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GEOMETRIC DISTRIBUTION SERIES
CONNECTED WITH CERTAIN SUBCLASSES OF

UNIVALENT FUNCTIONS

Masoumeh Taliyan, Shahram Najafzadeh and Mohammad Reza Azimi

Abstract. In this paper, we consider the class of normalized analytic functions of the form

f(z) = z +
∑∞

n=2 anz
n. Following this functions, we define the functions whose coefficients are

probabilities of the geometric distribution series and other special modes of this series. Also, we

consider different special classes of f(z). In the following we consider some lemmas that make

connection between defined special classes with the function f(z). Follower of this topic we will

consider the theorems that make connection between defined classes with the functions whose

coefficients are probabilities of geometric distribution series. Also we define Alexander-type integral

operator and find the necessary and sufficient conditions for being this operator to defined general

classes.

1 Introduction

Let A denote the class of normalized functions of the form

f(z) = z +

∞∑
n=2

anz
n (1.1)

which are analytic in the open unit disk U = {z : z ∈ C, |z| < 1}, and let S be the
subclass of A consisting of functions of the form (1.1) that are also univalent in U .

Furthermore, for g ∈ A given by

g(z) = z +

∞∑
n=2

bnz
n, z ∈ U

we define the Hadamard product (or convolution product) of f and g by

(f ∗ g)(z) = z +
∞∑
n=2

anbnz
n, z ∈ U
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If f and g are two analytic functions in the unit disk U , we say that f is subordinate
to g, written as f(z) ≺ g(z), if there exists a Schwarz function w, which is analytic
in U with w(0) = 0 and |w(z)| < 1 for all z ∈ U , such that f(z) = g(w(z)), z ∈ U .
In addition, if the function g is univalent in U , we say f(z) ≺ g(z) if and only if
f(0) = g(0) and f(U) ⊂ g(U) (See [3, 12]).

In the following, we introduce two subclasses (a), (b) (see [2, 5, 6, 14, 15]).
(a) A function f ∈ A is said to be in the class q − sp(Γ) of q-uniformly starlike

functions of order Γ if it satisfies the condition

Re

(
zf ′(z)

f(z)
− Γ

)
> q

⏐⏐⏐⏐zf ′(z)

f(z)
− 1

⏐⏐⏐⏐ , z ∈ U, (1.2)

where 0 ≤ Γ < 1 and q ≥ 0.
(b) A function f ∈ A is said to be in the class q − ucv(Γ) of q-uniformly convex

functions of order Γ if it satisfies the condition

Re

(
1 +

zf ′′(z)

f ′(z)
− Γ

)
> q

⏐⏐⏐⏐zf ′′(z)

f ′(z)

⏐⏐⏐⏐ , z ∈ U, (1.3)

where 0 ≤ Γ < 1 and q ≥ 0.
It follows from (1.2) and (1.3) that for a function f ∈ A we have the equivalence

relation
f ∈ q − ucv(Γ) ⇐⇒ zf ′(z) ∈ q − sp(Γ).

For Γ = 0 the classes q − ucv(Γ) and q − sp(Γ) reduce to the classes q − ucv and
q − sp respectively, (see [9, 10]).

Definition 1. ([17]) For −1 ≤ C < D ≤ 1 and |α| < π

2
, a function f ∈ A is said

to be in the class L(C,D, α) if the following subordination condition is met

eiαf ′(z) ≺ 1 + Cz

1 +Dz
cosα+ i sinα.

Using the definition of the subordination, we say that a function f ∈ A belongs
to the class L(C,D, α) if and only if there exists an analytic function w, satisfying
w(0) = 0 and |w(z)| < 1 for all z ∈ U , such that

eiαf ′(z) =
1 + Cw(z)

1 +Dw(z)
cosα+ i sinα, z ∈ U,

or equivalently ⏐⏐⏐⏐ eiα(f ′(z)− 1)

Deiαf ′(z)− [Deiα + (C −D) cosα]

⏐⏐⏐⏐ < 1, z ∈ U.

