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Abstract. The objective of this paper is to generalize and improve some results in fixed point
theorems in both complete metric space and Menger space. These results are generalizations of the
analogous ones recently proved by Khojasteh [5], Demma [1], Yildirim [13], where we establish a
dynamic information about their other fixed points if there exist i.e the distance between two fixed
point in case of metric space and their equivalent in probabilistic metric space. Some illustrative
examples are furnished, which demonstrate the validity of the hypotheses.

As an application to our main result, we derive a uniqueness fixed point theorem for a self-

mapping under strong conditions.

1 Introduction

One of fundamental theorem in fixed point theory is Banach’s contraction principle
which has many applications in different disciplines, such as computer science,
chemistry, biology, physics and any other branches of mathematics.

In the other way, Menger [7] introduced a new generalisation of the metric space,
called Menger space. The important development of fixed point theory in this spaces
was due to Sehgal and Bharucha-Reid [11] and Schweizer-Sklar [10]. Since then there
has been a massive growth of fixed point theorems using certain conditions on the
mappings or on the space itself. For some results of fixed and common fixed point
in the setting of Menger spaces see [12, 3, 4, 9] and their references.

In this paper we aims to generalized the theorem in [5] in the both metric and
Menger spaces and we give some examples to illustrate our studies. Our paper is
organized as follows:

The first section, Preliminaries, we recall some basic notions of Menger space,
in the second section we present our main results which divided into two parts: in
the first one we generalize a theorem in [5] when we found a better estimation than
their result and in second part we try to generalize this last result and our previous
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results in [6] to the Menger space case. Some illustrative examples are presented
too.

2 Preliminaries

We recall some well known notions and definition of this spaces.

Definition 1. [2]

A distribution function (on [—oo,+0o0]) is a function F : [—o0,400] — [0,1]
which is left-continuous on R, non-decreasing and F(—o0) = 0, F(+o00) = 1.

We denote by A the family of all distribution functions on [—oo, +00].

Definition 2. [2]

A distance distribution function F : [—oo, +00| — [0,1] is a distribution function
with support contained in [0, +o0].
The family of all distance distribution functions will be denoted by A*. We denote
Dt ={F|F € AT, tiiglooF(t) =1}

Since any function from AT is equal 0 on [—o0,0] we can consider the set AT
consisting of non-decreasing functions F defined on [0,+o0] that satisfy F(0) = 0
and F(4o00) = 1.

Moreover, DT then consists of non-decreasing functions F defined on [0, +00)
that satisfy F(0) =0 and t—lg-noo F(T)=1.

The class DT will play the important role in the probabilistic fized point theorems.
H is a special element of DT defined by

H(t) = 0 ift<o,
)1 ift>o.

If X is a non-empty set, F : X x X — DT is called a probabilistic distance on
X and F(z,y) is usually denoted by Fy .

Definition 3. [11] A probabilistic metric space (PM-space) is a pair (X, F) where
X is a set and F is a function defined on X x X into the set of distribution functions
F such that for all x,y and z in X, for all s,t >0

1. Fyy(0) = 0;

2. Fpy(t)=H(t) iff x =y;

5. Foylt) = Fye(t);

4. If Fpy(t) =1 and F, .(s) =1 then F, (s +1) = 1.

Remark 4. Let (X, d) be a metric space. The distribution function F; , defined by
the relation Fj ,(t) = H(t — d(x,y)) induces a PM-space.
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Definition 5. [2]

A triangular norm x (t-norm for short) is a binary operation on the unit interval
[0, 1], which is commutative, associative, non-decreasing in its second component and
forallz €[0,1] zx1=x.

Remark 6. The monotonicity of a t-norm x* in its second component is, together
with the commutativity, equivalent to the (joint) monotonicity in both components,
i.e., to

1 * Y1 < X9 *x yo whenever 1 < x9 and y; < yo.

Definition 7. [11] A Menger PM-space is a triplet (X,F,*) where (X,F) is a
PM-space and * is a t -norm with the following condition:

Fyo(t+8) > Fuy(t) * Fy2(s)

forallxz,y,z € X and s, t > 0.
This inequality s known as Menger’s triangle inequality.

Definition 8. [8] A sequence (xyn)nen in a Menger PM space (X, F,*) is said

1. to converge to a point x in X if for every € > 0 and X\ > 0, there is an integer
no such that Fy, z(e) > 1— X for all n > ng.

2. to be Cauchy if for each € > 0 and A > 0, there is an integer ng such that
Fypam(€) >1 =X for all n,m > ng.

3. to be complete if every Cauchy sequence in it converges to a point of it.

We present the following famous lemma that will help us prove our results later.

