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THE STRUCTURE OF THE n-TH ROOTS OF UNITY
IN RESIDUE RINGS OF PRIME IDEALS P OVER p

IN ALGEBRAIC NUMBER FIELDS

Boaz Cohen

Abstract. Let K be an algebraic number �eld and let OK be its ring of integers. In this paper,

we study the structure of incongruent solutions of xn ≡ 1 (mod P a) in OK, where P is a prime

ideal, in order to apply these results to solving xn = 1 over the P -adic �eld KP .

1 Introduction

Given a prime number p and a positive integer n, the p-adic n-th roots of unity are
the solutions of the equation

xn = 1, (1)

in the ring of integers Zp of the p-adic �eld Qp. Equation (1) is extensively discussed
in the literature and in a variety of di�erent contexts (see [1, 10, 11]). One approach
for solving (1) is to use congruences. Let

θ0 + θ1p+ θ2p
2 + . . .

be the p-adic expansion of x, where the θi's belong to a complete residue system
modulo p. Hence, in order to solve (1), it su�ces to determine the coe�cients θi.
This may be done by considering the n-th roots of unity modulo pa, namely the
incongruent solutions in Z, of the list of congruences

xn ≡ 1 (mod pa), a ⩾ 1.

To illustrate this process, we shall solve the equation xp
b
= 1 in Zp, where p is an

odd prime and b is an arbitrary positive integer. For this purpose, let us consider
the list of congruences xp

b ≡ 1 (mod pa) in Z. As we shall see later in this study, if

b < a, then the incongruent solutions of the congruence xp
b ≡ 1 (mod pa) are

x ≡ 1 + tpa−b (mod pa),
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178 B. Cohen

where t ∈ {0, 1, . . . , pb − 1} is arbitrary. Now, by taking a → ∞, we obtain that
pa−b → 0 in Qp, which, in turn, produces the unique solution x = 1 over Zp.

The concept of p-adic n-th roots of unity can be carried on into a wider medium:
given an algebraic number �eld K and a prime ideal P , we shall be interested in the
solutions of the equation xn = 1 in the ring of integers OP of the P -adic �eld KP .
The �eld KP is constructed similarly to the p-adic �eld Qp, using the completion
process relative to a suitable valuation | · |P . It can be shown that the elements of
OP are sums of the form

θ0 + θ1γ + θ2γ
2 + . . . ,

where γ ∈ P \ P 2 is pre-chosen element and the θi's belong to a complete residue
system modulo P . Similarly to the p-adic case, the equation xn = 1 in OP may
be solved by considering the n-th roots of unity modulo P a, namely the incongruent
solutions in the ring of integers OK of K, of the list of congruences

xn ≡ 1 (mod P a), a ⩾ 1. (2)

Finding the solutions of the congruences (2) requires great e�ort, since the structure
of the solutions strongly depends upon the di�erent con�gurations of a, n, and the
rami�cation index e of the prime ideal P.

The goal of this paper is to study the structure of the incongruent solutions of (2)
over OK in order to apply these results to solving the equation xn = 1 over the P -adic
�eld KP . It is worth mentioning that our results for congruences are of independent
interest and may also be used in further applications such as [6].

The following theorem from Section 8 is one of our main results, in which we
describe the structure of the pb-th roots of unity in KP .

Theorem (Theorem 19, Section 8). Let K be an algebraic number �eld and let P
be a prime ideal lying above the rational prime p with rami�cation index e, that is
P e∥(p). In addition, let M be a complete residue system modulo P and let b be a

positive integer.

(a) If p− 1 ∤ e, then the only P -adic pb-th root of unity is x = 1.

(b) If p− 1 | e, then set

Γr =
e

pr(p− 1)
and Γ0 =

e

p− 1
,

where r = min{c, b− 1} and c is the non-negative integer such that pc∥e. Then
the P -adic pb-th roots of unity are

x = 1 + βΓrγ
Γr + . . .+ βΓ0γ

Γ0 + βΓ0+1γ
Γ0+1 + . . .
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Structure of n-th Roots of Unity in Residue Rings 179

where γ ∈ P \ P 2 and the β's are in M and satisfy the following conditions:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

(1 + βΓrγ
Γr + . . .+ βΓ0−1γ

Γ0−1)p
b ≡ 1 (mod P eb+Γ0)

pbβΓ0γ
Γ0 +

(︁
pb

p

)︁
(βΓ0γ

Γ0)p ≡ 1− (1 + βΓrγ
Γr + . . .+ βΓ0−1γ

Γ0−1)p
b

(mod P eb+Γ0+1)

pbβΓ0+1γ
Γ0+1 ≡ 1− (1 + βΓrγ

Γr + . . .+ βΓ0γ
Γ0)p

b
(mod P eb+Γ0+2)

pbβΓ0+2γ
Γ0+2 ≡ 1− (1 + βΓrγ

Γr + . . .+ βΓ0+1γ
Γ0+1)p

b
(mod P eb+Γ0+3)

...

if Γr < Γ0, and⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

βΓ0 ≡ 0 (mod P ) or (γΓ0βΓ0)
p−1 ≡ −p (mod P e+1)

pbβΓ0+1γ
Γ0+1 ≡ 1− (1 + βΓ0γ

Γ0)p
b

(mod P eb+Γ0+2)

pbβΓ0+2γ
Γ0+2 ≡ 1− (1 + βΓ0γ

Γ0 + βΓ0+1γ
Γ0+1)p

b
(mod P eb+Γ0+3)

pbβΓ0+3γ
Γ0+3 ≡ 1− (1 + βΓ0γ

Γ0 + βΓ0+1γ
Γ0+1 + βΓ0+2γ

Γ0+2)p
b

(mod P eb+Γ0+4)
...

if Γr = Γ0.

As an illustrative example, consider the equation x4 = 1 in the P -adic �eld KP ,
where K = Q(i) and P = (1 + i). Here, the ring of integers of K is the Gaussian
ring OK = Z[i]. Note that, since 1 + i is irreducible in Z[i], P is a prime ideal.
Furthermore, P 2 = (2), so P lies above the prime p = 2 with rami�cation index
e = 2. Hence, the norm of P is NP = 2, so we may choose M = {0, 1} as a complete
residue system modulo P .

Since p−1 | e, p∥e and b = 2, it follows that c = 1, so r = 1. Thus Γ1 =
e

p(p−1) = 1

and Γ0 = e
p−1 = 2, so Γr < Γ0. Hence, by Theorem 19(b), the solutions of x4 = 1

over KP are of the form

x = 1 + β1γ + β2γ
2 + β3γ

3 + . . . ,

where γ = 1 + i, and (β1, β2, β3, . . .) are taken from M = {0, 1} and satisfy the
following system of congruences⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

(1 + β1γ)
4 ≡ 1 (mod P 6)

4β2γ
2 +

(︁
4
2

)︁
(β2γ

2)2 ≡ 1− (1 + β1γ)
4 (mod P 7)

4β3γ
3 ≡ 1− (1 + β1γ + β2γ

2)4 (mod P 8)

4β4γ
4 ≡ 1− (1 + β1γ + β2γ

2 + β3γ
3)4 (mod P 9)

...

Clearly, the �rst congruence is satis�ed by β1 = 0. Furthermore, since

(1 + γ)4 − 1 = −8 + 24i = (−3− i)γ6 ∈ P 6,
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180 B. Cohen

it follows that (1 + γ)4 ≡ 1 (mod P 6), so the �rst congruence is also satis�ed by
β1 = 1. Similarly, it can be shown that the second congruence is satis�ed by each
(β1, β2) ∈ {(0, 0), (0, 1), (1, 0), (1, 1)}. Next, substituting any choice of (β1, β2) into
the third congruence yields a linear congruence that is satis�ed only by β3 = 1. As
one can verify, by continuing this process, we get that β3 = β4 = . . . = 1, yielding
the following four solutions:

x = 1

x = 1 + γ2 + γ3 + γ4 + γ5 + . . .

x = 1 + γ + γ3 + γ4 + γ5 + . . .

x = 1 + γ + γ2 + γ3 + γ4 + . . .

We remark that, with respect to the P -adic valuation, we get that |γ|P < 1, so
1 + γ + γ2 + γ3 + . . . = 1

1−γ = i. Using this fact, it can be shown that these four
solutions can be reduced to 1,−1,−i and i, respectively, as expected.

