t)

(t− x)
α
k
−n+1

dt, x < b,

where α > 0 and n = [α] + 1, Υ ∈ ACm[v1, v2] and Γk(α) represents the k-Gamma

function stated as Γk(α) =
∫∞
0 tα−1e

−tk

k dt.
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Hermite-Hadamard type fractional inequalities 237

H-H inequality results for n-th derivatives pertaining to k-CFD are presented in
the following.

Theorem 39 ([26]). Let Υ : [v1, v2] → R be a positive function such that Υ ∈
Cn[v1, v2], v1 < v2. If Υ

(n) is a convex function on [v1, v2], then fractional inequalities
for k-CFD are given as:

Υ(n)
(v1 + v2

2

)
≤

2n−
α
k
−1kΓk

(
n− α

k + k
)

(v2 − v1)
n−α

k

[(
CDα,k(

v1+v2
2

)
+
Υ
)
(v2) + (−1)n

(
CDα,k(

v1+v2
2

)
−
Υ
)
(v1)

]
≤ Υ(n)(v1) + Υ(n)(v2)

2
.

Theorem 40 ([26]). Let Υ : [v1, v2] → R be a function such that Υ ∈ Cn[v1, v2],
v1 < v2. If |Υ(n+1)|q is convex on [v1, v2] for q ≥ 1, then fractional inequality for
k-CFD is given as:⏐⏐⏐⏐⏐2

n−α
k
−1kΓk

(
n− α

k + k
)

(v2 − v1)
n−α

k

[(
CDα,k(

v1+v2
2

)
+
Υ
)
(v2) + (−1)n

(
CDα,k(

v1+v2
2

)
−
Υ
)
(v1)

]
−Υ(n)

(v1 + v2

2

)⏐⏐⏐⏐⏐
≤ v2 − v1

4
(
n− α

k + 1
)( 1

2
(
n− α

k + 2
)) 1

q
[(
n− α

k
+ 1
)
|Υ(n+1)(v1)|q

+
(
n− α

k
+ 3
)
|Υ(n+1)(v2)|q

] 1
q
+
[(
n− α

k
+ 3
)
|Υ(n+1)(v1)|q

+
(
n− α

k
+ 1
)
|Υ(n+1)(v2)|q

] 1
q
.

Theorem 41 ([26]). Let Υ satisfies the assumptions of Theorem 40. Then fractional
inequality for k-CFD is given as:⏐⏐⏐⏐⏐2

n−α
k
−1kΓk

(
n− α

k + k
)

(v2 − v1)
n−α

k

[(
CDα,k(

v1+v2
2

)
+
Υ
)
(v2) + (−1)n

(
CDα,k(

v1+v2
2

)
−
Υ
)
(v1)

]
−Υ(n)

(v1 + v2

2

)⏐⏐⏐⏐⏐
≤ v2 − v1

4

( 1

np− α
k p+ 1

) 1
p
[( |Υ(n+1)(v1)|q + 3|Υ(n+1)(v2)|q

4

) 1
q
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+
(3|Υ(n+1)(v1)|q + |Υ(n+1)(v2)|q

4

) 1
q
]
,

with
1

p
+

1

q
= 1.

Theorem 42 ([27]). Let Υ : [v1, v2] → R, 0 ≤ v1 < v2 be the function such that
Υ ∈ ACm[v1, v2]. If Υ

(n) is convex on [v1, v2], then fractional inequalities for k-CFD
are given as:

Υ(n)
(v1 + v2

2

)
≤

kΓk

(
n− α

k + k
)

2(v2 − v1)
n−α

k

[
CDα,k

v1+Υ
(n)(v2) + (−1)n CDα,k

v2−Υ
(n)(v1)

]
≤ Υ(n)(v1) + Υ(n)(v2)

2
.

Theorem 43 ([27]). Let Υ : [v1, v2] → R, 0 ≤ v1 < v2 be the function such that
Υ ∈ ACn+1[v1, v2]. If |Υ(n+1)| is convex on [v1, v2], then fractional inequality for
k-CFD is given as:⏐⏐⏐⏐⏐Υ(n)(v1) + Υ(n)(v2)

2
−
kΓk

(
n− α

k + k
)

2(v2 − v1)
n−α

k

×
[
CDα,k

v1+Υ
(n)(v2) + (−1)n CDα,k

v2−Υ
(n)(v1)

]⏐⏐⏐⏐⏐
≤ v2 − v1

2(n− α
k + 1)

(
1− 1

2n−
α
k

)[
|Υ(n+1)(v1)|+ |Υ(n+1)(v2)|

]
.

Theorem 44 ([27]). Let Υ : [v1, v2] → R be a function such that Υ ∈ ACn[v1, v2],
v1 < v2. Also let Υ(n) be convex on [v1, v2] and g : [v1, v2] → R be such that

g ∈ ACn[v1, v2]. If g
(n) is integrable, nonnegative and symmetric to

v1 + v2

2
, then

fractional inequality for k-CFD is given as:

Υ(n)
(v1 + v2

2

)[
(CDα,k

v1+g)(v2) + (−1)n(CDα,k
v2−g)(v1)

]
≤ (CDα,k

v1+Υ ⋆ g)(v2) + (−1)nCDα,k
v2−Υ ⋆ g)(v1)

≤ Υ(n)(v1) + Υ(n)(v2)

2

[
(CDα,k

v1+g)(v2) + (−1)n(CDα,k
v2−g)(v1)

]
,

where the convolution Υ⋆g of the functions Υ and g for Caputo k-fractional derivatives
are defined as follows

(CDα,k
v1+Υ ⋆ g)(x) =

1

Γ(n− α)

∫ x

v1

Υ(n)(t)g(n)(t)

(x− t)α−n+1
dt, x > a,

(CDα,k
v2−Υ ⋆ g)(x) =

(−1)n

Γ(n− α)

∫ b

x

Υ(n)(t)g(n)(t)

(t− x)α−n+1
dt, x < b.
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Theorem 45 ([27]). Let Υ : [v1, v2] → R be a function such that Υ ∈ ACn+1[v1, v2],
v1 < v2. If |Υ(n+1)| is convex function on [v1, v2] and g : [v1, v2] → R is such that

g ∈ ACn[v1, v2], g
(n) is symmetric to

v1 + v2

2
, then fractional inequality for k-CFD

is given as:⏐⏐⏐⏐⏐Υ(n)(v1) + Υ(n)(v2)

2

[
(CDα,k

v1+g)(v2) + (−1)n(CDα,k
v2−g)(v1)

]
−
(
CDα,k

v1+Υ ⋆ g)(v2) + (−1)n CDα,k
v2−Υ ⋆ g)(v1)

]⏐⏐⏐⏐⏐
≤ (v2 − v1)

n−α
k
+1∥g∥∞(

n− α
k + 1

)
Γk

(
n− α

k + k
)(1− 1

2n−
α
k

)
[|Υ(n+1)(v1)|+ |Υ(n+1)(v2)|],

where ∥g∥∞ = supt∈[v1,v2] |g(t)|.

