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ADVANCE IN THE ADOMIAN DECOMPOSITION
METHOD FOR SOLVING NEW EMDEN-FOWLER

TYPE EQUATIONS
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Abstract. In this manuscript, we developed the technique of the Adomian method for solving

many Lane-Emden-Fowler type equations. The use of the Adomian Decomposition method to

effectively solve these newly developed singular 4th and 5th order equations. The efficacy of our

approach is further validated by analyzing various fourth and fifth orders Emden-Fowler type

examples encompassing nonlinear cases.

1 Introduction

In the latter part of the 19th century, astrophysicist J. Homer Lane derived and
studied an equation that represents the equilibrium of stellar configurations [20].
Thereafter, this work was then extended [14], leading to what is now referred to as
the Lane-Emden equation, which can be expressed as follows:

u′′ +
k

t
u′ + g(t)h(u) = 0, u(0) = a, u′(0) = 0, (1.1)

where k is the shape factor, g(t) and h(u) are functions of t and u, respectively.
The Emden-Fowler equation (1.1) can be used to model a variety of physical phenomena,
including the structure of stars, the propagation of waves in plasmas, the diffusion
of particles in gases, relativistic mechanics, pattern formation, population evolution,
and chemical reactor systems. For g(t) = 1, equation (1.1) becomes the standard
Lane-Emden equation [20, 14]:

u′′ +
k

t
u′ + h(u) = 0, u(0) = a, u′(0) = 0, (1.2)

The Lane-Emden equation (1.2) describes the temperature variation in a spherical
gas cloud influenced by mutual molecular attraction and subject to thermodynamic
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laws. It is utilized in astrophysics to model the interiors of polytropic stars, radiative
cooling, self-gravitating gas clouds, and galaxy cluster modeling [20, 14, 15, 27, 10, 7].
The singularity at t = 0 poses a significant challenge for equation (1.1) and equation
(1.2).

The function h(u) in the Lane-Emden equation takes on various forms. The
most popular are g(t) = 1 and h(u) = um with m as a constant parameter. The
Lane-Emden equation in this form is known as the Lane-Emden equation of the first
kind, or index m. It is used to model the thermal behavior of a spherical gas under
mutual attraction, following classical thermodynamic laws. Notably, for m = 0 and
m = 1, the Lane-Emden equation is linear, while it is nonlinear otherwise. On the
other hand, the Lane-Emden equation of the second kind employs h(u) in the form
h(u) = eu. It models the non-dimensional density distribution y(x) in an isothermal
gas sphere, a common approach to studying stellar structures. There are also other
nonlinear forms for h(u), such as cos(u), sin(u), cosh(u), sinh(u), and more. An

interesting variant is h(u) = (u2 − C)
3
2 . For this value of h(u), the Lane-Emden

equation becomes the white-dwarf equation introduced by Chandrasekhar [7] to
study the gravitational potential of degenerate white-dwarf stars. When C = 0, it
reduces to the Lane-Emden equation with indexm = 3. White dwarfs, or degenerate
dwarfs, are stellar remnants primarily composed of electron-degenerate matter.

The Lane-Emden equation (1.1) was derived by employing the equation:

1

tk
d

dt
(tk

d

dt
)u+ g(t)h(u) = 0, u(0) = a, u′(0) = 0, (1.3)

where k represents the shape factor. Upon setting g(t) = 1, the Lane-Emden
equation emerges from the same derivation. The Lane-Emden and the Emden-Fowler
equations have undergone extensive scrutiny, with researchers employing a diverse
array of numerical and analytic methods to derive both exact and approximate
solutions. The literature encompasses the Adomian decomposition method ADM
[4, 28, 29, 5, 30, 31, 21, 17], variational iteration method [18], homotopy perturbation
method [34], rational Legendre pseudo-spectral approach [25], collocation method
[24], galerkin method [6], finite element method, and other techniques [22, 19, 23].

This paper extends the work of Wazwaz et al.[33] by introducing a novel differential
operator to solve three new types of Emden-Fowler equations: a fourth-order and
two fifth-order. The operator’s versatility allows it to handle a broader range of
Emden-Fowler equations, including those of higher orders (detailed in Section 2).
Solutions for these new equation types are presented in Section 3.

This paper introduces a novel differential operator to solve new types of Emden-
Fowler equations. Section 2 details the systematic derivation of these equations
for various dimensions, employing a uniform method for first-to-fifth-order cases
(with cases 8, case 12 and case 13 for both orders being novel). Section 3 presents
solutions for these new equation types, while Section 4 discusses the implications
and concludes the paper.
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2 Deriving the Emden - Fowler Type Equations for Integral
Order

Consider the general for the Emden-Fowler type equations:

t−r d

dt
tr−k dm

dtm
(tk

dn

dtn
)u+ g(t)h(u) = 0, (2.1)

where r ≥ 1, k ≥ 0 and m,n ∈ N . When m,n = 0 to obtain the Emden- Fowler
equation of the first order [16], to get the Emden- Fowler equations of the 2nd, 3rd,
4th, and 5th order, we should take

m+ n = 1,

m+ n = 2,

m+ n = 3,

and
m+ n = 4, (2.2)

where m, n ≥ 0. There are two probabilities for 2nd order (debated in [29, 8]), three
possibilities for 3rd order (discussed in [8, 32, 9]), four possibilities for 4th order
(three cases debated in [33, 8, 9]), and five possible choices for 5th order (three cases
discussed in [33, 8, 9]) of the Emden-Fowler type equations. To give the following
type equations, respectively
First-Order Equation [16]

When m = 0, n = 0 in (2.1) gives:

t−r d

dt
tru+ g(t)h(u) = 0, (2.3)

simplifying (2.3), we obtain:

u
′
+

r

t
y + g(t)h(u) = 0. (2.4)

Second-Order Equations [29, 8]