Different authors investigated special choices of C,D, α in the following subclasses:
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(i) L(2θ − 1, 1, α) := L(α, θ) (0 ≤ θ < 1, |α| < π

2
) ([8])

(ii) L (Γ(2θ − 1),Γ, 0) := R(Γ, θ) (0 < Γ ≤ 1, 0 ≤ θ < 1) ([7])

(iii) L (Γ(2θ − 1),Γ, 0) := D(Γ) (0 < Γ ≤ 1) ([4])

(iv) L (C + (D − C)θ,D, α) := L(C,D, α, θ) (−1 ≤ C < D ≤ 1, |α| < π

2
, 0 ≤

θ < 1) ([1]).
A variable x is said to have the geometric distribution if it takes the values 0, 1, 2, 3, . . .
with the probabilities (1−m),m(1−m),m2(1−m),m3(1−m), . . . respectively, where
m is called the parameter. Thus

p(x = k) = mk(1−m), k = 0, 1, 2, 3, . . .

Now, we introduce a power series whose coefficients are probabilities of the geometric
distribution:

K(m, z) := z +
∞∑
n=2

mn−1(1−m)zn, z ∈ U, (0 ≤ m ≤ 1). (1.4)

We note that, by ratio test, the radius of convergence of the above series is infinity.

We will define the functions

F (m,λ, z) : = (1− λ)K(m, z) + λz(K(m, z))′

= z +
∞∑
n=2

[1 + λ(n− 1)]mn−1(1−m)zn, z ∈ U, (1.5)

(0 ≤ m ≤ 1, λ ≥ 0)

and

N(m,λ, γ, z) : = (1− λ+ γ)K(m, z) + (λ− γ)z(K(m, z))′ + λγz2(K(m, z))′′

= z +
∞∑
n=2

[1 + (n− 1)(λ− γ + nλγ)]mn−1(1−m)zn z ∈ U

(0 ≤ m ≤ 1, λ, γ ≥ 0) (1.6)

and we introduce the linear operator Pm : A → A defined by

Pm(f)(z) := K(m, z) ∗ f(z) = z +

∞∑
n=2

mn−1(1−m)anz
n, z ∈ U, (0 ≤ m ≤ 1).(1.7)

In this paper we make some sufficient conditions for the geometric distribution series
and other depending series to be in some subclasses of analytic functions. Also, we
give conditions for an integral operator related to this series.
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2 Preliminaries

Unless otherwise stated, we assume that −1 ≤ C < D ≤ 1, |α| <
π

2
, 0 ≤ m ≤

1, λ, γ ≥ 0 and λ ≥ γ. To prove our results we need the following lemmas.

Lemma 2. ([1, Theorem 4]) If the function f ∈ A is of the form (1.1) and

∞∑
n=2

n (1 + |D|) |an| ≤ (D − C) cosα

then f ∈ L(C,D, α).

Lemma 3. ([1, Theorem 1]) If the function f ∈ L(C,D, α) is of the form (1.1),
then

|an| ≤
(D − C) cosα

n
,

for every n ≥ 2. The estimate is sharp.

Lemma 4. ([9, Theorem 3.3]) If f ∈ A and for some q (0 ≤ q < ∞) the following
inequality holds

∞∑
n=2

n(n− 1)|an| ≤
1

q + 2
,

then f ∈ q − ucv.The number
1

q + 2
cannot be increased.

Lemma 5. ([16, Theorem 2.1]) If the function f ∈ A is of the form (1.1) and

∞∑
n=2

[n(1 + q)− (q + Γ)] |an| ≤ 1− Γ,

then f ∈ q − sp(Γ).

3 Main Results

Theorem 6. A sufficient condition for the function K(m, z) given by (1.4) to be in
the class L(C,D, α) is

m

1−m
+m ≤ (D − C) cosα

1 + |D|
. (3.1)

Proof. To prove that K(m, z) ∈ L(C,D, α), according to Lemma 2, it is sufficient
to show that

∞∑
n=2

n (1 + |D|) |m|n−1|1−m| ≤ (D − C) cosα.
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In the proof of this theorem we will use the following relation

∞∑
n=2

nmn−1 =
1− (1−m)2

(1−m)2
.