Theorem 46 ([27]). Let Υ : [v1, v2] → R be a function such that Υ ∈ ACn+1[v1, v2],
v1 < v2. Also let |Υ(n+1)|q, q ≥ 1 be convex function on [v1, v2] and g : [v1, v2] → R be

such that g ∈ ACb[v1, v2]. If g
(n) is symmetric to

v1 + v2

2
, then fractional inequality

for k-CFD is given as:⏐⏐⏐⏐⏐Υ(n)(v1) + Υ(n)(v2)

2

[
(CDα,k

v1+g)(v2) + (−1)n(CDα,k
v2−g)(v1)

]
−
(
CDα,k

v1+Υ ⋆ g)(v2) + (−1)n CDα,k
v2−Υ ⋆ g)(v1)

]⏐⏐⏐⏐⏐
≤ 2(v2 − v1)

n−α
k
+1∥g∥∞(

n− α
k + 1

)
kΓk

(
n− α

k + k
)
(v2 − v1)

1
q

(
1− 1

2n−
α
k

)

×
( |Υ(n+1)(v1)|+ |Υ(n+1)(v2)|]

2

) 1
q
.

In the following we give H-H-Mercer type inequalities for k-CFD.

Theorem 47 ([28]). Suppose that Υ : [v1, v2] → R is a positive function with
0 ≤ v1 < v2 and Υ ∈ Cn[v1, v2]. If Υ(n) is a convex function on [v1, v2] then
fractional inequalities for k-CFD are given as:

Υ(n)
(
v1 + v2 −

x+ y

2

)
≤ Υ(n)(v1) + Υ(n)(v2)−

Γk

(
n− α

k + k
)

2(v2 − v1)
n−α

k

[
CDα,k

v1+Υ(y) + (−1)nCDα,k
v2−Υ(x)

]
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≤ Υ(n)(v1) + Υ(n)(v2)−Υ(n)
(x+ y

2

)
,

for all x, y ∈ [v1, v2] and α > 0, k ≥ 1.

Theorem 48 ([28]). Suppose that the statement of Theorem 47 are satisfied. Then
fractional inequalities for k-CFD are given as:

Υ(n)
(
v1 + v2 −

x+ y

2

)
≤

2n−
α
k
−1Γk

(
n− α

k + k
)

(y − x)n−
α
k

[
CDα,k(

v1+v2−x+y
2

)
+
Υ(v1 + v2 − x)

+(−1)nCDα,k(
v1+v2−x+y

2

)
−
Υ(v1 + v2 − y)

]
≤ Υ(n)(v1) + Υ(n)(v2)−Υ(n)

(x+ y

2

)
,

for all x, y ∈ [v1, v2] and α > 0, k ≥ 1.

Theorem 49 ([28]). Suppose that if Υ : [v1, v2] → R is a differentiable function on
(v1, v2) with 0 ≤ v1 < v2 and Υ ∈ Cn+1[v1, v2]. If |Υ(n+1)| is a convex function on
[v1, v2] then fractional inequalities for k-CFD are given as:

⏐⏐⏐⏐⏐Υ(n)(v1 + v2 − x) + Υ(n)(v1 + v2 − y)

2
−

Γk

(
n− α

k + k
)

2(v2 − v1)
n−α

k

×
[
CDα,k

(v1+v2−y)+Υ(v1 + v2 − x) + (−1)n CDα,k
(v1+v2−x)−Υ(v1 + v2 − y)

]⏐⏐⏐⏐⏐
≤ y − x

n− α
k + k

(
1− 1

2n−
α
k

)[
Υ(n+1)(v1) + Υ(n+1)(v2)−

Υ(n+1)(x) + Υ(n+1)(y)

2

]
,

for all x, y ∈ [v1, v2] and α > 0, k ≥ 1.

Theorem 50 ([28]). Assume that Υ is as in Theorem 49. If |Υ(n+1)|q is convex on
[v1, v2], q > 1, then fractional inequalities for k-CFD are given as:⏐⏐⏐⏐⏐Υ(n)

(
v1 + v2 −

x+ y

2

)
−

2n−
α
k
−1Γk

(
n− α

k + k
)

(y − x)n−
α
k

[
CDα,k(

v1+v2−x+y
2

)
+
Υ(v1 + v2 − x)

+(−1)n CDα,k(
v1+v2−x+y

2

)
−
Υ(v1 + v2 − y)

]⏐⏐⏐⏐⏐
≤ y − x

4

( 1

np− α
k p+ 1

) 1
p
[(

|Υ(n+1)(v1)|q + |Υ(n+1)(v2)|q
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−
( |Υ(n+1)(x)|q + 3|Υ(n+1)(y)|q

4

)) 1
q
+
(
|Υ(n+1)(v1)|q + |Υ(n+1)(v2)|q

−
(3|Υ(n+1)(x)|q + |Υ(n+1)(y)|q

4

)) 1
q
]
,

for all x, y ∈ [v1, v2] and α > 0, k ≥ 1.

H-H inequalities for (h,m)-convex modified functions of the second type can be
presented, using the k-CFD, given in the next theorems.

Definition 51 ([29]). Let h : [0, 1] → R nonnegative function, h ̸= 0. A function
Υ : [0,+∞) → [0,+∞) is called (h,m)-convex modified of the second type, if

Υ(tx+m(1− t)y) ≤ hs(t)Υ(x) +m(1− h(t))sΥ(y)

holds for all x, y ∈ [0,+∞) and t ∈ [0, 1], where m ∈ [0, 1], s ∈ [−1, 1].