Case 1. at m = 0, n = 1 in equation (2.1) will be:

t−r d

dt
(tr

d

dt
)u+ g(t)h(u) = 0, (2.5)

simplifying equation (2.5), we get:

u
′′
+

r

t
u

′
+ g(t)h(u) = 0. (2.6)
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Case 2. When m = 1, n = 0 in equation (2.1) to get

t−r d

dt
tr−k(

d

dt
tk)u+ g(t)h(u) = 0, (2.7)

equaling equation (2.7), we have

u
′′
+

r + k

t
u

′
+ g(t)h(u) = 0. (2.8)

Equations of the Third Order [8, 32, 9]

Case 3. at m = 0, n = 2 in equation (2.1) to get

t−r d

dt
(tr

d2

dt2
)u+ g(t)h(u) = 0, (2.9)

clarifying equation (2.9), we have

u
′′′
+

r

t
u

′′
+ g(t)h(u) = 0. (2.10)

Case 4. at m = 1, n = 1 in equation (2.1) gives

t−r d

dt
tr−k d

dt
(tk

d

dt
)u+ g(t)h(u) = 0, (2.11)

elucidating equation (2.11), we obtain

u
′′′
+

r + k

t
u

′′
+

k(r − 1)

t2
u′ + g(t)h(u) = 0. (2.12)

Case 5. when m = 2, n = 0 in equation (2.1) will be

t−r d

dt
tr−k(

d2

dt2
tk)u+ g(t)h(u) = 0, (2.13)

Fourth-Order Equations

Case 6. at m = 0, n = 3 in equation (2.1) will be

t−r d

dt
(tr

d3

dt3
)u+ g(t)h(u) = 0, (2.14)

when simplifying equation (2.14), we have [33]

u
′′′′

+
r

t
u

′′′
+ g(t)h(u) = 0. (2.15)
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Case 7. at m = 1, n = 2 in equation (2.1) will be

t−r d

dt
tr−k d

dt
(tk

d2

dt2
)u+ g(t)h(u) = 0, (2.16)

after simplifying equation (2.16) gives [8]

u
′′′′

+
r + k

t
u

′′′
+

k(r − 1)

t2
u

′′
+ g(t)h(u) = 0. (2.17)

Case 8. when m = 2, n = 1 in equation (2.1) to get

t−r d

dt
tr−k d2

dt2
(tk

d

dt
)u+ g(t)h(u) = 0. (2.18)

In this case, the provision of a new differential equation from the differential opertor
above, after simplifying equation (2.18), gives

u
′′′′
+
r + 2k

t
u

′′′
+
2k(r − 1) + k(k − 1)

t2
u

′′
+
k(k − 1)(r − 2)

t3
u

′
+g(t)h(u) = 0, (2.19)

initial conditions
u(0) = a, u′(0) = u′′(0) = u′′′(0) = 0. (2.20)

The initial conditions above are assumed to be similar to the initial conditions of
the standard Emden-Fowler equation. It is worth noting that the singular point
t = 0 appears three times in the equation as t, t2, and t3 with shape factors r + 2k,
2k(r − 1) + k(k − 1), and k(k − 1)(r − 2), respectively. Additionally, the third and
fourth terms vanish when k = 1 and r = 1, and the shape factor in this case reduces
to 3. However, the fourth also vanishes, in addition to the previous case, when
k = 2 and r = 2, and in this case the shape factors for the second and third terms
are both 6, respectively. When g(t) = 1 and the initial conditions equation (2.20),
the Lane-Emden type equation of the fourth order, as

u
′′′′

+
r + 2k

t
u

′′′
+

2k(r − 1) + k(k − 1)

t2
u

′′
+

k(k − 1)(r − 2)

t3
u

′
+ h(u) = 0.

Case 9. at m = 3, n = 0 in equation (2.1) given [9]

t−r d

dt
tr−k d3

dt3
(tku) + g(t)h(u) = 0. (2.21)

Equations of the Fifth Order

Case 10. at m = 0, n = 4 in equation (2.1) given [33]

t−r d

dt
(tr

d4

dt4
)u+ g(t)h(u) = 0. (2.22)
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Case 11. when m = 1, n = 3 in equation (2.1) given [8]

t−r d

dt
tr−k d

dt
(tk

d3

dt3
)u+ g(t)h(u) = 0. (2.23)

Case 12. for m = 2, n = 2 in equation (2.1) will be

t−r d

dt
tr−k d2

dt2
(tk

d2

dt2
)u+ g(t)h(u) = 0, (2.24)

equaling equation (2.24), we have:

u(v) +
r + 2k

t
u(iv) +

2k(r − 1) + k(k − 1)

t2
u

′′′
+

k(k − 1)(r − 2)

t3
u

′′
+ g(t)h(u) = 0,

(2.25)
initial conditions

u(0) = a, u′(0) = b, u′′(0) = u′′′(0) = u′′′′(0) = 0,

and

Case 13. for m = 3, n = 1 in equation (2.1) to get

t−r d

dt
tr−k d3

dt3
(tk

d

dt
)u+ g(t)h(u) = 0, (2.26)

summarize equation (2.26), we get:

u(5) +
r + 3k

t
u(4) +

3k(r − 1) + 3k(k − 1)

t2
u

′′′
+

3k(k − 1)(r − 2) + k(k − 1)

t3
u

′′

+
k(k − 1)(k − 2)(r − 3)

t4
u

′
+ g(t)h(u) = 0, (2.27)

initial conditions

u(0) = a, u′(0) = u′′(0) = u′′′(0) = u′′′′(0) = 0.