We have

∞∑
n=2

n (1 + |D|)mn−1(1−m) = (1−m)(1 + |D|)
∞∑
n=2

nmn−1

= (1−m)(1 + |D|)1− (1−m)2

(1−m)2

= (1 + |D|)
[

m

1−m
+m

]
≤ (D − C) cosα,

and from Lemma 2 it follows that

K(m, z) ∈ L(C,D, α).

Theorem 7. A sufficient condition for the function F (m,λ, z) defined by (1.5) to
be in the class L(C,D, α) is

(1 + 2λ)m

1−m
+m+

2λm2

(1−m)2
≤ (D − C) cosα

1 + |D|
. (3.2)

Proof. From Lemma 2, to prove that F (m,λ, z) ∈ L(C,D, α), it is sufficient to show
that

∞∑
n=2

[n(1 + |D|)] [1 + λ(n− 1)] |m|n−1|1−m| ≤ (D − C) cosα. (3.3)

In the proof of this theorem we will use the following relations

∞∑
n=2

nmn−1 =
1− (1−m)2

(1−m)2

∞∑
n=2

n(n− 1)mn−1 =
2m(1−m)2 + 2m(1− (1−m)2)

(1−m)3
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We have

∞∑
n=2

[n(1 + |D|)] [1 + λ(n− 1)]mn−1(1−m)

= (1−m)(1 + |D|)

[ ∞∑
n=2

nmn−1 + λ

∞∑
n=2

n(n− 1)mn−1

]

= (1−m)(1 + |D|)
[
1− (1−m)2

(1−m)2
+ λ

2m(1−m)2 + 2m(1− (1−m)2)

(1−m)3

]
= (1 + |D|)

[
1− (1−m)2

1−m
+ λ

2m(1−m)2 + 2m(1− (1−m)2)

(1−m)2

]
= (1 + |D|)

[
1

1−m
− (1−m) +

2λm

(1−m)2

]
= (1 + |D|)

[
m

1−m
+m+

2λm

1−m
+

2λm2

(1−m)2

]
= (1 + |D|)

[
(1 + 2λ)m

(1−m)
+m+

2λm2

(1−m)2

]
.

According to (3.2), from the above identity, we conclude it follows that the inequality
(3.3) holds and therefore F (m,λ, z) ∈ L(C,D, α).

Theorem 8. A sufficient condition for the function N(m,λ, γ, z) given by (1.6) to
be in the class L(C,D, α) is

(1 + 2λ− 2γ + 4λγ)m

1−m
+m+

(λ− γ + 5λγ)2m2

(1−m)2
+

6λγm3

(1−m)3
≤ (D − C) cosα

1 + |D|
.(3.4)

Proof. To prove that N(m,λ, γ, z) ∈ L(C,D, α), from Lemma 2, it is sufficient to
show that

∞∑
n=2

n(1 + |D|) [1 + (n− 1)(λ− γ + nλγ)] |m|n−1|1−m| ≤ (D − C) cosα. (3.5)

In the proof of this theorem we will use the following relations

∞∑
n=2

(n− 1)mn−1 =
m

(1−m)2

∞∑
n=2

(n− 1)(n− 2)mn−1 =
2m2

(1−m)3

∞∑
n=2

(n− 1)(n− 2)(n− 3)mn−1 =
6m3

(1−m)4
.
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We have

∞∑
n=2

n(1 + |D|) [1 + (n− 1)(λ− γ + nλγ)]mn−1(1−m)

= (1 + |D|)(1−m)

[ ∞∑
n=2

(1 + 2λ− 2γ + 4λγ)(n− 1)mn−1

+

∞∑
n=2

mn−1 +

∞∑
n=2

(λ− γ + 5λγ)(n− 1)(n− 2)mn−1

+
∞∑
n=2

λγ(n− 1)(n− 2)(n− 3)mn−1

]

= (1 + |D|)(1−m)

[
(1 + 2λ− 2γ + 4λγ)

m

(1−m)2
+

m

1−m

+(λ− γ + 5λγ)
2m2

(1−m)3
+ λγ

6m3

(1−m)4

]
= (1 + |D|)

[
(1 + 2λ− 2γ + 4λγ)m

1−m
+m+ (λ− γ + 5λγ)

2m2

(1−m)2
+

6λγm3

(1−m)3

]
≤ (D − C) cosα.