The determination of the solutions of xn ≡ 1 (mod P a) over OK will be per-
formed in three cases: In Case 1, we shall study these congruences when p ∤ n, and
in Case 2 and 3 when n = pb and b is a positive integer. More precisely, in Case 2,
we study the solutions of xp

b ≡ 1 (mod P a) under the assumption that P∥(p) and
in Case 3, we continue this study for an arbitrary P , regardless of whether P∥(p) or
P 2 | (p). Finally, we shall describe the solutions for an arbitrary n.

This paper is intended as a short synopsis of the four articles [2, 3, 4, 5], discussing
the structure of the solutions of xn ≡ 1 (mod P a). Therefore, all statements in this
paper are given without proofs, which can be found in the papers cited above.

2 Preliminaries

Let K be an algebraic number �eld. Denote by OK the ring of integers of K and by
P a prime ideal in OK. The group of units of the residue ring OK/P

a, where a is a
positive integer, will be denoted by (OK/P

a)∗. The residue class modulo P a of an
element α ∈ OK will be denoted by [α]Pa .

Recall that for any prime ideal P there is a unique (positive) rational prime
number such that P | (p). In this case, it can be shown that the norm of P is
NP = pf . The number f is called the inertial degree of P and p is called the rational
prime number lying below P (as (p) ⊆ P ). Alternatively, it is also customary to say
that P lies above p. The positive integer e such that P e∥(p) (that is, such P e | (p)
but P e+1 ∤ (p)) is called the rami�cation index of P over p.

As a consequence of the theory developed in this article, we obtain several results
regarding the structure of the solutions of the equation xn = 1 within the framework
of the P -adic number �eld KP . The �eld KP is constructed similarly to the p-adic
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Structure of n-th Roots of Unity in Residue Rings 181

�eld Qp, using the completion process, relative to the valuation

|x|P := p−ordP (x)

de�ned on K, where ordP (x) is the integer satisfying P ordP (x)∥(x). As in the �eld
Qp, given an element γ ∈ P \ P 2, every P -adic integer a has a P -adic expansion of
the form

a = θ0 + θ1γ + θ2γ
2 + . . . ,

where the θi ∈ OK are uniquely determined modulo P . In this setting, the P -adic
integers are denoted by OP . The element γ is called a uniformizer for KP . Note
that P∥(γ).

Given a positive integer a, we de�ne Ma(OP ) to be a complete residue system of
P -adic integers modulo P a. That is, each P -adic integer is congruent modulo P a to a
unique element of Ma(OP ). The residue class modulo P a of an element a ∈ OP will
be denoted by [a]Pa . We remark that Ma(OP ) is �nite, since OP /γ

aOP
∼= OK/P

a.
A detailed discussion can be found in [2, p. 444].

3 The lifting method

Our method of solving the congruence xn ≡ 1 (mod P a) is by applying the lifting

method. This method is based on the observation that the solutions of xn ≡ 1
(mod P a) are to be found among those of xn ≡ 1 (mod P a−1). In more detail,
suppose that x ≡ α (mod P a−1) is a solution of xn ≡ 1 (mod P a−1) and let γ ∈
P \ P 2 be chosen arbitrarily. Now, it can be shown that

x ≡ α (mod P a−1) ⇔ x ≡ α+ θ1γ
a−1 , . . . , α+ θNPγ

a−1 (mod P a),

whereM = {θ1, θ2, . . . , θNP } is a complete residue system modulo P (see [3, p. 459]).
It may happen, of course, that not every number α + θiγ

a−1 in the above list is a
solution of the original congruence modulo P a. Thus, it is necessary to determine
the θi's so that α+ θiγ

a−1 satis�es the congruence modulo P a. Since this process is
recursive in nature, it �rst requires solving the congruence xn ≡ 1 (mod P ).

Example 1. Let us consider the congruence

x3 ≡ 1 (mod P 3)

over Z for P = (7). Here, P = (7) is a prime ideal in Z with NP = 7, so we can

choose the complete residue system M = {0, 1, 2, . . . , 6} and γ = 7.
We �rst identify the solutions modulo P , that is, the solutions to x3 ≡ 1 (mod 7).

By testing the numbers 0, 1, 2, . . . , 6, we �nd that x ≡ 1, 2, 4 (mod P ) are the solu-

tions to x3 ≡ 1 (mod P ). The next step is to determine the θ's for which 1 + θγ,
2 + θγ, 4 + θγ are solutions of x3 ≡ 1 (mod P 2). Let us illustrate this process for
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182 B. Cohen

2+ θγ. We wish to �nd the θ's in {0, 1, 2, . . . , 6} for which (2+ θγ)3 ≡ 1 (mod P 2).
Since

(2 + θγ)3 = 8 + 12θγ + 6θ2γ2 + θ3γ3 ≡ 8 + 12θγ (mod P 2),

the congruence we need to solve is 8 + 12θγ ≡ 1 (mod P 2), which implies 12θγ ≡
−7 (mod P 2). Since γ = 7, it follows that 12θ ≡ −1 (mod P ) and hence θ ≡ 4
(mod P ). Therefore θ = 4, which yields the following solution of x3 ≡ 1 (mod P 2):

x ≡ 2 + 4γ (mod P 2).

Similarly, applying this process to 1+θγ and 4+θγ yields the following two solutions:

x ≡ 1 + 0γ (mod P 2) ; x ≡ 4 + 2γ (mod P 2).

We continue by determining the θ's for which 1+0γ+θγ2, 2+4γ+θγ2, 4+2γ+θγ2

satisfy x3 ≡ 1 (mod P 3). Again, we shall illustrate this process to 2 + 4γ + θγ2:

(2 + 4γ + θγ2)3 ≡ 1 (mod P 3)
8 + 48γ + 96γ2 + 12θγ2 + γ3 · (someting) ≡ 1 (mod P 3)

48γ + 12θγ2 + 96γ2 ≡ −7 (mod P 3)
⇕

48 + 12θγ + 96γ ≡ −1 (mod P 2)
12θγ + 96γ ≡ −49 (mod P 2)

⇕
12θ + 96 ≡ 0 (mod P )

⇕
θ ≡ 6 (mod P ).

Therefore θ = 6, which yields the following solution of x3 ≡ 1 (mod P 3):

x ≡ 2 + 4γ + 6γ2 (mod P 3).

Similarly, applying this process for 1 + 0γ + θγ2 and 4 + 2γ + θγ2, we obtain two

more solutions:

x ≡ 1 + 0γ + 0γ2 (mod P 3) ; x ≡ 4 + 2γ + 0γ2 (mod P 3).

To conclude, the incongruent solutions of x3 ≡ 1 (mod P 3) are

x ≡ 1 + 0γ + 0γ2 = 1 (mod P 3)
x ≡ 2 + 4γ + 6γ2 = 324 (mod P 3)
x ≡ 4 + 2γ + 0γ2 = 18 (mod P 3).

The lifting method can be described schematically using a rooted tree. The ver-
tices of the tree in the a-th level, are the incongruent solutions of xn ≡ 1 (mod P a).
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Structure of n-th Roots of Unity in Residue Rings 183

The �children" of a vertex in the a-th level are the solutions (if there are any) of
xn ≡ 1 (mod P a+1) which were lifted by their parent vertex. For example, the �rst
four levels of the tree which corresponds to the congruence x3 ≡ 1 (mod 7a) over Z,
from Example 1, are shown in Figure 1 below.

1

1

1

1

2

2+4γ

2+4γ+6γ2

2+4γ+6γ2+3γ3

4

4+2γ

4+2γ

4+2γ+3γ3

Figure 1

Suppose that p is a prime number and b is a positive integer. In the special case
of pb-th roots of unity modulo P a, where P lies above p, the lifting method can be
applied in a more streamlined manner. If a = 1, then it can be shown that the
congruence xp

b ≡ 1 (mod P ) has only one solution, namely x ≡ 1 (mod P ) (see [2,
p. 449]). If a ⩾ 2 and the pb-th roots of unity modulo P a−1 are known, then the pb-th
roots of unity modulo P a can be determined by the following procedure: If α satis�es
xp

b ≡ 1 (mod P a−1), then we check whether α satis�es αpb ≡ 1 (mod P a). If so,

this root �produces" the solutions x ≡ α + θγa−1 (mod P a) of xp
b ≡ 1 (mod P a),

where θ is an arbitrary element from a complete residue system modulo P (see [4,
p. 20]).