Case 14. at m = 4, n = 0 in equation (2.1) given [9]

t−r d

dt
tr−k d4

dt4
(tku) + g(t)h(u) = 0. (2.28)
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2.1 Derivation of Generalized Emden-Fowler Equations

Building upon the established Emden–Fowler type equations, we introduce generalized
Emden–Fowler-type equations applicable for arbitrary orders m and n.

t−r d

dt
tr−k dm

dtm
(tk

dn

dtn
)u+ g(t)h(u) = 0. (2.29)

Therefore, this formula yields generalized Emden-Fowler-type equations of higher
order in the form:

u(1+m+n) +
r +mk

t
u(m+n) +

m∑
p=1

(
m

p

)
(r − p)

tp+1

⎛⎝ p∏
j=1

(k − j + 1)

⎞⎠u(m+n−p)

+
m∑
p=2

(
m

p

)
1

tp

⎛⎝ p∏
j=1

(k − j + 1)

⎞⎠u(1+m+n−p) + g(t)h(u) = 0, (2.30)

with ICs

u(0) = a0, u
′(0) = a1, ..., u

(n−1) = an,

u(n)(0) = u(n+1)(0) = ... = u(m+n) = 0.

The singular point at t = 0 appears m times in the equation as t, t2, ···, tm, each with
a distinct shape factor. When g(t) = 1, equation (2.30) reduces to the generalized
Lane-Emden equations of higher orders.

2.2 Generalization of Higher Order Verification

Theorem 15. For m ∈ N, the generalized of higher order derivative operator in the
Emden-Fowler type equations is given by:

t−r d

dt
tr−k dm

dtm
(tk

dn

dtn
u) = u(1+m+n) +

r +mk

t
u(m+n)+

m∑
p=1

(
m

p

)
(r − p)

tp+1

⎛⎝ p∏
j=1

(k − j + 1)

⎞⎠u(m+n−p)+

m∑
p=2

(
m

p

)
1

tp

⎛⎝ p∏
j=1

(k − j + 1)

⎞⎠u(1+m+n−p)

(2.31)

Proof. By mathematical induction for m = 0, we get

L.H.S = t−r d

dt
tr

dn

dtn
u = u(n+1)(t) +

r

t
u(n)(t),

and
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R.H.S = u(1+n)(t) +
r

t
u(n)(t).

Or
m = 1, we have

L.H.S = t−r d

dt
tr−k d

dt
tk

dn

dtn
u

= u(n+2)(t) +
r + k

t
u(n+1)(t)

k(r − 1)

t2
u(n)(t),

R.H.S = u(2+n) +
r + k

t
u(1+n)

1∑
p=1

(
1

1

)
(r − 1)

t2

1∏
j=1

(k − j + 1)u(n)

= u(2+n)(t) +
r + k

t
u(1+n)(t) +

k(r − 1)

t2
u(n)(t).

Suppose that equation (2.31) is true for m=s, this means that we get

t−r d

dt
tr−k ds

dts
(tk

dn

dtn
u) = u(1+s+n) +

r + sk

t
u(s+n)+

s∑
p=1

(
s

p

)
(r − p)

tp+1

⎛⎝ p∏
j=1

(k − j + 1)

⎞⎠u(s+n−p)+

s∑
p=2

(
s

p

)
1

tp

⎛⎝ p∏
j=1

(k − j + 1)

⎞⎠u(1+s+n−p)

(2.32)
To prove the claim for m = s+ 1, we apply the direct proof

L.H.S = t−r d

dt
tr−k ds+1

dts+1
(tk

dn

dtn
u)

= t−r d

dt
tr−k ds

dts
(
d

dt
tk

dn

dtn
u) = t−r d

dt
tr−k ds

dts
(tku(n+1) + ktk−1u(n))

= t−r d

dt
tr−k ds

dts
tku(n+1) + t−r d

dt
tr−k ds

dts
ktk−1u(n)

= u(1+(s+1)+n) +
r + sk

t
u((s+1)+n) +

s∑
p=1

(
s

p

)
(r − p)

tp+1

⎛⎝ p∏
j=1

(k − j + 1)

⎞⎠u((s+1)+n−p)

+
s∑

p=2

(
s

p

)
1

tp

⎛⎝ p∏
j=1

(k − j + 1)

⎞⎠u(1+(s+1)+n−p) +
k

t
u(1+s+n)+

k(r − 1) + k(k − 1)

t2
u(s+n) +

s∑
p=2

(
s

p

)
(r − 1− p)

tp+2

⎛⎝p+1∏
j=1

(k − j + 1)

⎞⎠u(s+1+n−p)+
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s∑
p=3

(
s

p

)
1

tp+1

⎛⎝p+1∏
j=1

(k − j + 1)

⎞⎠u(1+s+1+n−p),

then

u(1+(s+1)+n) +
r + (s+ 1)k

t
u((s+1)+n) +

k(r − 1) + k(k − 1)

t2
u(s+n)+

s∑
p=1

[(
s

p

)
+

(
s

p− 1

)]
(r − p)

tp+1

⎛⎝ p∏
j=1

(k − j + 1)

⎞⎠u((s+1)+n−p)

+
s∑

p=2

[(
s

p

)
+

(
s

p− 1

)]
(r − p)

tp

⎛⎝ p∏
j=1

(k − j + 1)

⎞⎠u(1+(s+1)+n−p),

therefore

u(1+(s+1)+n) +
r + (s+ 1)k

t
u((s+1)+n)+

k(r − 1)

t2
u(s+n) +

s∑
p=1

[(
s

p

)
+

(
s

p− 1

)]
(r − p)

tp+1

⎛⎝ p∏
j=1

(k − j + 1)

⎞⎠u((s+1)+n−p)

k(k − 1)

t2
u(s+n) +

s∑
p=2

[(
s

p

)
+

(
s

p− 1

)]
(r − p)

tp

⎛⎝ p∏
j=1

(k − j + 1)

⎞⎠u(1+(s+1)+n−p),

u(1+(s+1)+n)+
r + (s+ 1)k

t
u((s+1)+n)+

s+1∑
p=1

(
s+ 1

p

)
(r − p)

tp+1

⎛⎝ p∏
j=1

(k − j + 1)

⎞⎠u((s+1)+n−p)

+
s+1∑
p=2

1

tp

⎛⎝ p∏
j=1

(k − j + 1)

⎞⎠u(1+(s+1)+n−p) = R.H.S

Therefore equation (2.31) is valid for all m ∈ N.