3 Main results

The following is the first our main result.

Theorem 9. Let (X,d) be a complete metric space and let T be a self mapping
in X. Suppose there exist four positive real number a,b,c, f, e € R™ such that
a < min{c, f} and for all x,y € X

ad(xz,Ty) + bd(y, T'z)
<
WCTD S i, Ta) + 7. Ty) + ¢

d(z,y). (3.1)

Then,
1. T has at least one fixed point © € X ;

2. every Picard sequence (Tp)nen converges to a fized point;
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3. if T has two distinct fized points &,y in X then, d(&,y) > ib.
a
Proof. Let (z,,)nen be a Picard sequence(x,+1 = Txy,).
Step 1: Let’s show that (z,),en is a Cauchy sequence.
By putting = z,_1 and y = z,, in inequality (3.1) we find,
ad(wn—h mn—l—l)
d < d(zp_
(@ Tnn) - < cd(zn—1,7n) + fd(Tn, Tni1) +e (1, n)
d(p— d
S a (xn 1 xn) +a (xn7 xn—l—l) d($n—17 l'n)
cd(Tp—1,%n) + fd(Tpn, Tns1) + €
d(zp— d
< X a (xn L xn) ta (xm xn-i—l) d(-rn—la wn)
min{c; f}(d(zn-1,2n) + d(zn, n41)) + €
d(zp— d
We denote that 0,, = ad(zn—1,2n) + ad(¥n, n 1) for all n € N.

min{¢; f}(d(xn_l, ZTn) + d(xp, :cn+1)) +e
Since a < min{c, f} then 0 < 6, < 1, furthermore, the sequence (0,,)nen is
decreasing because for all n € N

ae [d@fn—l—ly xn—l—?) - d(xn—l) xn)]

[min{c; SHA(@n, Tnp1) + d(@nt1, Tns2)) + 6}
1

min{c; f}(d(zn-1,2n) + d(@n, Tn41)) + 6}

9n+1 - 9n

X
[
< 0.

On the other hand we have,

d((lln7 xn—l—l) < gnd(xn—ly xn)
< enen—ld(xn—% xn—l)
< Opbp—1---01d(xo, 1)
< 0td(zg, 7).

By passaging to the limit with n — 400, we find

ngglm d(xp, Tni1) = 0.

Now for all n, m € N such that m > n we have

d(I‘n, xm) < d(xn) xn—&—l) + d(xn—f—la 1'n+2) + -+ d(xm—l,m)

m—1

< Z (erk,l o 91>d($07 xl)

k=n
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Suppose that ug = 0,0;,_1 - --01. Since

lim £ (3.2)
n—-+oo Uk

thus >/ 2 uy is convergent. It means that,

m—1
lim " Opbp_y -0 =0 (3.3)
k=n

n,m——+o0o

then (zp,)nen is a Cauchy sequence in X.
Since the metric space (X, d) is complete, there exit & € X such that

lim =z, = <.
n—-+00

Step 2: Check that & is a fixed point of T
By putting = = &, y = z,, in inequality (3.1), we find,

ad(Z, Tpt1) + bd(xy, TE)

d(Tz, xp, < y 1
(T2, 2nt1) < cd(#,Ti) + fd(xn, ni1) + €

(@, ). (3.4)

By taking limit on both sides of (3.4), we have d(T'%,%) = 0 that mean 7% = %.

Step 3: Suppose that T have two fixed points ¢,y in X. Find the distance
between these two fixed points.

By putting z = &, y = y in inequality (3.1), we find,

ad(x, ) + bd(y, &)
cd(#,8) + Fd(G,9) + ¢
_ (arbd)

e

d(z,y) <

d(,9)

€
a+b

Then, d(z,y) >
Example 10. Let X = {0;1;2} and let d : X x X — [0; +00) be defined by
d(0;1) =2; d(1;2) =3; d(0;2) =3.5.
d(0;0) =d(1;1) =d(2;2) =0

d(x;y) = d(y; z); Ve, y € X.

(X,d) is a complete metric space. Let T': X — X be a self mapping defined by
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We choose a =1,b=1,c=1, f =1, e = 4, then, we have

d(0,7(1)) 4+ d(1,7(0))
d(0,7(0)) +d(1,T(1)) + 4

d(0,1) =2

d(1,T(2)) +d(2,7(1))
d(1,T(1)) +d(2,7(2)) +4

A0, T(2) + dR.TO) 0o 49
’ 30°

d(1,2) =2,

d(T(0),T(2))=0<

(1O T@) =0% 36 70)) + a2, 7@) + 4

Therefore, T" satisfies all the conditions of Theorem 9. Also, T' has two distinct
fixed point {0,1} and d(0;1) =2 > &5 = 2.