Example 2. Let us consider the congruence

x3 ≡ 1 (mod P 4)

over K = Q(
√
3), where P = (

√
3). Here OK = Z + Z

√
3, P 2 = (3) and we can

choose γ =
√
3.

Before solving this congruence, we need to characterize the elements of P a. If

a = 2k, then P 2k = (3k), so x + y
√
3 ∈ P 2k if and only if 3k | x and 3k | y. If

a = 2k + 1, then

P 2k+1 = (3)kP = (3k
√
3) = {3k

√
3(x+ y

√
3) : x, y ∈ Z}

= {3k+1y + 3kx
√
3 : x, y ∈ Z}.

Hence, x + y
√
3 ∈ P 2k+1 if and only if 3k+1 | x and 3k | y. Furthermore, since

NP = 3, we may choose M = {0, 1,−1} as a complete residue system modulo P .
Now we can begin solving the congruence. As mentioned above, the congruence

x3 ≡ 1 (mod P ) has only one solution, namely x ≡ 1 (mod P ). Turning now to the
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case modulo P 2, we need only to check whether x = 1 satis�es x3 ≡ 1 (mod P 2). This
is clearly true and hence the solutions modulo P 2 are x ≡ 1 + θ1γ (mod P 2), where
θ1 ∈ M, that is x ≡ 1, 1+γ, 1−γ (mod P 2). To solve the congruence modulo P 3, we

need to check which elements of {1, 1+ γ, 1− γ} satis�es x3 ≡ 1 (mod P 3). Clearly,
x = 1 satis�es this congruence and therefore produces the solutions x ≡ 1 + θ2γ

2

(mod P 3), where θ2 ∈ M.

For the options x = 1 + γ and x = 1− γ, we have

(1± γ)3 = (1±
√
3)3 = 10± 6

√
3 ≡ 1 (mod P 3).

Hence, we obtain six additional solutions x ≡ 1±γ+θ2γ2 (mod P 3), where θ2 ∈ M.

Altogether, we obtain that the solutions modulo P 3 are x ≡ 1+θ1γ+θ2γ
2 (mod P 3),

where θ1, θ2 ∈ M. For the case modulo P 4, note that

13 = 1 (mod P 4)

(1 + γ2)3 = 43 = 64 ≡ 1 (mod P 4)

(1− γ2)3 = (−2)3 = −8 ≡ 1 (mod P 4)

(1± γ)3 = (1±
√
3)3 = 10± 6

√
3 ̸≡ 1 (mod P 4)

(1± γ + γ2)3 = (4±
√
3)3 = 100± 51

√
3 ̸≡ 1 (mod P 4)

(1± γ − γ2)3 = (−2±
√
3)3 = −26± 15

√
3 ̸≡ 1 (mod P 4).

This produces the following 9 solutions: x ≡ 1+θ2γ
2+θ3γ

3 (mod P 4), where θ2, θ3 ∈
M.

The �rst �ve levels of the tree corresponding to the congruence x3 ≡ 1 (mod P 4)
over Q(

√
3), from Example 2, are shown in Figure 2 below.

1

1−γ 1 1+γ

1−γ21−γ+γ21−γ1−γ−γ2 1 1+γ2 1+γ−γ2 1+γ 1+γ+γ2

1−γ31−γ2+γ31−γ21−γ2−γ3 1 1+γ3 1+γ2−γ3 1+γ2 1+γ2+γ3

1−γ41−γ3+γ41−γ31−γ3−γ4 1 1+γ4 1+γ3−γ4 1+γ3 1+γ3+γ4

Figure 2
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Structure of n-th Roots of Unity in Residue Rings 185

One of our main goals in this paper is to characterize the structure of the tree
corresponding to the n-th roots of unity modulo P a.

4 Case 1: n-th roots of unity when p ∤ n

We begin by observing that the incongruent solutions of xn ≡ 1 (mod P a) form a
subgroup of the group of units (OK/P

a)∗. This subgroup will be denoted by UPa(n),
that is,

UPa(n) := {[x]Pa : x ∈ OK, x
n ≡ 1 (mod P a)}.

The goal of this section is to study the group UPa(n), when p ∤ n. The following
theorem is one of our main results:

Theorem 3 ([2, p. 450]). Suppose that p is a rational prime number, P is a prime

ideal in the algebraic number �eld K lying above p and n, a are positive integers. If

p ∤ n, then
UP (n) ∼= UPa(n)

and this isomorphism is given by the map

[x]P ↦→ [xNPa−1
]Pa .

This result implies that the solutions of xn ≡ 1 (mod P a+1) can be obtained by
raising the solutions of xn ≡ 1 (mod P a) to the NP -th power. As an illustrative
example, let us consider the congruences x3 ≡ 1 (mod 7a) over Z for a ∈ {1, 2, 3, 4}.
Here n = 3, p = 7, P = (7), so p ∤ n and NP = 7. We start by noticing that the
solutions of x3 ≡ 1 (mod 7) are x ≡ 1, 2, 4 (mod 7). Using the map from Theorem 3,
it follows that the solutions of x3 ≡ 1 (mod 72) are x ≡ 17, 27, 47 (mod 72), which
simpli�es to x ≡ 1, 30, 18 (mod 72). Similarly, the solutions of x3 ≡ 1 (mod 73) are
x ≡ 17, 307, 187 (mod 73), namely x ≡ 1, 324, 18 (mod 73) and �nally, the solutions
of x3 ≡ 1 (mod 74) are x ≡ 17, 3247, 187 (mod 74), which are x ≡ 1, 1353, 1047
(mod 74).

In the discussion to follow we go further and present deeper results that describe
the n-th roots of unity modulo P within the framework of the P -adic number �eld
KP . Let UK∗

P
(n) denote the subgroup of n-th roots of unity in the �eld KP , namely

UK∗
P
(n) := {x ∈ K∗

P : xn = 1}.

Theorem 4 ([2, p. 452]). Suppose that p is a rational prime number, P is a prime

ideal in the algebraic number �eld K lying above p and n is a positive integer. If

p ∤ n, then
UP (n) ∼= UK∗

P
(n)

and this isomorphism is given by either of the following two maps:

ψ :UP (n) → UK∗
P
(n)

[x]P ↦−→ lim
k→∞

xNPk−1 or
ν :UK∗

P
(n) → UP (n)

x ↦−→ [x]P
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In particular, the equation xn = 1 has exactly gcd(NP − 1, n) solutions in K∗
P .

The proof relies heavily on a version of Hensel's Lemma, suitable for KP (see [2,
p. 452]). Knowing an explicit isomorphism between UK∗

P
(n) and UPa(n) can assist

us in characterizing the solutions of xn ≡ 1 (mod P a) when p ∤ n in terms of P -adic
numbers. Before doing so, let us present a new notation. Let a ∈ OP be a P -adic
integer and let

a = α0 + α1γ + α2γ
2 + . . .

be its P -adic expansion, where γ ∈ P \ P 2. For every non-negative integer n denote
by an the n-th partial sum of a, namely

an := α0 + α1γ + α2γ
2 + . . .+ αnγ

n.

These partial sums clearly depend upon the choice of γ and hence, should be denoted,
say, by aγn. However, in our applications we consider an−1 modulo Pn, which is
independent of the choice of γ. In other words, if δ ∈ P \ P 2, then aγn−1 ≡ aδn−1

(mod Pn). Thus, from now on, we shall omit the superscript γ and use the shorter
notation an−1. Observe that an ∈ OK and that a ≡ an−1 (mod Pn) for each n.

The following theorem describes the structure of the solutions of the congruence
xn ≡ 1 (mod P a) when p ∤ n.

Theorem 5 ([2, p. 454]). Suppose that p is a rational prime number, P is a prime

ideal in the algebraic number �eld K lying above p and n is a positive integer. If

p ∤ n, then
UK∗

P
(n) ∼= UPa(n)

for every positive integer a and this isomorphism is given by the natural map

x ↦→ [x]Pa .

Consequently, the congruence xn ≡ 1 (mod P a) has gcd(NP − 1, n) incongruent

solutions in OK and they are of the form

x ≡ ua−1 (mod P a),

where u ∈ UK∗
P
(n).

As an illustrative example, let us consider again the congruence x3 ≡ 1 (mod 7a)
in Z. As one can verify, one of the solutions of the equation x3 = 1 in the �eld Q7

has the following initial expansion:

x = 2 + 4 · 7 + 6 · 72 + 3 · 73 + . . .