3 The Method and Applications

The Adomian Decomposition Method ADM [2, 1, 3, 26, 11, 12, 13] is the application
of the ADM for the analytic treatment of the Emden-Fowler-type equations. This
method’s specifics are now well-established and widely utilized in the literature [2, 1].
The ADM allows for the utilization of an infinite decomposition series.
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u(t) =
∞∑
n=0

un(t), (3.1)

the solution u(x), and polynomials of the infinite series

h(u) =

∞∑
n=0

An(u0, u1, ..., un), (3.2)

where h(y) the nonlinear, un(x) the components of the solution u(x) will be
determined recurrently, and An are the Adomian polynomials which are obtained
from the definitional formula which given in [2]

An =
1

n!

dn

dλn

[
h

( n∑
i=0

λiui

)]
λ=0

, n = 0, 1, 2, ...

where Nu = h(u(t)) is the nonlinearity, the formulas of Adomian polynomials
from A0 to A4 as

A0 = h(u0),

A1 = u1h
′(u0),

A2 = u2h
′(u0) +

1

2!
u21h

′′(u0),

A3 = u3h
′(u0) + u1u2h

′′(u0) +
1

3!
u31h

′′′(u0),

A4 = u4h
′(u0) + (u1u3 +

1

2!
u22)h

′′(u0) +
1

2!
u21u2h

′′′(u0) +
1

4!
u41h

′′′′(u0). (3.3)

3.1 The 3rd Type of Emden–Fowler Equation of Fourth Order

The 3rd type of Emden–Fowler equation of fourth order is:

u
′′′′

+
r + 2k

t
u

′′′
+

2k(r − 1) + k(k − 1)

t2
u

′′
+

k(k − 1)(r − 2)

t3
u

′
+g(t)h(u) = 0, (3.4)

initial conditions

u(0) = a, u′(0) = u′′(0) = u′′′(0) = 0.

Re-written equation (3.4) in proposed linear operator

L(u) = −g(t)h(u), (3.5)
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the proposed operator L,

L(.) = t−r d

dt
tr−k d2

dt2
(tk

d

dt
(.)). (3.6)

To overcome the singular behavior at t = 0, the optimal definition of L−1 as proposed
in equation (3.6)

L−1(.) =

∫ t

0
t−k

∫ t

0

∫ t

0
tk−r

∫ t

0
tr(.)dtdtdtdt, (3.7)

when u′(0) = u′′(0) = u′′′(0) = 0, we obtain

L−1(Lu) =

∫ t

0
t−k

∫ t

0

∫ t

0
tk−r

∫ t

0

d

dt
tr−k d2

dt2
(tk

d

dt
)dtdtdtdt

=

∫ t

0
t−k

∫ t

0

∫ t

0

d2

dt2
(tk

d

dt
)dtdtdtdt

=

∫ t

0
t−k

∫ t

0

d

dt
(tk

d

dt
)dtdt

= u(t)− u(0).

Integral four-times and applying the L−1 in equation (3.5), we have

u(t) = a− L−1(g(t)h(u)).

The solution u(t) and nonlinearity h(u) into two parts as in equation (3.1) and
equation (3.2). The recursive relation for solution components is the derived

u0 = a,

ui+1 = −L−1(g(t)Ai), i ≥ 0. (3.8)

We will analyze two examples for different values of the parameters r and k when
r < k and r > k for the specific functions, respectively.

Example 16. Consider the Emden-Fowler equation:

u
′′′′

+
5

t
u

′′′
+

2

t2
u

′′ − 2

t3
u

′ − (40− 174t4 + 15t8 − 2t12)u−15 = 0, (3.9)

under initial conditions

u(0) = 1, u′(0) = u′′(0) = u′′′(0) = 0,
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substituting r = 1, k = 2 in equation (3.4) and g(t)h(u) = (40 − 174t4 + 15t8 −
2t12)u−15.

Polynomials of the Adomian for u−15, given

A0 = u−15
0 ,

A1 = −15u1u
−16
0 ,

A2 = −15u2u
−16
0 + 120u21u

−17
0 ,

A3 = −15u3u
−16
0 + 240u1u2u

−17
0 + 680u31u

−18
0 ,

employing equation (3.8) the relation of repetitive

u0 = 1,

u1 =
1

4
t4 − 29

576
t8 +

1

1248
t12 − 1

30464
t16,

u2 =
−25

576
t8 +

3277

89856
t12 − 78265

25346048
t16 + ...,

u3 =
1565

89856
t12 − 417455

16293888
t16 + ...,

u4 =
1162075

228114432
t16 − 1812362453

184772689920
t20 + ...,

...

By expansion of Taylar series, the solution is

u(t) = 1 +
1

4
t4 − 3

32
t8 +

7

128
t12 − 77

2048
t16 + ...,

which converges to the exact solution u(t) = (1 + t4)
1
4 .

Example 17. The Emden-Fowler equation:

u
′′′′

+
4

t
u

′′′
+

2

t2
u

′′ − (4t6 − 54t4 + 45t2 − 2)
u9

t2
= 0, (3.10)

with initial conditions

u(0) = 1, u′(0) = 0, u′′(0) = −1, u′′′(0) = 0,

at r = 2, k = 1 in equation (3.4) and g(t)h(u) = (4t6 − 54t4 + 45t2 − 2)u
9

t2
.