Theorem 52 ([29]). Let Υ be a positive function such that Υ ∈ Cn[v1, v2] v1 < v2.
If Υ(n) is a modified (h,m)-convex of 2nd type with 0 < v1 < mv2 < +∞ and
m ∈ (0, 1] then fractional inequality is given as:

Υ(n)
(v1 + v2

2

)
≤ kΓk(n− α)(r + 1)n−α

2(v2 − v1)n−α
CDα,k(

v1+rv2
r+1

)
+
Υ(v2)

+(−1)n
kΓk(n− α)(r + 1)n−α

2(v2 − v1)n−α
CDα,k(

rv1+v2
r+1

)
−
Υ(v1)

≤
(n− α

2

){[
hs
(1
2

)
Υ(n)(v1) +

(
1− h

(1
2

)s
Υ(n)(v2)

] ∫ 1

0
tn−α−1hs

( t

r + 1

)
dt

+m
[
hs
(1
2

)
Υ(n)

(v2
v1

)
+
(
1− h

(1
2

)s
Υ(n)

(v2
m

)] ∫ 1

0
tn−α−1

(
1− h

(r + 1− t

r + 1

))s
dt
}
,

where r ∈ [0, 1].

Theorem 53 ([29]). Assume that Υ is as in Theorem 52. If |Υ(n+1)| is a modified

(h,m)-convex of 2nd type on
[
v1,

v2
m

]
, then fractional inequality is given as:⏐⏐⏐⏐⏐− (Υ(n)

(v1 + rv2
r + 1

)
+Υ(n)

(rv1 + v2

r + 1

))
+
(r + 1)n−

α
k kΓk

(
n− α

k + 1
)

(v2 − v1)
n−α

k

(
CDα,k(

rv1+v2
r+1

)
−
Υ(v1) + (−1)nCDα,k(

rv1+v2
r+1

)
+
Υ(v2)

)⏐⏐⏐⏐⏐
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≤ v2 − v1

r + 1

{(
|Υ(n+1)(v1)|+ |Υ(n+1)(v2)|

)∫ 1

0
tn−

α
k hs
( t

r + 1

)
dt

+m
(⏐⏐⏐Υ(n+1)

(v1
m

)⏐⏐⏐+ ⏐⏐⏐Υ(n+1)
(v2
m

)⏐⏐⏐) ∫ 1

0
tn−

α
k

(
1− h

(
1− t

r + 1

))s
dt,

where r ∈ [0, 1].

The above result can be improved, if we consider |Υ(n+1)|q.

Theorem 54 ([29]). Assume that Υ is as in Theorem 52. If |Υ(n+1)|q is a modified

(h,m)-convex of 2nd type on
[
v1,

v2
m

]
, then fractional inequality is given as:⏐⏐⏐⏐⏐− (Υ(n)

(v1 + rv2
r + 1

)
+Υ(n)

(rv1 + v2

r + 1

))
+
(r + 1)n−

α
k kΓk

(
n− α

k + 1
)

(v2 − v1)
n−α

k

(
CDα,k(

rv1+v2
r+1

)
−
Υ(v1) + (−1)n CDα,k(

rv1+v2
r+1

)
+
Υ(v2)

)⏐⏐⏐⏐⏐
≤ v2 − v1

r + 1

( 1

p
(
n− α

k

)
+ 1

) 1
p
{(

|Υ(n+1)(v1)|q
∫ 1

0
hs
( t

r + 1

)
dt

+m
⏐⏐⏐Υ(n+1)

(v2
m

)⏐⏐⏐q ∫ 1

0

(
1− h

(
1− t

r + 1

))s
dt
) 1

q

+
(
|Υ(n+1)(v2)|q

∫ 1

0
hs
( t

r + 1

)
dt

+m
⏐⏐⏐Υ(n+1)

(v1
m

)⏐⏐⏐q ∫ 1

0

(
1− h

(
1− t

r + 1

))s
dt
) 1

q
}
,

where r ∈ [0, 1].

Next, H-H results involving m-convexity pertaining to k-CFD.

Definition 55 ([30]). A real-valued function Υ is m-convex, if

Υ(tx+m(1− t)y) ≤ tΥ(x) +m(1− t)Υ(y),

∀ x, y ∈ [0, b], m ∈ [0, 1], and t ∈ [0, 1].

Theorem 56 ([31]). Let Υ : [0,∞) → R be a positive function such that Υ ∈
Cn[0,∞). If Υ(n) ism-convex on [0,∞) and 0 ≤ v1 < mv2, then fractional inequalities
for k-CFD are given as:

Υ(n)
(v1 +mv2

2

)
≤

kΓk

(
n− α

k + k
)

2(mv2 − v1)
n−α

k

[
(CDα,k

v1+Υ)(mv2) + (−1)nmα−α
k
+1(CDα,k

v2−Υ)
(v1
m

)]
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≤
n− α

k

2
(
n− α

k + 1
)[Υ(n)(v1)−m2Υ(n)

( v1

m2

)]
+
m

2

[
Υ(n)(v2) +mΥ(n)

( v1

m2

)]
.

Theorem 57 ([31]). Assume that Υ is as in Theorem 56. If |Υn+1| is m-convex on
[v1, v2], then fractional inequality for k-CFD is given as:⏐⏐⏐⏐⏐Υ(n)(v1) + Υ(n)(mv2)

2
−
kΓk

(
n− α

k + k
)

2(mv2 − v1)
n−α

k

[
(CDα,k

v1+Υ)(mv2)

+(−1)nmα−α
k
+1(CDα,k

mv2−Υ)(v1)
]

≤ mv2 − v1

2
(
n− α

k + 1
)(1− 1

2n−
α
k

)
[Υ(n+1)(v1) +mΥ(n+1)(v2)].

Theorem 58 ([31]). Assume that Υ is as in Theorem 56. If Υ(n) is m-convex on
[v1, v2]. Then fractional inequalities for k-CFD are given as:

Υ(n)
(v1 +mv2

2

)
≤

2n−
α
k
−1kΓk

(
n− α

k + k
)

(mv2 − v1)
n−α

k

[
(CDα,k(

v1+mv2
2

)
+
Υ)(mv2)

+(−1)nmα−α
k
+1(CDα,k(

v1+mv2
2m

)
−
Υ)
(v1
m

)]
≤

n− α
k

4
(
n− α

k + 1
)[Υ(n)(v1)−m2Υ(n)

( v1

m2

)]
+
m

2

[
Υ(n)(v2) +mΥ(n)

( v1

m2

)]
.