Truncating this solution yields the solutions x ≡ 2 (mod 7), x ≡ 30 (mod 72),
x ≡ 324 (mod 73) and x ≡ 1353 (mod 74) of x3 ≡ 1 (mod 7a) for a ∈ {1, 2, 3, 4},
respectively. As we can see, this result is consistent with the results obtained earlier.
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Structure of n-th Roots of Unity in Residue Rings 187

Combining the results of Theorem 4 and 5 gives a full picture of the structure
of the corresponding tree of xn ≡ 1 (mod P a) when p ∤ n: each one of the solutions
of xn ≡ 1 (mod P ) produces an in�nite branch, which in turn, corresponds to a
solution of xn = 1 in KP . Figure 3 below illustrates a typical structure of such a
tree.

...
...

...
...

...
...

...

Figure 3

5 Case 2: n-th roots of unity when P∥(p)

In this section we shall determine the solutions of the congruence

xp
b ≡ 1 (mod P a),

where b is a non-negative integer and P∥(p). The analysis of this congruence is
dependent upon whether p = 2 or p > 2 and upon the number ∆ = max{1, a − b}.
The transition to solving xn ≡ 1 (mod P a) when P∥(p) and p | n is straightforward
and will be performed in Section 9 of this study. Our main result is the following
theorem.

Theorem 6 ([3, p. 467]). Suppose that p is a rational prime number, P is a prime

ideal in the algebraic number �eld K lying above p, a, b are integers such that a ⩾ 1,
b ⩾ 0 and M is a complete residue system modulo P a−∆, where ∆ = max{1, a− b}.
Suppose also that P∥(p). Then:

(a) If p > 2, then the congruence xp
b ≡ 1 (mod P a) has exactly (NP )a−∆ incon-

gruent solutions x ≡ 1 + p∆θ (mod P a), where θ ∈ M.

(b) If p = 2 and ∆ = 1, then the congruence x2
b ≡ 1 (mod P a) has exactly

(NP )a−1 incongruent solutions x ≡ 1 + 2θ (mod P a), where θ ∈ M.

(c) If p = 2 and ∆ > 1, then the congruence x2
b ≡ 1 (mod P a) has exactly

2(NP )a−∆ incongruent solutions x ≡ ±1 + 2∆θ (mod P a), where θ ∈ M.
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Suppose that p > 2. If 1 ⩽ a ⩽ b + 1, then ∆ = 1, so x ≡ 1 + pθ (mod P a),
where θ is an element of a complete residue system modulo P a−1. If b + 1 < a,
then ∆ = a − b, so x ≡ 1 + pa−bθ (mod P a), where θ is an element of a complete
residue system modulo P b. Hence, in this case, the growth of the corresponding
tree continues up its (b + 1)th level of the tree and then stabilizes, as illustrated in
Figure 4 below in the cases where p = 3, b = 1 (right) and where p = 3, b = 2 (left).

...
...

Figure 4

The tree on the right is a typical tree that corresponds to the solutions of the
congruence x3 ≡ 1 (mod P a) and the tree on the left, corresponds to the solutions
of the congruence x9 ≡ 1 (mod P a), both under the assumption that P∥(3). Note
that in both trees, there is a single in�nite branch, namely the vertices colored red,
which corresponds to the unique solution x = 1 of x3 = 1 and of x9 = 1 in KP .

Recall that Theorem 5 states that if p ∤ n, then the equation xn = 1 has exactly
gcd(NP − 1, n) distinct roots in KP . Provided that P∥(p), we can go further and
determine the number of solutions for the equation xn = 1 for any n. Speci�cally,
we present the following theorem:

Theorem 7 ([3, p. 465]). Let K be a number �eld, P be a prime ideal lying above

the rational prime p and let N be the number of n-th roots of unity in KP . Set

d = gcd(NP − 1, n). If P∥(p), then

N =

⎧⎪⎨⎪⎩
d if p = 2 and 2 ∤ n
2d if p = 2 and 2 | n
d if p > 2.

Note that since the �eld Qp of p-adic numbers is obtained by taking K = Q and
P = (p), it follows that the number of n-th roots of unity in Qp is

N =

⎧⎪⎨⎪⎩
1 if p = 2 and 2 ∤ n
2 if p = 2 and 2 | n
gcd(p− 1, n) if p > 2.
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Structure of n-th Roots of Unity in Residue Rings 189

As we shall see later, Theorem 7 may be false if P 2 | (p). This occurs, for instance,
if K = Q(

√
6), p = 3 and P = (3,

√
6). Here P 2 = (3), so NP = 3. In this case, it

can be shown that the equation x9 = 1 has at least one non-trivial root in KP , while
d = gcd(NP − 1, 9) = 1. Moreover, its roots are:

x = 1

x = 1− γ − γ2 − γ4 + γ5 + . . .

x = 1 + γ − γ2 − γ4 − γ5 + . . .

where γ =
√
6. For more details see Section 8 of this study.

Theorem 7 states, in particular, that if P∥(p), then the solutions of xp
b
= 1 in

KP are x = ±1 if p = 2, and x = 1 if p > 2. Note that these results are consistent
with the result of Theorem 6. For instance, if p > 2, then the incongruent solutions
of xp

b ≡ 1 (mod P a) are of the form x ≡ 1 + p∆θ (mod P a). Now, for a su�ciently
large a, we obtain

x ≡ 1 + pa−bθ (mod P a).

Letting a→ ∞, we �nd that pa−b → 0 and therefore x = 1, as expected.

6 Case 3: n-th roots of unity when n = pb

In this section we continue studying the case n = pb, for an arbitrary P , regardless
of whether P∥(p) or P 2 | (p). Solving the congruence xp

b ≡ 1 (mod P a) for P with
a general rami�cation index e will require di�erent methods from those we used in
Case 2. Nevertheless, the results will be applicable to both cases. Our study will be
carried out separately in three parts, as described in the following diagram:

2 ⩽ a ⩽ e

Part 1
(Theorem 9)

e < a

p− 1 ∤ e p− 1 | e
Part 2

(Theorem 11)
Part 3

(Theorem 13)

In order to state this combined result, we need to introduce several additional nota-
tions. For convenience, we gather them in the following single �Generic Notation":

Notation 8. Suppose that

(1) p is a rational prime number.

(2) P is a prime ideal in the algebraic number �eld K lying above p with rami�cation

index e ⩾ 1.
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(3) M is a complete residue system of OK modulo P with 0 ∈ M.

(4) γ ∈ P \ P 2.

(5) n, a and b are positive integers.

(6) c is a non-negative integer satisfying pc∥e and r = min{c, b− 1}.

(7) For each integer 0 ⩽ t ⩽ c let Γt be the quantity Γt =
e

pt(p−1) .

(8) For each non-negative integer k, Tk denotes the real function Tk(u) = kpu−eu
for u ∈ R.

(9) mk denotes the integral minimal value of Tk over the set {0, 1, 2, 3, . . .}, in-
cluding m0 = −∞.

Part 1: Solving xp
b ≡ 1 (mod P a) when 2 ⩽ a ⩽ e

The �rst part covers the cases where 2 ⩽ a ⩽ e. As mentioned in Section 3, the case
a = 1 yields only the trivial solution, so it is omitted here.

Theorem 9 ([4, p. 24]). Assume Notation 8. If 2 ⩽ a ⩽ e, then the incongruent

solutions of xp
b ≡ 1 (mod P a) are

x ≡ 1 + θ∆γ
∆ + θ∆+1γ

∆+1 + . . .+ θa−1γ
a−1 (mod P a),

where ∆ = ⌈ a
pb
⌉ and θ∆, θ∆+1, . . . , θa−1 ∈ M.

Example 10. Let K = Q( 4
√
2). As one can verify, P = ( 4

√
2) is a prime ideal lying

above p = 2 with rami�cation index e = 4. Furthermore, its norm is NP = 2, so
M = {0, 1} can be taken as a complete residue system modulo P . Now, consider the
congruence

x2 ≡ 1 (mod P a).