By the Adomian of polynomials for u9, given

A0 = u90,
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A1 = 9u1u
8
0,

A2 = 9u2u
8
0 +

72

2
u21u

7
0,

A3 = 9u3u
8
0 + 72u1u2u

7
0 + 84u31u

6
0,

using equation (3.8) in equation (3.3) the repetitive relation

u0 = 1,

u1 = −1

2
t2 +

5

16
t4 − 3

50
t6 +

1

784
t8,

u2 =
1

16
t4 − 37

160
t6 +

148257

1254400
t8 − 10573

441000
t10 + ...,

u3 = − 17

800
t6 +

18279

125440
t8 − 78731713

564480000
t10 + ...,

u4 =
1479

179200
t8 − 4486687

56448000
t10 + ...,

...

By Taylar expansion series, the u(t) is

u(t) = 1− 1

2
t2 +

3

8
t4 − 5

16
t6 +

35

128
t8 − 63

256
t10 + ...,

obtain to the exact solution u(t) = 1√
1+x2

.

3.2 The Emden–Fowler Equation of 5th order

In this part, we consider two new cases of Emden-Fowler with initial conditions
(ICs). In the study of the third type of equation of 5th order when m = 2, n = 2
in equation (2.1), we get equation (2.25) = equation (3.11), and in the study of the
fourth type of Emden-Fowler equation of 5th order when m = 3, n = 1 in equation
(2.1), we obtain equation (2.27) = equation (3.16), respectively.

3.2.1 The Third Type of Emden–Fowler Equation

The 3rd type of Emden–Fowler equation of fifth order is:

u
′′′′′

+
r + 2k

t
u

′′′′
+

2k(r − 1) + k(k − 1)

t2
u

′′′
+

k(k − 1)(r − 2)

t3
u

′′
+ g(t)h(u) = 0,

(3.11)
under ICs

u(0) = a, u′(0) = b, u′′(0) = u′′′(0) = u′′′′(0) = 0.
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Re-written equation (3.11) in operator

L(u) = −g(t)h(u), (3.12)

the operator L,

L(.) = t−r d

dt
tr−k d2

dt2
(tk

d2

dt2
(.)). (3.13)

To overcome the singular behavior at t = 0, the optimal definition of L−1 as proposed
in equation (3.13)

L−1(.) =

∫ t

0

∫ t

0
t−k

∫ t

0

∫ t

0
tk−r

∫ t

0
tr(.)dtdtdtdtdt, (3.14)

when u′′(0) = u′′′(0) = u′′′′(0) = 0, we get

L−1(Lu) =

∫ t

0

∫ t

0
t−k

∫ t

0

∫ t

0
tk−r

∫ t

0

d

dt
tr−k d2

dt2
(tk

d2

dt2
)dtdtdtdtdt

=

∫ t

0

∫ t

0
t−k

∫ t

0

∫ t

0

d2

dt2
(tk

d2

dt2
)dtdtdtdt

=

∫ t

0

∫ t

0
t−k

∫ t

0

d

dt
(tk

d2

dt2
)dtdtdt

=

∫ t

0

∫ t

0
t−k(tk

d2

dt2
)dtdt

= u(t)− u(0)− tu′(0).

Integral five-times and applying the L−1 in equation (3.12), we get

u(t) = a+ bt− L−1(g(t)h(u)).

The solution u(t) and nonlinearity h(u) into two parts as in equation (3.1) and
equation (3.2). The solution components is the derived

u0 = a+ bt,

ui+1 = −L−1(g(t)Ai), i ≥ 0. (3.15)
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3.2.2 The Fourth Type of Emden–Fowler Equation

The 4th type of Emden–Fowler equation of 5th order is:

u(5) +
r + 3k

t
u(4) +

3k(r − 1) + 3k(k − 1)

t2
u

′′′
+

3k(k − 1)(r − 2) + k(k − 1)(k − 2)

t3
u

′′
+

k(k − 1)(k − 2)(r − 3)

t4
u

′
+ g(t)h(u) = 0,

(3.16)
with ICs

u(0) = a, u′(0) = u′′(0) = u′′′(0) = u′′′′(0) = 0.

Re-written equation (3.16) in linear operator

L(u) = −g(t)h(u). (3.17)

The linear operator L,

L(.) = t−r d

dt
tr−k d3

dt3
(tk

d

dt
(.)). (3.18)

To overcome the singular behavior at t = 0, the optimal definition of L−1 as proposed
in equation (3.18)

L−1(.) =

∫ t

0
t−k

∫ t

0

∫ t

0

∫ t

0
tk−r

∫ t

0
tr(.)dtdtdtdtdt, (3.19)

at u′(0) = u′′(0) = u′′′(0) = u′′′′(0) = 0, we have

L−1(Lu) =

∫ t

0
t−k

∫ t

0

∫ t

0

∫ t

0
tk−r

∫ t

0

d

dt
tr−k d3

dt3
(tk

d

dt
)dtdtdtdtdt

=

∫ t

0
t−k

∫ t

0

∫ t

0

∫ t

0

d3

dt3
(tk

d

dt
)dtdtdtdt

=

∫ t

0
t−k

∫ t

0

∫ t

0

d2

dt2
(tk

d

dt
)dtdtdt

=

∫ t

0
t−k

∫ t

0

d

dt
(tk

d

dt
)dtdt

=

∫ t

0
t−k(tk

d

dt
)dt

= u(t)− u(0),

and applying the L−1 in equation (3.17), we have
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u(t) = a− L−1(g(t)h(u)).

The solution u(t) and nonlinearity h(u) into two parts as in equation (3.1) and
equation (3.2). The recursive relation for solution components is the derived

u0 = a,

ui+1 = −L−1(g(t)Ai), i ≥ 0. (3.20)

We will study two examples for different values of the parameters k and r,
respectively.