Remark 11. On remark that this estimation is the better one this due to the
choosing of the constant a, b, ¢, f, e.

In the following, we try to generalised our last theorem for the case of Menger
spaces. Then, we are looking for dynamic information about the set of fixed points
of such mapping.

Theorem 12. Let (X, F,min) be a complete Menger space. Let T be a self mapping
mn X.
If exists four positives real numbers a,b,c,d (only one of a or b can be null) such

a+b b
thatmax{ dd}<1andf0ralla:y€X t>0,
amin{F, 7.(L); Fyry (L)} +b
1 — Fryry(t) < T2/ Y Y2 1— F,,(t)). 3.5
T 7Ty( ) — CIIliIl{F%Ty(t) yTx( )} +d ( ,y( )) ( )
Then,

1. T has at least a fized point in X;
2. all Picard sequence (Txy)nen converges to a fized point;

8. if T has two fized points &,y in X then, for allt > 0;

b—d
Fj;’y'(t) S max {a+ O} or F;t,?;(t) =1.

Proof. Let (xy,)nen be a Picard sequence with an arbitrary xg € X and zy,+1 = Ty,
n € N.

Stepl: Let’s show that (z,)nen is a Cauchy sequence.
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By putting = = 2,1, ¥y = ¥, in inequality (3.5), we find,

a min{FfEnflyxn (%)’ anyzn+1 (%)} + b
Cmin{an—lyxn+l (t)’ Fxn,fn (t)} + d
aF$n717$n+l (t) + b

N Canflamn+l(t) + d

1 - FTxn—lvTxn (t) (1 - Fxn—lyl’n (t))

(1= Fr, 2, (t))

< max{ﬂ;Z}(l—Fxnl,xn(ﬂ)
< <max{z_'_—’_z;Z})n(l—Fmo,ml(t))-

a’Fxn—I:xn+1 (t) + b

CFxn—lyxn+l (t) + d
Let n,m € N such that m > n, we have,

We denote 6,,(t) =

t t t

Fr o () = mln{F$n7zn+1(m);F$n+17$n+2<m); T ;F$m71»fcm(m)}'
(3.6)
So,
1-Fp» ( ) e O e L ); }
1-F t) < max ottt imen pHEn k2 kmen /e
mn@m( ) - { 71 Fl’m 17xm(m—n)
gn(ﬁ)en—l(mt_n)el(mt_n)v
< max .
gm 1( _n)em Q(m n) 0 (mtn)
t
X(l_FLBO,m( n))
t t t t
< 0, 0 -0 1—F,
< (s () O () (L= Py ()
a+b b t
< — -
<~ rnax{ d d (1 Fxo,x1(m_n))
a+b b
< -2
< maX{c—i—d’d
Taking limit n, m — +o0o we deduce
lim F, ..(t)=1 Vt>0. (3.7)

n,m—>-+00

Then, (zy)nen is a Cauchy sequence.
As the space X is complete, there exits # € X such that lirf Ty = L.
n—-+0oo
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Step 2: Check that & is a fixed point of T
By putting z = &, y = z,, in inequality (3.5), we find,

amin{F; 13(5); Frpann (5)} +0
cmin{Fy ., (t); Fr, 2(t)} +d

1 — Frirs,(t) < (1= Fia, (1))

Passing to the limit n — 400,

CLFj;,Tj(%) +b
)

1= Fri:(t) <
e, () CFw'Jb(t +d

(1—F;:(t))

lim FT¢7j;(t) =1 Vt>O0.

n—-+00

Then, T@ = . So, T has at least one fixed point in X.
Step 3: Let &,y € X be two fixed point of T'.
By putting = = &, y = y in inequality (3.5), we find,

a+b
1— Frorg(t) < ———— (1 — F3 (¢
then,
cFi,(t)+(d—c—a—b)Fyt)+a+b—d>0 forallt>0,
then

b—d
Fiy(t) < max{®""%.0} or Fu(t)=1
C

O

Theorem 13. Let (X, F,min) be a complete Menger space. Let T be a self mapping
m X.

If exists four positives real numbers a,b,c,d (only one of a or b can be null) such
that a + b < d and satisfying the inequality (3.5) then T has a unique fized point in
X.

Proof. The demonstration of the existence of fixed point is mentioned in the lines
of proof of theorem 12.