According to Theorem 9, ∆ = ⌈a2⌉ and the solutions for 2 ⩽ a ⩽ 4 are

a = 2 : x ≡ 1 + θ1γ (mod P 2)
a = 3 : x ≡ 1 + θ2γ

2 (mod P 3)
a = 4 : x ≡ 1 + θ2γ

2 + θ3γ
3 (mod P 4)

where we may choose γ = 4
√
2 and θi ∈ {0, 1}. Therefore, the �rst four levels of the

corresponding tree are described in Figure 5 below.
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1

1 1+γ

1+γ21

1 1+γ3 1+γ2 1+γ2+γ3

Figure 5

Part 2: Solving xp
b ≡ 1 (mod P a) when e < a and p− 1 ∤ e

The integral minimum value mk of the functions Tk(u) = kpu − eu is important
for understanding the structure of the pb-th roots of unity modulo P a when e <
a. Generally, these values can be found directly by considering the functions Tk.
Nevertheless, once we have found the real minimal value of Tk, it is quite easy to
�nd its integral minimal value. In more detail, if Tk attains its real minimal value at
ū, which occurs at ū = logp(

e
k ln p), then its integral minimal value is obtained at ⌈ū⌉

or at ⌊ū⌋, possibly both. For example, let us �nd the integral minimum value m2 of
Tk(u) for p = 3 and e = 4. Here T2(u) = 2 · 3u − 4u and ū = log3(

4
2 ln 3) ≈ 0.33,

so ⌈ū⌉ = 1 and ⌊ū⌋ = 0. In this case T2 attains its integral minimal value at both
u = 0 and u = 1, giving m2 = 2. We add two remarks that will be used later. First,
it can be shown that if k ⩾ e

p−1 , then mk = k. Second, the integral minimum values
satisfy −∞ = m0 < m1 < m2 < · · · < mk for every k ⩾ 1 (see [4, p. 27]). Hence,
for every integer q, there is a unique k ⩾ 0 such that mk < q ⩽ mk+1.

Theorem 11 ([4, p. 33]). Assume Notation 8. In addition, let k be the unique

non-negative integer such that mk < a − eb ⩽ mk+1 and suppose that the following

conditions hold:

(1) a ⩾ E = max{2, e}, and
(2) p− 1 ∤ e.

Then the incongruent solutions of xp
b ≡ 1 (mod P a) are

x ≡ 1 + θk+1γ
k+1 + θk+2γ

k+2 + . . .+ θa−1γ
a−1 (mod P a),

where θk+1, θk+2, . . . , θa−1 ∈ M.

Example 12. Suppose that K is a number �eld and let P be a prime ideal in K

lying above p = 3 with rami�cation index e = 13. In addition, suppose that M is

a complete residue system modulo P with 0 ∈ M and let γ ∈ P \ P 2. We want to

describe the solutions of a general congruence x3
b ≡ 1 (mod P a) for all values of

a ⩾ 2 and b. Since E = max{2, e} = 13, we must distinguish between the cases

2 ⩽ a ⩽ 13 and 13 < a.
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For 2 ⩽ a ⩽ 13, we invoke Theorem 9 to obtain the solutions

x ≡ 1 + θ∆γ
∆ + . . .+ θa−1γ

a−1 (mod P a),

where θi ∈ M and

∆ =
⌈︂ a
3b

⌉︂
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 if b = 1 and 2 ⩽ a ⩽ 3

2 if b = 1 and 4 ⩽ a ⩽ 6

3 if b = 1 and 7 ⩽ a ⩽ 9

4 if b = 1 and 10 ⩽ a ⩽ 12

5 if b = 1 and a = 13

1 if b = 2 and 2 ⩽ a ⩽ 9

2 if b = 2 and 10 ⩽ a ⩽ 13

1 if b ⩾ 3 and 2 ⩽ a ⩽ 13

Now assume that a > 13. Here p− 1 ∤ e, so Theorem 11 can be utilized. In order

to describe the solutions, we �rst need to �nd the integral minimum values mk of

Tk(u) = k3u − 13u.

As mentioned above, if k ⩾ e
p−1 = 6.5, that is, if k ⩾ 7, then mk = k. For

1 ⩽ k ⩽ 6, we shall compute the values mk directly from the de�nition. Let uk
be the integral points at which Tk(u) achieves its integral minimum value mk and

let ūk be the real points at which Tk(u) achieves its real minimum value. Thus

ūk = log3(
13

k ln 3). The results are summarized in the table below:

k uk ūk mk

1 2 2.24 −17
2 2 1.61 −8
3 1 1.24 −4
4 1 0.98 −1
5 1 0.78 2
6 1 0.61 5

Hence, by Theorem 11, the solutions of x3
b ≡ 1 (mod P a) for a > 13 are x ≡

1 + θk+1γ
k+1 + . . .+ θa−1γ

a−1 (mod P a), where θi ∈ M and k is the (unique) non-

negative integer such that mk+1 ⩽ a− eb ⩽ mk+1. Note that if k ⩾ 7, then mk = k,
so in this case mk < a−eb ⩽ mk+1 if and only if a−eb = k+1. Hence, if a−eb ⩾ 7,
then the solutions are

x ≡ 1 + θa−ebγ
a−eb + . . .+ θa−1γ

a−1 (mod P a),

where θi ∈ M. To conclude, if a > 13, then the solutions of x3
b ≡ 1 (mod P a) are
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x ≡ 1 + θ∆γ
∆ + . . .+ θa−1γ

a−1 (mod P a), where θi ∈ M and

∆ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 + 1 a− eb ⩽ m1

1 + 1 m1 + 1 ⩽ a− eb ⩽ m2

2 + 1 m2 + 1 ⩽ a− eb ⩽ m3

3 + 1 m3 + 1 ⩽ a− eb ⩽ m4

4 + 1 m4 + 1 ⩽ a− eb ⩽ m5

5 + 1 m5 + 1 ⩽ a− eb ⩽ m6

6 + 1 m6 + 1 ⩽ a− eb ⩽ m7

a− eb m7 ⩽ a− eb,

which yields

∆ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 a− eb ⩽ −17
2 −16 ⩽ a− eb ⩽ −8
3 −7 ⩽ a− eb ⩽ −4
4 −3 ⩽ a− eb ⩽ −1
5 0 ⩽ a− eb ⩽ 2
6 3 ⩽ a− eb ⩽ 5
7 6 ⩽ a− eb ⩽ 7

a− eb 7 ⩽ a− eb.

Part 3: Solving xp
b ≡ 1 (mod P a) when e < a and p− 1 | e

The analysis of the solutions in this part depends upon the quantities Γ0 and Γr.
Recall that Γ0 = e

p−1 and Γr = e
pr(p−1) , where r = min{c, b − 1} and pc∥e. Hence,

Γ0 and Γr are integers such that Γr ⩽ Γ0.

Theorem 13 ([4, p. 39]). Assume Notation 8. In addition, let k be the unique

non-negative integer satisfying

mk < a− eb ⩽ mk+1

and suppose that the following conditions hold:

(1) a ⩾ E = max{2, e}, and
(2) p− 1 | e

Then the following statements hold:

(A) If 0 ⩽ k < Γr, then the incongruent solutions of xp
b ≡ 1 (mod P a) are

x ≡ 1 + θk+1γ
k+1 + θk+2γ

k+2 + · · ·+ θa−2γ
a−2 + θa−1γ

a−1 (mod P a),

where θk+1, . . . , θa−2, θa−1 ∈ M are arbitrary.

(B) If Γr ⩽ k, then the incongruent solutions of xp
b ≡ 1 (mod P a) are

x ≡ 1 + βΓrγ
Γr + . . .+ βkγ

k + θk+1γ
k+1 + . . .+ θa−1γ

a−1 (mod P a),

******************************************************************************
Surveys in Mathematics and its Applications 21 (2026), 177 � 209

https://www.utgjiu.ro/math/sma

https://www.utgjiu.ro/math/sma/v21/v21.html
https://www.utgjiu.ro/math/sma


194 B. Cohen

where θk+1, . . . , θa−1 ∈ M are arbitrary and βΓr , . . . βk ∈ M satisfy one of the fol-

lowing systems of congruences, depending upon the value of k:

(a) If Γr = k = Γ0, then

pbβΓ0γ
Γ0 +

(︃
pb

p

)︃
(βΓ0γ

Γ0)p ≡ 0 (mod P a).

(b) If Γr ⩽ k < Γ0, then

(1 + βΓrγ
Γr + βΓr+1γ

Γr+1 + . . .+ βkγ
k)p

b ≡ 1 (mod P a).