Example 18. Consider the 5th order Emden-Fowler equation:

u
′′′′′

+
4

t
u

′′′′
+

2

t2
u

′′′ − 16

t
(t16 − 220t12 + 910t8 − 396t4 + 9)e−5u = 0, (3.21)

with ICs

u(0) = 0, u′(0) = u′′(0) = u′′′(0) = u′′′′(0) = 0,

putting r = 2, k = 1 in (3.11) and g(t)h(u) = 16
t (t

16−220t12+910t8−396t4+9)e−5u.
The polynomials An for e−5u, given

A0 = e−5u0 ,

A1 = −5u1e
−5u0 ,

A2 = (−5u2 +
25

2
u21)e

−5u0 ,

A3 = (−5u3 + 25u1u2 −
125

6
u31)e

−5u0 ,

putting equation (3.15) in equation (3.3), obtain

u0 = 0,

u1 = t4 − 22

49
t8 +

182

1815
t12 − 11

2205
t16 +

1

146205
t20,

u2 =
−5

98
t8 +

54

245
t12 − 8068616

65367225
t16 +

600379

26268165
t20 + ...,

u3 =
75

5929
t12 − 7026

60025
t16 +

24024987946

212378114025
t20 + ...,

u4 =
−15775

3486252
t16 +

21065582

338721075
t20 + ...,

...
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the solution in series is

u(t) = t4 − 1

2
t8 +

1

3
t12 − 1

4
t16 +

1

5
t20 + ...,

which converges to the exact solution u(t) = ln(1 + t4).

Example 19. Consider the 4th type of Emden-Fowler equation:

u(5) +
3

t
u(4) +

1
3

t2
u

′′′
+

10
27

t3
u

′′
+

−10
27

t4
u

′−

25

27
(3375t20 + 29025t15 + 58365t10 + 24094t5 + 546)e−t5u2 = 0, (3.22)

under ICs
u(0) = 1, u′(0) = u′′(0) = u′′′(0) = u′′′′(0) = 0,

substituting r = 2, k = 1
3 in equation (3.16) and g(t)h(u) = 25

27(3375t
20 +29025t15 +

58365t10 + 24094t5 + 546)e−t5u2.
Polynomials of the Adomian for u2, given

A0 = u20,

A1 = 2u1u0,

A2 = 2u2u0 + u21,

A3 = 2u3u0 + 2u1u2,

by equation (3.20) the relation of recursive

u0 = 1,

u1 = t5 +
841

1760
t10 +

4318

62049
t15 − 2173

298584
t20 − 1105

18898824
t25 + ...,

u2 =
39

1760
t10 +

20951833

218412480
t15 +

10695256379

278694324480
t20 +

99927736691

519550484152700
t25 + ...,

u3 =
6433

5600320
t15 +

1217497981

115321789440
t20 +

176524171155407573

21945812450610048000
t25 + ...,

u4 =
913717

85752099840
t20 +

323563029679

2078989432608000
t25 + ...,

...

the solution is

u(t) = 1 + t5 +
1

2
t10 +

1

6
t15 +

1

24
t20 +

1

120
t25 + ...,

which closed to the solution u(t) = et
5
.
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3.3 Examples of the Type of Lane–Emden Equations of Fourth and
Fifth Order

In this section, we will test two examples of the 4th and 5th orders Lane-Emden
equations with k = 1 and different value r in equation (3.4) and equation (3.11) .
These examples belong to the third types, respectively. The nonlinear term in each
equation is um.

Example 20. We first consider the Lane-Emden equation of 4th order:

u
′′′′

+
r + 2

t
u

′′′
+

2(r − 1)

t2
u

′′
+ um = 1− 3(1 + r)

10
, (3.23)

with ICs

u(0) = 1, u′(0) = u′′(0) = u′′′(0) = 0,

substituting k = 1 in equation (3.4), h(u) = um and g(t) = 1.

Polynomials of the Adomian for um

A0 = um0 ,

A1 = mu1u
m−1
0 ,

...

using equation (3.8) in equation (3.3), the recursive relation

u0 = 1 +
7− 3r

480(1 + r)
t4,

u1 = −L−1(A0) =
(−9600− 9600 r)

460800 (1 + r)2
t4 +

m (−7 + 3 r)

215040 (1 + r) (5 + r)
t8−

(−1 +m) m (7− 3 r)2

729907200 (1 + r)2 (9 + r)
t12 + ...,

u2 = −L−1(A1) =
m

(
−2138400− 2376000 r − 237600 r2

)
5109350400 (1 + r)2 (5 + r) (9 + r)

t8+

m
(
4900− 5005m− 1120 r + 1060mr − 420 r2 + 465mr2

)
5109350400 (1 + r)2 (5 + r) (9 + r)

t12−

(−1 +m) m (7− 3 r)2 (−924 (5 + r) (9 + r) +m (21751 + r (7542 + 575 r)))

39239811072000 (1 + r)3 (5 + r) (9 + r) (13 + r)
t16+...,

...
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the solution in series form is given by

u(t) = 1− 1

160
t4 +

m (−17 + 3 r)

215040 (5 + 6 r + r2)
t8−

m (−7 + 3 r)
(
−7

(
−45− 4 r + r2

)
+m

(
−320− 33 r + 7 r2

))
1703116800 (1 + r)2 (45 + 14 r + r2)

t12+

(1−m) m (7− 3 r)2 (−924 (5 + r) (9 + r) +m (21751 + r (7542 + 575 r)))

39239811072000 (1 + r)3 (5 + r) (9 + r) (13 + r)
t16+...,

when r = 0, note that

u(t) = 1− 1

160
t4 − 17m

1075200
t8 +

(
(4900− 5005m) m

229920768000
− 49 (−1 +m) m

6569164800

)
t12−

7 (−1 +m) m (−41580 + 21751m)

3279327068160000
t16 + ...,

and when m = 0, note that the exact solution is given as u(t) = 1− 1
160 t

4.