Theorem 59 ([31]). Assume that Υ is as in Theorem 56. If |Υ(n+1)|q is m-convex
on [v1, v2] for q > 1, then fractional inequality for k-CFD is given as:⏐⏐⏐⏐⏐2

n−α
k
−1kΓk

(
n− α

k + k
)

(mv2 − v1)
n−α

k

[
(CDα,k(

v1+mv2
2

)
+
Υ)(mv2)

+(−1)nmα−α
k
+1(CDα,k(

v1+mv2
2m

)
−
Υ)
(v1
m

)]
−1

2

[
Υ(n)

(v1 +mv2

2

)
+mΥ(n)

(v1 +mv2

2m

)]⏐⏐⏐⏐⏐
≤ mv2 − v1

4

( 1

np− αp
k + 1

) 1
p
[( |Υ(n+1)(v1)|q + 3m|Υ(n+1)(v2)|q

4

) 1
q
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+
(3m|Υ(n+1)

(
v1
m2

)
|q + |Υ(n+1)(v2)|q

4

) 1
q
,

where
1

p
+

1

q
= 1.

The results regarding H-H type inequalities involving harmonic h-convexity and
harmonically symmetric functions for k-CFD are given in the following.

Definition 60 ([32]). A real-valued function Υ is harmonic h-convex, if

Υ
( xy

tx+ (1− t)y

)
≤ h(t)Υ(y) + h(1− t)Υ(x),

∀ x, y ∈ [v1, v2] and t ∈ [0, 1], where h is a real-valued positive function.

Definition 61 ([33]). A real-valued function Υ is harmonic symmetric with respect

to
2v1v2
v1 + v2

if

Υ(x) = Υ

(
1

1
v1

+ 1
v2

− 1
x

)
,

for all x ∈ [v1, v2].

Theorem 62 ([34]). Let function Υ : [v1, v2] → R be differentiable such that Υ(n) is
harmonic h-convex and Υ(n) ∈ L1[v1, v2]. If g : [v1, v2] → R is a function such that

g(n) is non-negative, integrable and harmonic symmetric with respect to
2v1v2
v1 + v2

,

then fractional inequalities for k-CFD are given as:

(−1)n

h
(
1
2

)Υ(n)
( 2v1v2
v1 + v2

)
CDα,k

1
v1

−(g ◦ r)
( 1

v2

)
≤

[
CDα,k

1
v2

+
((Υ ⋆ g) ◦ r)

( 1

v1

)
+ (−1)nCDα,k

1
v1

−((Υ ⋆ g) ◦ r)
( 1

v2

)]
≤ [Υ(n)(v1) + Υ(n)(v2)]

∫ 1
v1

1
v2

(
g(n) ◦ r

)
(x)(

x− 1
v2

)α
k
−n+1

h(x)dx,

where r(x) = 1
x and h(x) = h

(
v1v2
v2−v1

(
x − 1

v2

))
+ h

(
v1v2
v2−v1

(
1
v1

− x
))

for all x ∈[
1
v2
, 1
v1

]
.

Theorem 63 ([34]). Let Υ : I ⊂ (0,∞) → R be a function such that Υ ∈ L1[v1, v2],
where v1, v2 ∈ I with v1 < v2. If Υ

(n) is harmonically h-convex function on [v1, v2],
then fractional inequalities for k-CFD are given as:

1

h
(
1
2

)(
n− α

k

)(v2 − v1

v1v2

)n−α
k
Υ(n)

( 2v1v2
v1 + v2

)

******************************************************************************
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≤ kΓk

(
n− α

k

)[
CDα,k

1
v2

+
(Υ ◦ r)

( 1

v1

)
+ (−1)n CDα,k

1
v1

−(Υ ◦ r)
( 1

v2

)]
≤ [Υ(n)(v1) + Υ(n)(v2)]

∫ 1
v1

1
v2

1(
x− 1

v2

)α
k
−n+1

h(x)dx,

where r(x) =
1

x
and h(x) = h

(
v1v2
v2−v1

(
x − 1

v2

))
+ h

(
v1v2
v2−v1

(
1
v1

− x
))

for all x ∈[
1
v2
, 1
v1

]
.

Here we give the H-H type inequalities involving (h,m)-convexity pertaining to
k-CFD.

Definition 64 ([35]). A real-valued function Υ is called (h,m)-convex, if

Υ(tx+m(1− t)y) ≤ h(t)Υ(x) +mh(1− t)Υ(y).

∀ x, y ∈ [0, b], where m ∈ [0, 1], t ∈ (0, 1), and h : J → R is a nonnegative function.

Theorem 65 ([36]). Let Υ : [0,∞) → R be a function such that Υ ∈ Cn[v1, v2].
Also, let Υ(n) be (h,m)-convex with m ∈ (0, 1]. Then fractional inequality for k-CFD
is given as:

Υ(n)
(mv2 + v1

2

)
≤ h

(1
2

)kΓk(n− α
k + k

)
(mv2 − v1)

n−α
k

[
mα+1(−1)n(CDα,k

v2−Υ)
(v1
m

)
+ (CDα,k

v1+Υ)(mv2)
]

≤
(
n− α

k

)
h
(1
2

){[
m2Υ(n)

( v1

m2

)
+mΥ(n)(v2)

∫ 1

0
tn−

α
k
−1h(1− t)dt

+[mΥ(n)(v2) + Υ(n)(v1)]

∫ 1

0
tn−

α
k
−1h(t)dt

]}
.

Theorem 66 ([36]). Assume that Υ is as in Theorem 65. Then we have

Υ(n)
(v1 + v2m

2

)
≤ 2n−

α
k h
(1
2

)kΓk(n− α
k + k

)
(mv2 − v1)

n−α
k

[
(CDα,k(

v1+v2m
2

)
+
Υ)(mv2)

+mα+1(−1)n(CDα,k(
v1+v2m

2

)
−
Υ)
(v1
m

)]
≤

(
n− α

k

)
h
(1
2

){[
m2Υ(n)

( v1

m2

)∫ 1

0
tn−

α
k
−1h

(2− t

2

)
dt
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+mΥ(n)(v2)

∫ 1

0
tn−

α
k
−1h

(2− t

2

)
dt+ [mΥ(n)(v2)

+Υ(n)(v1)]

∫ 1

0
tn−

α
k
−1h

( t
2

)
dt
]}
.