This means that (3.5) holds, and hence N(m,λ, γ, z) ∈ L(C,D, α).

Theorem 9. (i) If the condition

2m2

(1−m)2
+

3m

1−m
+m ≤ (D − C) cosα

1 + |D|
(3.6)

holds, then the operator Pm defined by (1.7) maps the class S∗ to the class L(C,D, α),
that is Pm(S∗) ⊂ L(C,D, α).

(ii) If the condition (3.1) is satisfied, then the operator Pm maps the class K to
the class L(C,D, α), that is Pm(K) ⊂ L(C,D, α).

Proof. According to Lemma 2, to prove that Pm(f) ∈ L(C,D, α), it is sufficient to
show that

∞∑
n=2

n(1 + |D|)|m|n−1|1−m||an| ≤ (D − C) cosα (3.7)

(i) If f ∈ S∗ has the form (1.1), then the well-known inequality |an| ≤ n holds

******************************************************************************
Surveys in Mathematics and its Applications 18 (2023), 259 – 272

https://www.utgjiu.ro/math/sma

https://www.utgjiu.ro/math/sma/v18/v18.html
https://www.utgjiu.ro/math/sma


266 M. Taliyan, Sh. Najafzadeh and M. R. Azimi

for all n ≥ 2 ([11, 13]) and using (3.6) we obtain that

∞∑
n=2

n(1 + |D|)mn−1(1−m)|an|

≤
∞∑
n=2

n2(1 + |D|)mn−1(1−m)

=

∞∑
n=2

((n− 1)(n− 2) + 3(n− 1) + 1) (1 + |D|)mn−1(1−m)

= (1−m)(1 + |D|)

[ ∞∑
n=2

(n− 1)(n− 2)mn−1 + 3
∞∑
n=2

(n− 1)mn−1 +
∞∑
n=2

mn−1

]

= (1−m)(1 + |D|)
[

2m2

(1−m)3
+

3m

(1−m)2
+

m

1−m

]
= (1 + |D|)

[
2m2

(1−m)2
+

3m

1−m
+m

]
≤ (D − C) cosα

that is (3.7) holds, and hence Pm(f)(z) ∈ L(C,D, α).

In the proof of upper results we used the following relations:

∞∑
n=2

(n− 1)mn−1 =
m

(1−m)2
,

∞∑
n=2

(n− 1)(n− 2)mn−1 =
2m2

(1−m)3
,

∞∑
n=2

mn−1 =
m

1−m
.

(ii) If f ∈ K is of the form (1.1), then the well-known inequality |an| ≤ 1 holds for
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n ≥ 2 ([11]) and according to (3.1) we have

∞∑
n=2

n(1 + |D|)mn−1(1−m)|an|

≤
∞∑
n=2

n(1 + |D|)mn−1(1−m)

= (1−m)(1 + |D|)
∞∑
n=2

n(m)n−1

= (1−m)(1 + |D|)1− (1−m)2

(1−m)2

= (1 + |D|)1− (1−m)2

1−m

= (1 + |D|)
(

m

1−m
+m

)
≤ (D − C) cosα.

Hence (3.7) holds and therefore Pm(f) ∈ L(C,D, α).

Theorem 10. If the condition

m

1−m
(D − C) cosα ≤ 1

q + 2
(3.8)

holds, then the operator Pm maps the class L(C,D, α) to the class q − ucv, that is
Pm(L(C,D, α)) ⊂ q − ucv.

Proof. If f ∈ L(C,D, α) has the form (1.1), since Pm is given by (1.7), using Lemma
4 we need to prove that

∞∑
n=2

n(n− 1)|m|n−1|1−m||an| ≤
1

q + 2
. (3.9)

In the proof of this theorem, we will use the following relation:

∞∑
n=2

(n− 1)mn−1 =
m

(1−m)2
.
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We have

∞∑
n=2

n(n− 1)mn−1(1−m)|an|

≤
∞∑
n=2

(n− 1)mn−1(1−m)(D − C) cosα

= (1−m)(D − C) cosα

∞∑
n=2

(n− 1)mn−1

= (1−m)(D − C) cosα
m

(1−m)2

=

(
m

1−m

)
(D − C) cosα

≤ 1

q + 2
.