Example 21. We next consider the Lane-Emden equation of 5th order:

u
′′′′′

+
4

t
u

′′′′
+

2

t2
u

′′′
+ um = 0, (3.24)

under initial conditions

u(0) = 1, u′(0) = u′′(0) = u′′′(0) = u′′′′(0) = 0,

when r = 2 k = 1 in (3.11) and g(t) = 1, polynomials of Adomian for um, given

A0 = um0 ,

A1 = mu1u
m−1
0 ,

A2 = mu2u
m−1
0 +m(m− 1)

u21
2!

um−2
0 ,

A3 = mu3u
m−1
0 +m(m− 1)u1u2u

m−2
0 +m(m− 1)(m− 2)

u31
3!

um−3
0 , (3.25)

...

Using equation (3.20) into equation (3.3), we get

u0 = 1,

u1 = −L−1(A0) = − 1

720
t5,
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u2 = −L−1(A1) =
m

37324800
t10,

u3 = −L−1(A2) = − m(37m− 36)

18545200128000
t15,

u4 = −L−1(A3) =
m(108097m2 − 306829m+ 198744)

520588989065134080000
t20,

u5 = −m(1534478153m3 − 8447787017m2 + 14661940128m− 7748631072)

63450218929641045884928000000
t25,

the solution in series form is given by

u(t) = 1− 1

720
t5 +

m

37324800
t10 − m(37m− 36)

18545200128000
t15+

m(108097m2 − 306829m+ 198744)

520588989065134080000
t20−

−m(1534478153m3 − 8447787017m2 + 14661940128m− 7748631072)

63450218929641045884928000000
t25 + ...,

when m = 0, note that the exact solution is given as u(t) = 1− 1
720 t

5.

4 Conclusion

In this study, we introduced a new differential operator that can solve a variety of
different types of Emden-Fowler and Lane-Emden equations, unlike classical limited
differential operators. The presentation of a 3rd type of Emden-Fowler equation of
4th order and the provision of two examples for different values that are described
by the accurate approximate solution of the exact solution. In addition, it displays
two cases of the 5th order, each with an example. These cases were updated to show
our strong analysis, where we used the ADM for nonlinear equations. We obtained
convergence of the exact solution as shown in the examples for each of the cases
mentioned earlier.

We propose using the ADM to solve these equations, highlighting its effectiveness
in handling both linear and nonlinear problems. demonstrate the application of this
method to specific examples with initial conditions ICs emphasizing the handling of
singular points and nonlinearities.
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kosmologische und meteorologische Probleme(German Edition), Druck and
Verlag Von B. G. Teubner, Leipzig, 1907.

[15] R. H. Fowler, Further studies of Emden’s and similar differential equations, Q.
J. Math. 2(1) (1931), 259-288. Zbl 0003.23502.

******************************************************************************
Surveys in Mathematics and its Applications 19 (2024), 361 – 383

https://www.utgjiu.ro/math/sma

https://mathscinet.ams.org/mathscinet-getitem?mr=1479268
https://zbmath.org/?q=an:0905.65079
https://zbmath.org/?q=an:1476.34053
https://mathscinet.ams.org/mathscinet-getitem?mr=2607232
https://zbmath.org/?q=an:1190.65031
https://mathscinet.ams.org/mathscinet-getitem?mr= 2733688
https://zbmath.org/?q=an:1204.65022
https://mathscinet.ams.org/mathscinet-getitem?mr= 2773378
https://zbmath.org/?q=an:1214.65064
https://zbmath.org/?q=an:1214.65064
https://zbmath.org/?q=an:0003.23502
https://www.utgjiu.ro/math/sma/v19/v19.html
https://www.utgjiu.ro/math/sma


382 Z. A. AL-Rabahi and Y. Q. Hasan

[16] Y. Q. Hasan, A. A. Olalekan, Solving Emden Fowler type equations by adjusted
Adomian decomposition strategy, International Journal of Innovative Science
and Research Technology. 3 (2018), 831-850.

[17] Y. Q. Hasan, L. M, Zhu, Modified Adomian decomposition method for singular
initial value problems in the second-order ordinary differential equations,
Surveys in Mathematics and its Applications 3(2008), 183-193. MR2470208.
Zbl 1176.65078.

[18] J. H. He, Variational iteration method for autonomous ordinary differential
systems, Appl. Math. Comput., 114 (2000), 115-123. MR1778658. Zbl
1027.34009.

[19] C. M. Khalique, F. M. Mahomed, B. Muatjetjeja, Lagrangian formulation of
a generalized Lane–Emden equation and double reduction, J. Nonlinear Math.
Phys., 15 (2008), 152-161. MR2430716. Zbl 1169.34033.

[20] H. J. Lane, On the Theoretical Temperature of the Sun under the Hypothesis
of a Gaseous Mass Maintaining its Volume by its Internal Heat and Depending
on the Laws of Gases Known to Terrestrial Experiment, Am. J. Sci. (Series 2),
50 (1870), 57-74.

[21] M. K. Mak, Ch. S. Leung, T. Harko, Solving the Nonlinear Biharmonic
Equation by the Laplace-Adomian and Adomian Decomposition Methods,
Surveys in Mathematics and its Applications, 13 (2018), 183-213. MR3867961.
Zbl 1424.35150.

[22] E. Momoniat, C. Harley, Approximate Implicit Solution of a Lane–Emden
Equation, New Astronomy, 11 (2006), 520-526.

[23] B. Muatjetjeja, C. M. Khanlique, Exact solutions of the generalized
Lane–Emden equations of the first and second Kind, Pramana, 77 (2011), 545-
554.

[24] K. Parand, M. Dehghan, A. R. Rezaeia, S. M. Ghaderi, An approximation
algorithm for the solution of the nonlinear Lane-Emden type equations arising
in astrophysics using Hermite functions collocation method, Comput. Phys.
Commun. 181 (2010), 1096-1108. MR2644949. Zbl 1216.65098.