(c) If Γr < k = Γ0, then{︄
(1 + βΓrγ

Γr + . . .+ βΓ0−1γ
Γ0−1)p

b ≡ 1 (mod P a−1)

pbβΓ0γ
Γ0 +

(︁
pb

p

)︁
(βΓ0γ

Γ0)p ≡ 1− (1 + βΓrγ
Γr + . . .+ βΓ0−1γ

Γ0−1)p
b

(mod P a).

(d) If Γr = Γ0 < k, then⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
pbβΓ0γ

Γ0 +
(︁
pb

p

)︁
(βΓ0γ

Γ0)p ≡ 0 (mod P a−(k−Γ0))

pbβΓ0+1γ
Γ0+1 ≡ 1− (1 + βΓ0γ

Γ0)p
b

(mod P a−(k−Γ0)+1)
...

pbβkγ
k ≡ 1− (1 + βΓ0γ

Γ0 + . . .+ βk−1γ
k−1)p

b
(mod P a).

(e) If Γr < Γ0 < k, then⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

(1 + βΓrγ
Γr + . . .+ βΓ0−1γ

Γ0−1)p
b ≡ 1 (mod P a−1−(k−Γ0))

pbβΓ0γ
Γ0 +

(︁
pb

p

)︁
(βΓ0γ

Γ0)p ≡ 1− (1 + βΓrγ
Γr + . . .+ βΓ0−1γ

Γ0−1)p
b

(mod P a−(k−Γ0))

pbβΓ0+1γ
Γ0+1 ≡ 1− (1 + βΓrγ

Γr + . . .+ βΓ0γ
Γ0)p

b
(mod P a−(k−Γ0)+1)

...

pbβkγ
k ≡ 1− (1 + βΓrγ

Γr + . . .+ βk−1γ
k−1)p

b
(mod P a).

Let us add a few remarks concerning Theorem 13. First, note that even though
Theorem 13 gives us the general structure of the solutions, these solutions depend
upon the tuples (βΓr , . . . , βk) which are not given explicitly, but only as solutions
of another set of congruences. Thus, in order to �nd the solutions explicitly, we
need to �nd these β's �rst. If Γr < Γ0 ⩽ k, then the β's in the �rst Γ0 − Γr

positions satisfy a non-linear congruence; in which case, unfortunately, there is not
much we can say about the solutions, unless we know more about the structure of
the �eld K. For instance, as will be demonstrated in Section 9 of this study, if K
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is a cyclotomic �eld, then the structure of the solutions can be fully determined.
However, it is important to notice that we have at least one certain tuple, namely
(βΓr , . . . , βΓ0−1) = (0, 0, . . . , 0), which trivially satis�es this non-linear congruence.

Next, βΓ0 satis�es another non-linear congruence of degree p. It can be shown
that this congruence can always be reduced to a congruence modulo P . In particular,
this means that βΓ0 can have at most p possible values. Note that choosing βΓr =
. . . = βΓ0 = 0 will surely solve the �rst two congruences. Each of the remaining β's
satis�es a linear congruence, which in the same way as above, can be reduced to a
congruence modulo P . Unlike the other two congruences, this linear congruence is
uniquely solvable for every appropriate choice of βΓr , . . . , βΓ0 .

Example 14. Let us consider again the congruence

x2 ≡ 1 (mod P a)

in K = Q( 4
√
2), where P = ( 4

√
2). Here p = 2, b = 1 and e = 4. Furthermore,

NP = 2, so M = {0, 1} can be taken as a complete residue system modulo P .
According to Example 10, the solutions for 2 ⩽ a ⩽ 4 are

a = 2 : x ≡ 1 + θ1γ (mod P 2)
a = 3 : x ≡ 1 + θ2γ

2 (mod P 3)
a = 4 : x ≡ 1 + θ2γ

2 + θ3γ
3 (mod P 4),

where we may choose γ = 4
√
2 and θi ∈ {0, 1}. For a > 4 we shall evoke Theorem 13

(note that indeed p− 1 | e). In order to do so, we need �rst to determine the integral

minimum values mk of Tk(u) = k2u − 4u. Similar to Example 12, it can be shown

that these values are

m0⏞⏟⏟⏞
−∞

< m1⏞⏟⏟⏞
−4

< m2⏞⏟⏟⏞
0

< m3⏞⏟⏟⏞
2

< m4⏞⏟⏟⏞
4

< m5⏞⏟⏟⏞
5

< · · ·

and mk = k for k ⩾ 4. In this case, according to Notation 8, in this case p2∥e, so
c = 2 and r = min{c, b− 1} = 0. Thus Γ0 = Γr =

e
p−1 = 4.

Now, if 5 ⩽ a ⩽ 6, then m2 < a − eb ⩽ m3, so k = 2. Similarly, if 7 ⩽ a ⩽ 8,
then m3 < a − eb ⩽ m4, so k = 3. It follows that if 5 ⩽ a ⩽ 8, then 0 ⩽ k < Γ0.

Therefore, by Theorem 13(A), the solutions for 5 ⩽ a ⩽ 8 are

a = 5 : x ≡ 1 + θ3γ
3 + θ4γ

4 (mod P 5)
a = 6 : x ≡ 1 + θ3γ

3 + θ4γ
4 + θ5γ

5 (mod P 6)
a = 7 : x ≡ 1 + θ4γ

4 + θ5γ
5 + θ6γ

6 (mod P 7)
a = 8 : x ≡ 1 + θ4γ

4 + θ5γ
5 + θ6γ

6 + θ7γ
7 (mod P 8).

If a = 9, then m4 < a − eb ⩽ m5, so k = 4. Since here Γ0 = Γr = k, it follows by
Part (a) of Theorem 13(B) that the solutions are

x ≡ 1 + β4γ
4 + θ5γ

5 + θ6γ
6 + θ7γ

7 + θ8γ
8 (mod P 9),
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where β4 satis�es the congruence

2β4γ
4 + (β4γ

4)2 ≡ 0 (mod P 9).

By recalling that 2 = γ4, we obtain (β4 + β24)γ
8 ≡ 0 (mod P 9), speci�cally satis�ed

by either β4 = 0 or β4 = 1. Therefore, the solutions are

a = 9 : x ≡ 1 + θ4γ
4 + θ5γ

5 + θ6γ
6 + θ7γ

7 + θ8γ
8 (mod P 9).

Suppose now that a > 9. Then a− eb = a− 4 > 5, so ma−eb = a− eb and k = a− 5.
Since here Γ0 = Γr < k, it follows by Part (d) of Theorem 13(B), that the solutions

are

x ≡ 1 + β4γ
4 + . . .+ βa−5γ

a−5 + θa−4γ
a−4 + . . .+ θa−1γ

a−1 (mod P a),

where β4, . . . , βa−5 satisfy the system⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
2β4γ

4 + (β4γ
4)2 ≡ 0 (mod P 9)

2β5γ
5 ≡ 1−

(︁
1 + β4γ

4
)︁2

(mod P 10)
...

2βa−5γ
a−5 ≡ 1−

(︁
1 + β4γ

4 + . . .+ βa−6γ
a−6

)︁2
(mod P a).

As shown above, the �rst congruence is satis�ed by either β4 = 0 or β4 = 1. If

β4 = 0, then we shall prove that β4 = β5 = . . . = βa−5 = 0 using induction on

a ⩾ 9. If a = 9, then we are done. If a > 9, then by the induction hypothesis,

β4 = β5 = . . . = βa−6 = 0, and substituting these values into the last congruence

we get 2βa−5γ
a−5 ≡ 0 (mod P a). Since 2 = γ4, it follows that γ4βa−5γ

a−5 ≡ 0
(mod P a), which implies that βa−5 = 0, completing the induction step.

Suppose now that β4 = 1. We shall prove using induction on a ⩾ 9 that for every

4 ⩽ i ⩽ a − 5, we get βi = 1 for 4 | i and βi = 0 otherwise. If a = 9, then we are

done. If a > 9, then by the induction hypothesis for every 4 ⩽ i ⩽ a − 6, we get

βi = 1 for 4 | i and βi = 0 otherwise. We are left to determine βa−5. To do so, let ℓ
be the maximal positive integer such that 4ℓ ⩽ a− 6. By the induction hypothesis, it

follows that βa−5 satis�es the congruence

2βa−5γ
a−5 ≡ 1−

(︂
1 + γ4 + γ8 + . . .+ γ4ℓ

)︂2
(mod P a).