Theorem 67 ([36]). Assume that Υ is as in Theorem 65. If |Υ(n+1)| is an (h,m)-
convex, then fractional inequality for k-CFD is given as:

⏐⏐⏐⏐⏐Υ(mv2) + Υ(v1)

2
−
kΓk

(
n− α

k + k
)

2(mv2 − v1)
n−α

k

[
(CDα,k

b+ Υ)(mv2) + (CDα,k
b+ Υ)(v1)

]⏐⏐⏐⏐⏐
≤ (mv2 − v1)[|Υ′(v1)|+m|Υ′(v2)|]

2

[[ 2n−
α
k
p+1 − 1

2n−
α
k
p+1
(
np− α

k p+ 1
)] 1

p

−
[ 1

2n−
α
k
p+1
(
np− α

k p+ 1
)] 1

p
]([ ∫ 1/2

0
(h(t))qdt

] 1
q
+
[ ∫ 1

1/2
(h(t))qdt

] 1
q
)
,

where
1

p
+

1

q
= 1, q > 1, m ∈ (0, 1] and hq ∈ [0, 1].

Theorem 68 ([36]). Suppose that Υ is as in Theorem 65. If |Υ(n+2)| is an (h,m)-
convex, then fractional inequality for k-CFD is given as:

⏐⏐⏐⏐⏐Υ(n)(mv2) + Υ(n)(v1)

2
−
kΓk

(
n− α

k + k
)

2(mv2 − v1)
n−α

k

[
(CDα,k

b+ Υ)(mv2) + (CDα,k
b+ Υ)(v1)

]⏐⏐⏐⏐⏐
≤ (mv2 − v1)

2

2
(
n− α

k + 1
)(1− 2

p(α+ 1) + 1

) 1
p
(∫ 1

0
(h(t))qdt

) 1
q

×
[
|Υ(n+2)(v1)|+m[|Υ(n+2)(v2)|

]
,

where
1

p
+

1

q
= 1, q > 1, m ∈ (0, 1] and hq ∈ [0, 1].

We give in the next theorems certain H-H type inequalities involving relative
convexity pertaining to k-CFD.

Definition 69 ([37]). A real-valued set Tg is relative convex with respect to real-
valued function g, if

(1− t)u+ tg(v) ∈ Tg,

where u, v ∈ R such that u, g(v) ∈ Tg, t ∈ [0, 1].
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Definition 70 ([38]). A real-valued function Υ is relative convex, if there exists an
arbitrary real-valued function g such that

Υ((1− t)u+ tg(v)) ≤ (1− t)Υ(u) + tΥ(g(v)),

where u, v ∈ R such that u, g(v) ∈ Tg, t ∈ [0, 1].

Theorem 71 ([39]). Let Υ : Tg → R be a positive function such that Υ ∈ Cn[v1, g(v2)],
v1 < g(v2). If Υ

(n) is relative convex on Tg, then fractional inequalities for k-CFD
are given as:

Υ(n)
(v1 + g(v2)

2

)
≤

kΓk

(
n− α

k + 1
)

2(g(v2)− v1)
n−α

k

[
(CDα,k

v1+Υ)(g(v2)) + (−1)n(CDα,k
g(v2)−Υ)(v1)

]
≤ Υ(n)(v1) + Υ(n)(g(v2))

2
.

Theorem 72 ([39]). Assume that Υ is as in Theorem 71. If |Υ(n+1)| is relative
convex on Tg, then fractional inequality for k-CFD is given as:⏐⏐⏐⏐⏐Υ(n)(v1) + Υ(n)(g(v2))

2
−

kΓk

(
n− α

k + 1
)

2(g(v2)− v1)
n−α

k

[
(CDα,k

v1+Υ)(g(v2))

+(−1)n(CDα,k
g(v2)−Υ)(v1)

]⏐⏐⏐⏐⏐
≤ g(v2)− v1

2
(
n− α

k + 1
)(1− 1

2n−
α
k

)[
|Υ(n+1)(v1)|+ |Υ(n+1)(g(v2))|

]
.

Theorem 73 ([39]). Assume that Υ is as in Theorem 71. If Υ(n) is relative convex
on Tg, then fractional inequalities for k-CFD are given as:

Υ(n)
(g(v1) + g(v2)

2

)
≤

kΓk

(
n− α

k + 1
)

2(g(v2)− g(v1))
n−α

k

[
(CDα,k

v1+Υ)(g(v2)) + (−1)n(CDα,k
g(v2)−Υ)(v1)

]
≤ Υ(n)(g(v1)) + Υ(n)(g(v2))

2
.

Theorem 74 ([39]). Assume that Υ is as in Theorem 71. If |Υ(n+1)| is relative
convex on Tg, then fractional inequality for k-CFD is given as:⏐⏐⏐⏐⏐Υ(n)(g(v1)) + Υ(n)(g(v2))

2
−

kΓk

(
n− α

k + 1
)

2(g(v2)− g(v1))
n−α

k

[
(CDα,k

v1+Υ)(g(v2))
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+(−1)n(CDα,k
g(v2)−Υ)(g(v1))

]⏐⏐⏐⏐⏐
≤ g(v2)− g(v1)

2
(
n− α

k + 1
)(1− 1

2n−
α
k

)[
|Υ(n+1)(g(v1))|+ |Υ(n+1)(g(v2))|

]
.

Next, we give the H-H inequalities involving exponentially (θ, h−m)-convexity
pertaining to k-CFD.

Definition 75 ([40]). A real-valued function Υ is exponentially (θ, h −m)-convex,
if

Υ(tx+m(1− t)y) ≤ h(tθ)
Υ(x)

eηx
+mh(1− tθ)

Υ(y)

eηy
,

where t ∈ (0, 1), η ∈ R, (θ,m) ∈ (0, 1]2 and h : J → R be a non-negative function.