[25] K. Parand, M. Shahini, M. Dehghan, Rational Legendre pseudospectral approach
for solving nonlinear differential equations of Lane-Emden type, J. Comput.
Phys. 228 (2009), 8830-8840. MR2558779. Zbl 1177.65100.

[26] R. Rach, A bibliography of the theory and applications of the Adomian
decomposition method, 1961–2011. (English) Kybernetes. 41 (2012), 1087-1148.
MR3050085. Zbl 1511.65112.

******************************************************************************
Surveys in Mathematics and its Applications 19 (2024), 361 – 383

https://www.utgjiu.ro/math/sma

https://mathscinet.ams.org/mathscinet-getitem?mr=2470208
https://zbmath.org/?q=an:1176.65078
https://mathscinet.ams.org/mathscinet-getitem?mr=1778658
https://zbmath.org/?q=an:1027.34009
https://zbmath.org/?q=an:1027.34009
https://mathscinet.ams.org/mathscinet-getitem?mr=2430716
https://zbmath.org/?q=an:1169.34033
https://mathscinet.ams.org/mathscinet-getitem?mr=3867961
https://zbmath.org/?q=an:1424.35150
https://mathscinet.ams.org/mathscinet-getitem?mr= MR2644949
https://zbmath.org/?q=an:1216.65098
https://mathscinet.ams.org/mathscinet-getitem?mr=2558779
https://zbmath.org/?q=an: 1177.65100
https://mathscinet.ams.org/mathscinet-getitem?mr=3050085
https://zbmath.org/?q=an:1511.65112
https://www.utgjiu.ro/math/sma/v19/v19.html
https://www.utgjiu.ro/math/sma


AADM for Solving new Emden-Foler type equations 383

[27] O. W. Richardson, The emission of electricity from hot bodies, Longmans Green
and Co., London, 1921.

[28] S. Somali and G. Gokmen, Adomian Decomposition Method for Nonlinear
Sturm- Liouville Problems, Surveys in Mathematics and its Applications. 2
(2007), 11-20. MR2350066. Zbl 1132.34333.

[29] A. M. Wazwaz, A New Algorithm for Solving Differential Equations of Lane-
Emden Type, Appl. Math. Comput., 118 (2001), 287-310. MR1812960. Zbl
1023.65067.

[30] A. M. Wazwaz, Adomian Decomposition Method for a Reliable Treatment
of the Emden-Fowler Equation, Appl. Math. Comput. 161 (2005), 543-560.
MR2112423. Zbl 1061.65064.

[31] A. M. Wazwaz, Analytical Solution for the Time-dependent Emden-Fowler Type
of Equations by Adomian Decomposition Method, Appl. Math. Comput. 166
(2005), 638-651. MR2150495. Zbl 1073.65105.

[32] A. M. Wazwaz, R. Rach, L. Bougoffa, J. S. Duan, Solving the Lane-
Emden–Fowler-type equations of higher orders by the Adomian decomposition
method, CMES-Comput. Model. Eng. Sci. 100 (2014), 507-529. MR3308399.
Zbl 1356.65214.

[33] A. M. Wazwaz, R. Rach, J. S. Duan, Solving New Fourth–Order Emden–Fowler-
Type Equations by the Adomian Decomposition Method, International Journal
for Computational Methods in Engineering Science and Mechanics. 16 (2015),
121-131. MR3339358. Zbl 07871406.

[34] A. Yildirim, T. Ozis, Solutions of singular IVPs of Lane-Emden type
by homotopy perturbation method, Phys. Lett. A, 369 (2007), 70-76. Zbl
1209.65120.

Zainab Ali Abdu AL-Rabahi (corresponding author)
Department of Mathematics, Faculty of Education,
Aden University, Aden, Yemen.
e-mail: zainabaliabdu99@gmail.com

Yahya Qaid Hasan
Department of Mathematics, Faculty of Education and Sciences,
University of Saba Region, Marib, Yemen
e-mail: ya217hya@gmail.com

License

This work is licensed under a Creative Commons Attribution 4.0 International License.

Received: April 9, 2024; Accepted: December 15, 2024; Published: December 23, 2024.

******************************************************************************
Surveys in Mathematics and its Applications 19 (2024), 361 – 383

https://www.utgjiu.ro/math/sma

https://mathscinet.ams.org/mathscinet-getitem?mr=2350066
https://zbmath.org/?q=an:1132.34333
https://mathscinet.ams.org/mathscinet-getitem?mr=1812960
https://zbmath.org/?q=an:1023.65067
https://zbmath.org/?q=an:1023.65067
https://mathscinet.ams.org/mathscinet-getitem?mr= 2112423
https://zbmath.org/?q=an:1061.65064
https://mathscinet.ams.org/mathscinet-getitem?mr=2150495
https://zbmath.org/?q=an:1073.65105
https://mathscinet.ams.org/mathscinet-getitem?mr=3308399
https://zbmath.org/?q=an:1356.65214
https://mathscinet.ams.org/mathscinet-getitem?mr=3339358
https://zbmath.org/?q=an:07871406
https://zbmath.org/?q=an:1209.65120
https://zbmath.org/?q=an:1209.65120
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.utgjiu.ro/math/sma/v19/v19.html
https://www.utgjiu.ro/math/sma

	Introduction
	Deriving the Emden - Fowler Type Equations for Integral Order
	Derivation of Generalized Emden-Fowler Equations
	Generalization of Higher Order Verification

	 The Method and Applications
	The 3rd Type of Emden–Fowler Equation of Fourth Order
	The Emden–Fowler Equation of 5th order
	The Third Type of Emden–Fowler Equation
	The Fourth Type of Emden–Fowler Equation

	Examples of the Type of Lane–Emden Equations of Fourth and Fifth Order

	Conclusion