Note that since γ4 = 2, we get 1 + γ4 + γ8 + . . .+ γ4ℓ = γ4ℓ+4 − 1, so

γa−1βa−5 ≡ γ4ℓ+8(1− γ4ℓ) (mod P a).

First, assume that 4 | a − 5. We shall prove that βa−5 = 1. Note that since a > 9,
the �rst a which satis�es the assumption 4 | a− 5 is a = 13, so a ⩾ 13. In this case
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ℓ = a−5
4 − 1, so γ4ℓ+8 = γa−1(1 − γa−9), and the above congruence is equivalent to

βa−5 ≡ 1 − γa−9 (mod P ). But γa−9 ≡ 0 (mod P ) since a − 9 ⩾ 4, so βa−5 = 1,
completing this case.

Next, assume that 4 ∤ a − 5. We shall prove that βa−5 = 0. Since 4 ∤ a − 5,
it follows that at least one of a − 6, a − 7, a − 8 is divisible by 4. Thus a−8

4 ⩽ ℓ,
so γ4ℓ+8 = γa(1 − γa−8) ≡ 0 (mod P ) and the above congruence is equivalent to

βa−5 ≡ 0 (mod P ). Hence βa−5 = 0, as required.

To conclude, the solutions for 10 ⩽ a are either

x ≡ 1 + θa−4γ
a−4 + . . .+ θa−1γ

a−1 (mod P a),

or

x ≡ 1 + γ4 + γ8 + . . .+ γ4ℓ + θa−4γ
a−4 + . . .+ θa−1γ

a−1 (mod P a),

where ℓ satis�es a− 4ℓ ∈ {5, 6, 7, 8}.
Figure 6 below describes the �rst twelve levels of the tree corresponding to the

solutions of x2 ≡ 1 (mod P a). Note that this tree has two in�nite branches (speci�-

cally, the vertices colored red), which correspond to the solutions x = 1 and x = −1
of x2 = 1 in KP .

Figure 6
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As an example, for 10 ⩽ a ⩽ 13, the solutions are

a = 10 : x ≡ 1 + θ6γ
6 + θ7γ

7 + θ8γ
8 + θ9γ

9 (mod P 10)
x ≡ 1 + γ4 + θ6γ

6 + θ7γ
7 + θ8γ

8 + θ9γ
9 (mod P 10)

a = 11 : x ≡ 1 + θ7γ
7 + θ8γ

8 + θ9γ
9 + θ10γ

10 (mod P 11)
x ≡ 1 + γ4 + θ7γ

7 + θ8γ
8 + θ9γ

9 + θ10γ
10 (mod P 11)

a = 12 : x ≡ 1 + θ8γ
8 + θ9γ

9 + θ10γ
10 + θ11γ

11 (mod P 12)
x ≡ 1 + γ4 + θ8γ

8 + θ9γ
9 + θ10γ

10 + θ11γ
11 (mod P 12)

a = 13 : x ≡ 1 + θ9γ
9 + θ10γ

10 + θ11γ
11 + θ12γ

12 (mod P 13)
x ≡ 1 + γ4 + γ8 + θ9γ

9 + θ10γ
10 + θ11γ

11 + θ12γ
12 (mod P 13).

When p − 1 | e but p ∤ e, the β's satisfy only one congruence of degree p and
a series of linear congruences, all of which depend upon the value of βΓ0 . In this
special case, the system takes a simpler form:

Theorem 15 ([4, p. 50]). Assume Notation 8. Set ∆ = a−eb, Γ = e
p−1 and suppose

that Γ < ∆. If p−1 | e but p ∤ e, then the incongruent solutions of xp
b ≡ 1 (mod P a)

are

x ≡ 1 + βΓγ
Γ + . . .+ β∆−1γ

∆−1 + θ∆γ
∆ + . . .+ θa−1γ

a−1 (mod P a),

where θ∆, . . . , θa−1 ∈ M are arbitrary and βΓ ∈ M satis�es one of the following

congruences: either

βΓ ≡ 0 (mod P ) or (γΓβΓ)
p−1 ≡ −p (mod P e+1).

Moreover, if Γ < ∆ − 1, then βΓ, . . . , β∆−1 ∈ M satisfy the following system of

congruences:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
pbβΓ+1γ

Γ+1 ≡ 1− (1 + βΓγ
Γ)p

b
(mod P a−(∆−Γ)+2)

pbβΓ+2γ
Γ+2 ≡ 1− (1 + βΓγ

Γ + βΓ+1γ
Γ+1)p

b
(mod P a−(∆−Γ)+3)

...

pbβ∆−1γ
∆−1 ≡ 1− (1 + βΓγ

Γ + . . .+ β∆−2γ
∆−2)p

b
(mod P a).

Example 16. Suppose that K = Q(
√
6). As one can verify, OK = Z + Z

√
6. We

want to solve the congruence

x9 ≡ 1 (mod P 10), where P = (3,
√
6).

In this case: a = 10, b = 2 and P 2 = (3). Thus P lies above p = 3, with rami�cation

index e = 2. Since NP = 3, we can choose M = {−1, 0, 1} to be a complete residue

system modulo P . Here

∆ = a− eb = 6, Γ =
e

p− 1
= 1, ∆− 1 = 5
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and we may choose γ =
√
6. Since p− 1 | e and p ∤ e, it follows by Theorem 15 that

the solutions are of the form

x ≡ 1 + β1γ + β2γ
2 + β3γ

3 + β4γ
4 + β5γ

5 + θ6γ
6 + θ7γ

7 + θ8γ
8 + θ9γ

9 (mod P 10),

where θ6, θ7, θ8 and θ9 are arbitrary elements from M and either β1 = β2 = β3 =
β4 = β5 = 0 or β1 satis�es (γβ1)

2 ≡ −3 (mod P 3) and β2, β3, β4, β5 satisfy the

following system of congruences⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

9γ2β2 ≡ 1− (1 + γβ1)
9 (mod P 7)

9γ3β3 ≡ 1− (1 + γβ1 + γ2β2)
9 (mod P 8)

9γ4β4 ≡ 1− (1 + γβ1 + γ2β2 + γ3β3)
9 (mod P 9)

9γ5β5 ≡ 1− (1 + γβ1 + γ2β2 + γ3β3 + γ4β4)
9 (mod P 10).

We �rst solve:
(γβ1)

2 ≡ −3 (mod P 3)
6β21 ≡ −3 (mod P 3)

⇕
2β21 ≡ −1 (mod P )
−β21 ≡ −1 (mod P )
β21 ≡ 1 (mod P ).

Hence β1 ≡ ±1 (mod P ). Assigning β1 = 1 in the �rst congruence of the system,

and noticing that γ =
√
6 ∈ P , yields

54β2 ≡ 1− (1 +
√
6)9 (mod P 7)

54β2 ≡ 34560− 14121
√
6 (mod P 7)

⇕
2β2 ≡ −1280− 523

√
6 (mod P )

−β2 ≡ −1280− 523
√
6 (mod P )

β2 ≡ 1280 (mod P )
β2 ≡ −1 (mod P ).

As one can verify, substituting β1 = 1 and β2 = −1 into the second congruence of the

system gives β3 ≡ 0 (mod P ). Similarly, we can determine the other β's. Continuing
this process �nally yields the tuple (1,−1, 0,−1,−1). Starting from β1 = −1 will

produce the tuple (−1,−1, 0,−1, 1). Computing 1+ β1γ+ . . .+ β5γ
5 for all the three

tuples gives the following roots

x ≡ 1 + θ6γ
6 + θ7γ

7 + θ8γ
8 + θ9γ

9 (mod P 10)

x ≡ 1 + γ − γ2 − γ4 − γ5 + θ6γ
6 + θ7γ

7 + θ8γ
8 + θ9γ

9 (mod P 10)

x ≡ 1− γ − γ2 − γ4 + γ5 + θ6γ
6 + θ7γ

7 + θ8γ
8 + θ9γ

9 (mod P 10).

where θi ∈ {−1, 0, 1}.