Theorem 76 ([41]). Let α > 0, k ≥ 1 and [v1, v2] ⊂ [0,+∞), Υ : [0,+∞) → R
be a function such that Υ ∈ ACn[v1, v2], where v1 < mv2. Also, let Υ(n) be an
exponentially (θ, h − m)-convex. Then fractional inequalities for k-CFD are given
as:

1

g(η)
Υ(n)

(mv2 + v1

2

)
≤
kΓk

(
n− α

k + k
)

(mv2 − v1)
n−α

k

×

(
h
(
1− 1

2θ

)
mn−α

k
+1(−1)n(CDα,k

v2−Υ)
(v1
m

)
+ h
( 1

2θ

)
(CDα,k

v1+Υ)(mv2)

)

≤ kn− α

k

{(
h
(
1− 1

2θ

)
m2

Υ(n)
(

v1
m2

)
e

ηv1
m2

+ h
( 1

2θ

)
m
Υ(n)(v2)

eηv2

)∫ 1

0
tn−

α
k
−1h(1− tθ)dt

+
(
h
(
1− 1

2θ

)
m
Υ(n)(v2)

eηv2
+ h
( 1

2θ

)Υ(n)(v1)

eηv1

)∫ 1

0
tn−

α
k
−1h(tθ)dt

}
,

where (θ,m) ∈ (0, 1]2, η ∈ R, g(η) = 1
eηv2 for η < 0 and g(η) = 1

e
ηv1
m

for η ≥ 0.

Theorem 77 ([41]). Assume that Υ is defined with the conditions in the Theorem
76. If function Υ(n) is an exponentially (θ, h−m)-convex, then we have:

1

g(η)
Υ(n)

(mv2 + v1

2

)
≤

2n−
α
k kΓk

(
n− α

k + k
)

(mv2 − v1)
n−α

k

×

(
h
(
1− 1

2θ

)
mn−α

k
+1(−1)n(CDα,k(

v1+v2m
2m

)
−
Υ)
(v1
m

)
+h
( 1

2θ

)
(CDα,k(

v1+v2m
2

)
+
Υ)(mv2)

)
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≤ kn− α

k

{(
h
(
1− 1

2θ

)
m2

Υ(n)
(

v1
m2

)
e

ηv1
m2

+h
( 1

2θ

)
m
Υ(n)(v2)

eηv2

)∫ 1

0
tn−

α
k
−1h

(
1−

( t
2

)θ)
dt

+
(
h
(
1− 1

2θ

)
m
Υ(n)(v2)

eηv2
+ h
( 1

2θ

)Υ(n)(v1)

eηv1

)∫ 1

0
tn−

α
k
−1h

(( t
2

)θ)
dt

}
,

where (θ,m) ∈ (0, 1]2, η ∈ R, g(η) = 1
eηv2 for η < 0 and g(η) = 1

e
ηv1
m

for η ≥ 0.

Theorem 78 ([41]). Assume that Υ is defined with the conditions in the Theorem
76. If function |Υ(n+1)| is an exponentially (θ, h−m)-convex, then fractional inequality
for k-CFD is given as:⏐⏐⏐⏐⏐Υ(n)(mv2) + Υ(n)(v1)

2
−
kΓk

(
n− α

k + k
)

(mv2 − v1)
n−α

k

×
[
(CDα,k

b+ Υ)(mv2) + (CDα,k
mv2−Υ)(v1)

]⏐⏐⏐⏐⏐
≤ mv2 − v1

2

(
(2np−

α
k
p+1 − 1)

1
p(

2np−
α
k
p+1
(
np− α

k p+ 1
)) 1

p − 1

)

×

(
|Υ(n+1)(v1)

eηv1

((∫ 1/2

0
(h(tθ))qdt

) 1
q
+
(∫ 1

1/2
(h(tθ))qdt

) 1
q
)

+m
|Υ(n+1)(v2)

eηv2

((∫ 1/2

0
(h(1− tθ))qdt

) 1
q
+
(∫ 1

1/2
(h(1− tθ))qdt

) 1
q
))

,

where
1

p
+

1

q
= 1, (θ,m) ∈ (0, 1]2 and η ∈ R.

4 Hermite-Hadamard Type Inequalities via Hilfer
Fractional Derivative

LetAC[v1, v2] be the space of absolutely continuous functions on [v1, v2] andAC
m[v1, v2]

be the space of all functions Υ ∈ Cm[v1, v2] with Υ(m−1) ∈ AC[v1, v2]. We denote

Kγ(t) =
tγ−1

Γ(γ)
.

Definition 79 ([42]). Let Υ ∈ L1[a.b], Υ⋆K(1−β)(n−γ) ∈ ACn[v1, v2], n−1 < γ < n,
0 ≤ β ≤ 1, n ∈ N. Then the derivative

(Dγ,β
v1+Υ)(t) =

(
I
β(n−γ)
v1+

dn

dtn

(
I
(1−β)(n−γ)
v1+ Υ(t)

))
,
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is called Hilfer fractional derivative (HFD).

Definition 80 ([43]). Let Υ : I ⊂ R+ → R+ and s ∈ (0, 1]. A function f is
geometric-arithmetically s-convex function on I if for every x, y ∈ I and t ∈ [0, 1],
we have

Υ(xty1−t) ≤ tsΥ(x) + (1− t)sΥ(y).

Theorem 81 ([44]). Let Υ ∈ L1[v1, v2], Υ ⋆ K(1−β)(n−γ) ∈ ACn[v1, v2], n ∈ N and

D
γ+β(n−γ)
(v1,v2)

Υ : [v1, v2] → R be a positive function with 0 ≤ v1 < v2, n − 1 < γ < n,

0 ≤ β ≤ 1 and D
γ+β(n−γ)
(v1,v2)

Υ ∈ L1[v1, v2]. If function D
γ+β(n−γ)
(v1,v2)

Υ is convex on [v1, v2]

and F (x) = Υ(x) + Υ(v1 + v2 − x), then fractional inequality is given as:

D
γ+β(n−γ)
(v1,v2)

Υ
(v1 + v2

2

)
≤ Γ(β(n− γ) + 1)

(v2 − v1)β(n−γ)

[
Dγ,β

v1+F (v2) +Dγ,β
v2−F (v1)

]
≤ D

γ+β(n−γ)
v1+ F (v2) +D

γ+β(n−γ)
v2− F (v1).

Theorem 82 ([44]). Assume that D
γ+β(n−γ)+2
(v1,v2)

Υ is defined with the conditions in

the Theorem 81. If function D
γ+β(n−γ)+1
(v1,v2)

Υ is convex on [v1, v2], then fractional
inequality is given as:⏐⏐⏐⏐⏐D

γ+β(n−γ)
v1+ Υ(v2) +D

γ+β(n−γ)
v2− Υ(v1)

2

−Γ(β(n− γ) + 1)

2(v2 − v1)β(n−γ)

[
Dγ,β

v1+F (v2) +Dγ,β
v2−F (v1)

]⏐⏐⏐⏐⏐
≤ v2 − v1

2(β(n− γ) + 1)

(
1− 1

2β(n−γ)

)(
|Dγ+β(n−γ)+1

(v1,v2)
Υ(v2)|+ |Dγ+β(n−γ)+1

(v1,v2)
Υ(v1)|

)
.