Next we will show the uniqueness of the fixed point of T

Let 2,9 € X two fixed point of T'. Replacing = &, y = ¢ in inequality (3.5) we
find

a+b
1= Progo(t) < —— 2 (1= Fy(t)).
T ,Ty( ) — CF%y(t) —|—d( ,y( ))
Then,
cF () +(d—c—a—b)Fy(t)+a+b—d>0 foralt>0,
which means Fj ;(t) = 1 for all ¢ > 0. Then & = y. O

kst sk ok sk ok ok s ok sk sk ok ok sk sk ok sk sk sk ok sk sk sk s sk sk sk ok sk sk sk sk ok sk sk sk s sk sk sk ok sk ok sk sk ok sk sk sk s sk sk sk sk ok sk sk ok ok sk ok sk sk ok ok sk skok ok sk ok

Surveys in Mathematics and its Applications 18 (2023), 317 — 328
https://www.utgjiu.ro/math/sma


https://www.utgjiu.ro/math/sma/v18/v18.html
https://www.utgjiu.ro/math/sma

New dynamic fixed point results in Menger spaces 325

Example 14. Let X = {0, 1,2} be a set associated with the following distributions
functions:

0 ift<2,

Fﬂ,l(t) = Flvz(t) = { 1 ift > 2.
0 ift <0,
1 ift>3.

Fp»(t) = H(t) for allz € Xfor allt € R,
Fpy(t) =Fy.(t) forallz,y e X forallteR.

(X, F,min) is a Menger space because all conditions in definition 3 and definition
7 are satisfies. Conditions 1-3 of definition 3 are obviously verified.
Now, it remains to prove the fourth condition:

e Suppose that Fp1(t) =1 and Fy2(t) =1 then, t > 2 and s > 3 then, t+s > 5,
then Fl,g(t + S) =1.

e Suppose that Fyo(t) = 1 and Fj 2(t) = 1 then, ¢t > 3 and s > 2 then, t+s > 5,
then F071(t + S) = 1.

e Suppose that Fp () = 1 and Fj 2(t) = 1 then, ¢t > 2 and s > 2 then, t+s > 4,
then Foyg(t + 8) =1.

Also, the Menger’s triangle inequality is satisfied because for all t,s > 0,

F[)}Q(t + S) > Inin{F071(t); FLQ(S)} (38)
F[)J(f + S) > min{F()’Q(t); FLQ(S)} (39)
FLQ(t + 8) > min{F071(t); FO’Q(S)} (310)

In addition, (X, F,min) is a complete Menger space. Let T be a self mapping
defined on X as,

T(0)=0 T(1)=1 T(2)=0
Now, we check the validity of the inequality (3.5). By choosing a =c=d =1

b b
and b = %, it is clear that +d < 1 and p < 1. If z = y, the inequality (3.5) was
verified.

c+

For x = 0 and y = 1 we have

1 ift <2,

- FT(O),T(1)<t) =1- FO,l(t) - { 0 ift>2.
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amin{Fy (o) (5); F1T(1)(%)}+b(1_F () = 1.5

emin{ Fy 71y (t); F1r0) ()} +d * Foa(t) +1
B 15 ift <2,
- 0.75 ift> 2.

So,
1—Fpa(t) < _ 15 for allt > 0
0.1 - F071(t) +1
For x =0 and y = 2,
1= Froyret) = 1-Foot)

- mln{FOT(o)(%) Fore (%)} + 2
- mln{F()’T )(t) Fy o))} +1

(1= Foz(t))-
For x =1 and y = 2,

1 ift<2,
1_FT()T(2)()—1—F1,0(75)={ s

0 ift>2.

Foa($) +3

: ty. t
aml.n{Fl,T(l)(Q)'v Fyr2)(3)} +b<1 CFa@) = , (1— Fia(t)
cmin{Fy 7e)(t); For)(t)} +d Fia(t) +1

3 ift<o,
— ! 1 ifo<t<2,
0 ift>2.

So,
Foo(t) + 3

FlO()— F12()+1

(1—Fi2(t)) forallt > 0.

Then, all conditions of theorem 12 were verified. Then, T has at least one fixed
point in X (exactly it has two fixed point 0 and 1). Over more, Fyi(t) < % or
Foi(t) = 1.

Also, every Picard sequence (T'x,)nen converge to a fixed point.

If xo =0, Tz, =0 for all n € N, it converge to 0.
Ifxg =1, Tx, =1 for all n € N, it converge to 1.
If xo =2, Tz, =0 for all n € N, it converge to 0.

Open Question. Very interesting results can be obtain in the same frame of
Menger space, for the case of multivalued operators.
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4 Conclusions

Our paper generalize and discuss some results of related literature, given by
Khojasteh [5], Demma [1], Yildirim [13] for both, complete metric space and Menger
space. We established a dynamic information about their other fixed points if there
exist i.e. the distance between two fixed point in case of metric space and their
equivalent in probabilistic metric space. To strength our results some interesting
examples are given.
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