Hence (3.9) holds and consequently Pm(f) ∈ q − ucv.

Theorem 11. If the condition

(D − C) cosα
[
m(q + 1)− q

m
(1−m)(−m− ln(1−m)

]
≤ 1 (3.10)

holds, then Pm maps the class L(C,D, α) to the class q − sp := q − sp(0), that is
Pm(L(C,D, α)) ⊂ q − sp.

Proof. If f ∈ L(C,D, α) has the power expansion series (1.1) and Pm is given by
(1.7), according to Lemma 5 for Γ = 0 we need to prove that

∞∑
n=2

[n(q + 1)− q] |m|n−1|1−m||an| ≤ 1. (3.11)

In the proof of this theorem, we will use the following relations:

∞∑
n=2

mn−1 =
m

1−m
,

∞∑
n=2

mn

n
= (− ln(1−m)−m] .
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We have

∞∑
n=2

[n(q + 1)− q] |m|n−1|1−m||an|

≤
∞∑
n=2

[n(q + 1)− q]

(
(D − C) cosα

n

)
mn−1(1−m)

= (D − C) cosα

[
(1−m)(q + 1)

∞∑
n=2

mn−1 − q(1−m)

∞∑
n=2

mn−1

n

]

= (D − C) cosα

[
(1−m)(q + 1)

m

1−m
− q

m
(1−m)(−m− ln(1−m))

]
= (D − C) cosα

[
m(q + 1)− q

m
(1−m)(−m− ln(1−m))

]
≤ 1.

That is (3.11) holds and thus Pm(f) ∈ q − sp.

In the following two theorems we will obtain analogues results in connection with
the function Im defined by

Im(z) :=

∫ z

0

K(m, t)

t
dt, z ∈ U.

Theorem 12. A sufficient condition for the function Im to be in the class L(C,D, α)
is

m(1 + |D|) ≤ (D − C) cosα. (3.12)

Proof. Since

Im(z) = z +
∞∑
n=2

mn−1(1−m)
zn

n
, z ∈ U (3.13)

to prove that Im ∈ L(C,D, α), according to Lemma 2, it is sufficient to show that

∞∑
n=2

n(1 +D)

n
|m|n−1|1−m| ≤ (D − C) cosα. (3.14)
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We have
∞∑
n=2

n(1 + |D|)
n

mn−1(1−m)

= (1−m)(1 + |D|)
∞∑
n=2

mn−1

= (1−m)(1 + |D|) m

1−m
= m(1 + |D|) ≤ (D − C) cosα.

Now from (3.14) it follows that

Im ∈ L(C,D, α).

Theorem 13. A sufficient condition for the function Im to be in the class q− sp(Γ)
is

m(q + 1)− (1−m)

m
(q + Γ)(−m− ln(1−m)) ≤ 1− Γ. (3.15)

Proof. Since Im has the form (3.13), to prove that Im ∈ q − sp(Γ), according to
Lemma 5, it is sufficient to prove that

∞∑
n=2

n(q + 1)− (q + Γ)

n
|m|n−1|1−m| ≤ 1− Γ. (3.16)

In the proof of this theorem we will use the following relations

∞∑
n=2

mn−1 =
m

1−m
,

∞∑
n=2

mn

n
= − ln(1−m)−m.

We have
∞∑
n=2

n(q + 1)− (q + Γ)

n
mn−1(1−m)

= (1−m)(q + 1)
∞∑
n=2

mn−1 − (1−m)

m
(q + Γ)

∞∑
n=2

mn

n

= (1−m)(q + 1)
m

1−m
− (1−m)

m
(q + Γ)(− ln(1−m)−m)

= m(q + 1)− (1−m)

m
(q + Γ)(− ln(1−m)−m)

≤ 1− Γ.
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Now from (3.16), we conclude that

Im ∈ q − sp(Γ).
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