Theorem 83 ([44]). Assume that D
γ+β(n−γ)+2
(v1,v2)

Υ is defined with the conditions

in the Theorem 81. If |Dγ+β(n−γ)+2
(v1,v2)

Υ| is measurable, decreasing and geometric-

arithmetically s-convex on [v1, v2], then fractional inequality is given as:⏐⏐⏐⏐⏐D
γ+β(n−γ)
v1+ Υ(v2) +D

γ+β(n−γ)
v2− Υ(v1)

2

−Γ(β(n− γ) + 1)

2(v2 − v1)β(n−γ)

[
Dγ,β

v1+F (v2) +Dγ,β
v2−F (v1)

]⏐⏐⏐⏐⏐
≤

(v2 − v1)
2
(
|Dγ+β(n−γ)+2

(v1,v2)
Υ(v2)|+ |Dγ+β(n−γ)+2

(v1,v2)
Υ(v1)|

)
2(β(n− γ) + 1)

×
( 1

s+ 1
− 1

β(n− γ) + s+ 2

)
.
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Theorem 84 ([44]). Assume that D
γ+β(n−γ)+2
(v1,v2)

Υ is defined with the conditions in the

Theorem 81. If function |Dγ+β(n−γ)+2
(v1,v2)

Υ|q is measurable, decreasing and geometric-

arithmetically s-convex on [0, v2], then fractional inequality is given as:⏐⏐⏐⏐⏐Γ(β(n− γ) + 1)

2(v2 − v1)β(n−γ)

[
Dγ,β

v1+Υ(v2) +Dγ,β
v2−Υ(v1)

]
−D

γ+β(n−γ)
(v1,v2)

Υ
(v1 + v2

2

)⏐⏐⏐⏐⏐
≤ (v2 − v1)

2

2(β(n− γ) + 1)

(
|Dγ+β(n−γ)+2

(v1,v2)
Υ(v2)|q + |Dγ+β(n−γ)+2

(v1,v2)
Υ(v1)|q

s+ 1

) 1
q

×

(
(β(n− γ) + 1)2−p−1 + (β(n− γ) + 0.5)p+1 − (β(n− γ))p+1

p+ 1

) 1
q

,

where
1

p
+

1

q
= 1.

5 Hermite-Hadamard Type Inequalities via ψ-Caputo
Fractional Derivative

Now we give H-H Inequalities for ψ-CFD.

Definition 85 ([45]). Let ψ′(t) ̸= 0 and α > 0, n ∈ N. The ψ-CFDs of a function
f with respect to another function ψ of order α, are defined by

CDα;ψ
v1+Υ(t) =

1

Γ(n− α)

(
1

ψ′(t)

d

dt

)n ∫ t

a
ψ′(s)(ψ(t)− ψ(s))n−α−1Υ(s)ds,

and

CDα;ψ
v2−Υ(t) =

(−1)n

Γ(n− α)

(
1

ψ′(t)

d

dt

)n ∫ b

t
ψ′(s)(ψ(s)− ψ(t))n−α−1Υ(s)ds,

where n = [α] + 1, [α] is represent the integer part of the real number α.

Theorem 86 ([46]). For n ∈ N, ρ, δ ≥ 1, and let there be a real-valued n-times
differentiable function Υ : [v1, v2] → R. Also, assume that ψ is differentiable and
strictly increasing such that with ψ′ ∈ L1[v1, v2]. If ψ

(n) is a convex function on
[v1, v2], then:

Γ(n− ρ+ 1)
(
CDρ−1,ψ

v1+ Υ
)
(λ) + Γ(n− δ + 1)

(
CDρ−1,ψ

v2− Υ
)
(λ)

≤ [ψ(λ)− ψ(v1)]
n−ρ

λ− v1

[
(λ− v1)[Υ

(n)(λ)ψ(λ)−Υ(n)(v1)ψ(v1)]
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−(Υ(n)(λ)−Υ(n)(v1))

∫ λ

v1

ψ(s)ds
]

+
[ψ(v2)− ψ(λ)]n−δ

v2 − λ

[
(v2 − λ)[Υ(n)(Υ(n)(v2)ψ(v2)−Υ(n)(λ)ψ(λ)]

−(Υ(n)(v2)−Υ(n)(λ))

∫ v2

λ
ψ(s)ds

]
.

Theorem 87 ([46]). Assume that Υ and ψ are as in Theorem 86. If function
|ψ(n+1)| is convex on [v1, v2], then:⏐⏐⏐Γ(n− ρ+ 1)

(
CDρ−1,ψ

v1+ Υ
)
(λ) + Γ(n− δ + 1)

(
CDρ−1,ψ

v2− Υ
)
(λ)

−[ψ(λ)− ψ(v1)]
n−ρΥ(n)(v1) + (ψ(v2)− ψ(λ))n−δΥ(n)(v2)]

⏐⏐⏐
≤ 1

2

[
(ψ(λ)− ψ(v1))

n−ρ(λ− v1)|Υ(n+1)(v1)|

+(ψ(v2)− ψ(λ))n−δ(v2 − λ)|Υ(n+1)(v2)|
]

+
1

2
|Υ(n+1)(λ)|

[
(ψ(λ)− ψ(v1))

n−ρ(λ− v1) + (ψ(v2)− ψ(λ))n−δ(v2 − λ)
]
.

6 Conclusions

Our objective in this paper was to present a comprehensive and up to-date review on
H-H inequalities for fractional differential operators. We presented results including
inequalities of the H-H type for fractional differential operators through various
classes of convexity. We considered inequalities on Caputo fractional derivatives,
k-Caputo fractional derivatives and Hilfer fractional derivative operators. We think
that the current analysis will give a platform for the investigators studying H-H
inequality to learn more about previous research on the subject before coming up
with new findings.
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[35] Özdemir, M.E.; Akdemri, A.O.; Set, E. On (h−m)-convexity and Hadamard-
type inequalities. Transylv. J. Math. Mech. 8 ((2016), 51-58. MR3531967 .

[36] Mishra, L.N.; Ain, Q.U.; Farid, G.; Rehman, A.U. k-fractional integral
inequalities for (h,m)- convex functions via Caputo k-fractional derivatives.
Korean J. Math. 27 (2019), 357-374. MR3982933. Zbl 1428.26046.

[37] Noor, M.A.; Noor, K.I.; Awan, M.U. Generalized convexity and integral
inequalities. Appl. Math. Inf. Sci. 9 (2015), 233-243.

[38] Noor, M.A. Differentiable non-convex functions and general variational
inequalities. Appl. Math. Comput. 199 (2008), 623-630. Zbl 1147.65047.

[39] Farid, G.; Javed, A.; Rehman, A.U. On Hadamard inequalities for n-times
differentiable functions which are relative convex via Caputo k- fractional

******************************************************************************
Surveys in Mathematics and its Applications 18 (2023), 223 – 257

https://www.utgjiu.ro/math/sma

https://zbmath.org/1412.26046
http://www.ams.org/mathscinet-getitem?mr=4108515
https://zbmath.org/1482.26050
http://www.ams.org/mathscinet-getitem?mr=4536414
https://zbmath.org/0582.26003
http://www.ams.org/mathscinet-getitem?mr=3843921
https://zbmath.org/1485.26033
https://zbmath.org/1349.26063
https://zbmath.org/1378.26013
http://www.ams.org/mathscinet-getitem?mr=4187052 
https://zbmath.org/1499.26122
http://www.ams.org/mathscinet-getitem?mr=3531967 
http://www.ams.org/mathscinet-getitem?mr=3982933
https://zbmath.org/1428.26046
https://zbmath.org/1147.65047
https://www.utgjiu.ro/math/sma/v18/v18.html
https://www.utgjiu.ro/math/sma


256 M. Tariq, S.K. Ntouyas, A.A. Shaikh, J. Tariboon

derivatives. Nonlinear Anal. Forum 22 (2017), 17-28. MR3731845. Zbl
1414.26045.

[40] He, W.F.; Farid, G.; Mahreen, K.; Zahra, M.; Chen, N. On an integral and
consequent fractional integral operators via generalized convexity. AIMS Math.
6 (2020), 7632-7648. MR4161117. Zbl 1484.26028.

[41] Baloch, I.A.; Abdeljawad, T.; Bibi, S.; Mukheimer, A.; Farid, G.; Haq, A.U.
Some new Caputo fractional derivative inequalities for exponentially (θ, h −
m)–convex functions. AIMS Math. 7 (2) (2021), 3006-3026. MR4347798.

[42] Hilfer, R.; Luchko, Y.; Tomovski, Z. Operational method for solution of
fractional differential equations with generalized Riemann-Liouville fractional
derivative. Fract. Calc. Appl. Anal. 12 (2009), 299-318. MR2572712. Zbl
1182.26011.

[43] Liao, Y.; Deng, J.; Wang, J. Riemann-Liouville fractional Hermite-Hadamard
inequalities, part II, for twice differentiable geometric- arithmetically s-convex
functions. J. Inequal. Appl. 2013, 2013, 517. MR3212961. Zbl 1297.26015.

[44] Samraiz, M.; Perveen, Z.; Rahman, F.; Khan, M.A.; Nisar, K.S. Hermite-
Hadamard fractional inequalities for differentiable functions. Fractal Fract.
2022, 6, 60.

[45] Almeida, R. A. Caputo fractional derivative of a function with respect to
another function. Commun. Nonlinear Sci. Numer. Simul. 44 (2017), 460-481.
Zbl 1465.26005.

[46] Rashid, S.; Ashraf, R.; Nisar, K.S.; Abdeljawad, T. Estimation of integral
inequalities using the generalized fractional derivative operator in the Hilfer
sense. J. Math., 2020, Article ID 1626091, 15 pages. MR4171176. Zbl
1489.26047.

Muhammad Tariq

Department of Basic Sciences and Related Studies,

Mehran University of Engineering and Technology,

Jamshoro 76062, Pakistan.

e-mail: captaintariq2187@gmail.com

Sotiris K. Ntouyas

Department of Mathematics, University of Ioannina,

451 10 Ioannina, Greece

e-mail: sntouyas@uoi.gr

******************************************************************************
Surveys in Mathematics and its Applications 18 (2023), 223 – 257

https://www.utgjiu.ro/math/sma

http://www.ams.org/mathscinet-getitem?mr=3731845
https://zbmath.org/1414.26045
https://zbmath.org/1414.26045
http://www.ams.org/mathscinet-getitem?mr=4161117
https://zbmath.org/1484.26028
http://www.ams.org/mathscinet-getitem?mr=4347798
http://www.ams.org/mathscinet-getitem?mr=2572712
https://zbmath.org/1182.26011
https://zbmath.org/1182.26011
http://www.ams.org/mathscinet-getitem?mr=3212961
https://zbmath.org/1297.26015
https://zbmath.org/1465.26005
http://www.ams.org/mathscinet-getitem?mr=4171176
https://zbmath.org/1489.26047
https://zbmath.org/1489.26047
https://www.utgjiu.ro/math/sma/v18/v18.html
https://www.utgjiu.ro/math/sma


Hermite-Hadamard type fractional inequalities 257

Asif Ali Shaikh

Department of Basic Sciences and Related Studies,

Mehran University of Engineering and Technology,

Jamshoro 76062, Pakistan.

and

Department of Mathematics, Near East University,

99138 Mersin, Turkey.

e-mail: asif.shaikh@faculty.muet.edu.pk

Jessada Tariboon

Intelligent and Nonlinear Dynamic Innovations, Department of Mathematics,

Faculty of Applied Science, King Mongkut’s University of Technology North Bangkok,

Bangkok 10800, Thailand.

e-mail: jessada.t@sci.kmutnb.ac.th

License

This work is licensed under a Creative Commons Attribution 4.0 International
License.

Received: April 20, 2023; Accepted: October 7, 2023; Published: October 9, 2023.

******************************************************************************
Surveys in Mathematics and its Applications 18 (2023), 223 – 257

https://www.utgjiu.ro/math/sma

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.utgjiu.ro/math/sma/v18/v18.html
https://www.utgjiu.ro/math/sma

	Introduction
	Hermite-Hadamard Type Inequalities via Caputo Fractional Derivative
	Hermite-Hadamard type Inequalities via k-Caputo Fractional Derivatives
	Hermite-Hadamard Type Inequalities via Hilfer Fractional Derivative
	Hermite-Hadamard Type Inequalities via -Caputo Fractional Derivative
	Conclusions