******************************************************************************
Surveys in Mathematics and its Applications 21 (2026), 177 � 209

https://www.utgjiu.ro/math/sma

https://www.utgjiu.ro/math/sma/v21/v21.html
https://www.utgjiu.ro/math/sma


200 B. Cohen

7 The tree structure of the pb-th roots of unity modulo

P a

The results of Theorem 9, Theorem 11 and Theorem 13 help us to understand the
structure of the tree corresponding to the pb-th roots of unity modulo P a. These
theorems describe di�erent levels of the tree. Theorem 9 discusses the initial levels
of the tree, namely the �rst e levels. In these levels the �growth" of the tree is
determined by the number ∆ = [a/pb]. Theorem 11 and Theorem 13 discuss further
levels of the tree, namely where e < a. The structure of the tree for levels a > e
depends upon whether p− 1 ∤ e or p− 1 | e. In both cases, the number of branches
in the initial and intermediate levels gradually increases. This growth �stabilizes"
at some point and becomes a �xed pattern. The following theorem asserts that this
stabilization occurs when e

p−1 < a− eb. Recall that we denote e
p−1 by Γ0.

Theorem 17 ([4, p. 55]). Assume Notation 8. Set ∆ = a − eb and suppose that

Γ0 < ∆. Then the following statements hold.

(a) If p − 1 ∤ e, then the incongruent solutions modulo P a of xp
b ≡ 1 (mod P a)

are

x ≡ 1 + θ∆γ
∆ + . . .+ θa−1γ

a−1,

where θ∆, . . . , θa−1 ∈ M are arbitrary.

Consequently, the a-th level of the tree corresponding to these solutions contains

(NP )eb vertices. Moreover, only (NP )eb−1 of these vertices have children; speci�cally,

the vertices with children are those where θ∆ = 0 and each such vertex has exactly

NP children.

(b) If p − 1 | e, then the incongruent solutions modulo P a of xp
b ≡ 1 (mod P a)

are

x ≡ 1+βΓrγ
Γr+. . .+βΓ0γ

Γ0+βΓ0+1γ
Γ0+1+. . .+β∆−1γ

∆−1+θ∆γ
∆+. . .+θa−1γ

a−1,

where θ∆, . . . , θa−1 ∈ M are arbitrary, βΓr , . . . , βΓ0 ∈ M satisfy the systems in

parts (d) or (e) of Theorem 13, respectively, by taking k = ∆−1, and βΓ0+1, . . . , θ∆ ∈
M uniquely determined by the values βΓr , . . . , βΓ0.

Consequently, the a-th level of the tree corresponding to these solutions contains

s(NP )eb vertices, where s is the number of the tuples (βΓr , . . . , βΓ0). Moreover, only

s(NP )eb−1 of these vertices have children; speci�cally, those with children are the

solutions where θ∆ = β∆, and each such vertex has exactly NP children.

Example 18. To illustrate the �xed pattern described in Theorem 17, let us consider

the congruence x3 ≡ 1 (mod P a) under two di�erent settings: one where K = Q(
√
3)

and P = (
√
3) and the other where K = Q(

√
−3) and P = (

√
−3).

In both settings, p = 3, e = 2, b = 1, so p − 1 | e, p ∤ e, r = 0, Γ0 = 1. In

addition, in both settings M = {−1, 0, 1}, so NP = 3. Furthermore, in the �rst

setting we may choose γ =
√
3 and in the other γ =

√
−3.
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First, it can be shown using Theorem 13(A), for both settings, that the solutions

of x3 ≡ 1 (mod P a) for 1 ⩽ a ⩽ 3 are

x ≡ 1 (mod P )

x ≡ 1 + θ1γ (mod P 2)

x ≡ 1 + θ1γ + θ2γ
2 (mod P 3),

where θ1, θ2 ∈ M.

Suppose now that a ⩾ 4. Hence 1 = Γ0 < ∆ = a − 2; so by Theorem 15, the

incongruent solutions of x3 ≡ 1 (mod P a), in both settings, are

x ≡ 1 + β1γ + β2γ
2 + . . .+ βa−3γ

a−3 + θa−2γ
a−2 + θa−1γ

a−1 (mod P a),

where θa−2, θa−1 ∈ M, β1 = 0 or satis�es

(γβ1)
2 ≡ −3 (mod P 3) (3)

and for a > 4, the rest of the coe�cients (β2, . . . . . . , βa−3) satisfy the following

system of linear congruences which are uniquely solvable.⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
3β2γ

2 ≡ 1− (1 + β1γ)
3 (mod P 5)

3β3γ
3 ≡ 1− (1 + β1γ + β2γ

2)3 (mod P 6)
...

3βa−3γ
a−3 ≡ 1− (1 + β1γ + β2γ

2 + . . .+ βa−4γ
a−4)3 (mod P a).

Hence, if a > 4 and if s is the number of solutions to (3), including β1 = 0, then the

a-th level of the tree has s(NP )eb = 9s vertices. Moreover, only s(NP )eb−1 = 3s of

these vertices have NP = 3 children.

First assume that K = Q(
√
3) and P = (

√
3). Under these settings, P 2 = (3)

and γ2 = 3, so (3) is equivalent to the congruence β21 ≡ −1 (mod P ). By testing the
elements of M, we �nd that none of them is a solution to β21 ≡ −1 (mod P ). Hence,
we conclude that β1 = 0, so the solutions of x3 ≡ 1 (mod P 4) are

x ≡ 1 + θ2γ
2 + θ3γ

3 (mod P 4),

where θ2, θ3 ∈ M. In particular, s = 1. If a > 4, then by substituting β1 = 0 into the

rest of the congruences we obtain that β2 = . . . = βa−3 = 0. Therefore, if a > 4, the
solutions of x3 ≡ 1 (mod P a) in K = Q(

√
3) are

x ≡ 1 + θa−2γ
a−2 + θa−1γ

a−1 (mod P a),

where θa−2, θa−1 ∈ M are arbitrary. Consequently, if a > 4, then the a-th level of

the tree corresponding to these solutions has 9 vertices. Moreover, 3 of these vertices
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have 3 children each. As can be seen, these results are re�ected in the tree diagram

presented in Figure 7 below.

Figure 7

Next, suppose that K = Q(
√
−3) and P = (

√
−3). Under these settings, P 2 = (3)

and γ2 = −3. Hence, the congruence (γβ1)
2 ≡ −3 (mod P 3) is equivalent to β21 ≡ 1

(mod P ), so β1 = 1 or β1 = −1. Including β1 = 0 we deduce that the solutions of

x3 ≡ 1 (mod P 4) are

x ≡ 1 + θ1γ + θ2γ
2 + θ3γ

3 (mod P 4),

where θ1, θ2, θ3 ∈ M.

If a > 4, then the tuples (β2, . . . , βa−3) are uniquely determined by the choice

of β1. Consequently, if a > 4, then the a-th level of the tree corresponding to these

solutions has 27 vertices. Moreover, 9 of these vertices have 3 children each. As can

be seen, these results are re�ected in the tree diagram presented in Figure 8 below.

Figure 8
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8 The general structure of the P -adic pb-th roots of unity

We turn now to discuss the results we have obtained from the perspective of P -adic
�elds. Recall that each in�nite �branch" of the tree corresponding to the solutions of
xp

b ≡ 1 (mod P a), converges to a solution of xp
b
= 1 in the P -adic �eld KP . As we

shall see, when p− 1 ∤ e there is only one in�nite �branch" and this branch converges
to the trivial solution x = 1 (see Figures 4 and 7). When p− 1 | e the tree may have
several in�nite branches (see Figures 6 and 8). The following theorem characterizes
the general structure of the P -adic pb-th roots of unity.

Theorem 19 ([4, p. 58]). Assume Notation 8.

(a) If p− 1 ∤ e, then the only P -adic pb-th root of unity is x = 1.

(b) If p− 1 | e, then the P -adic pb-th roots of unity are

x = 1 + βΓrγ
Γr + . . .+ βΓ0γ

Γ0 + βΓ0+1γ
Γ0+1 + . . .

where the β's are in M and satisfy the following conditions:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

(1 + βΓrγ
Γr + . . .+ βΓ0−1γ

Γ0−1)p
b ≡ 1 (mod P eb+Γ0)

pbβΓ0γ
Γ0 +

(︁
pb

p

)︁
(βΓ0γ

Γ0)p ≡ 1− (1 + βΓrγ
Γr + . . .+ βΓ0−1γ

Γ0−1)p
b

(mod P eb+Γ0+1)

pbβΓ0+1γ
Γ0+1 ≡ 1− (1 + βΓrγ

Γr + . . .+ βΓ0γ
Γ0)p

b
(mod P eb+Γ0+2)

pbβΓ0+2γ
Γ0+2 ≡ 1− (1 + βΓrγ

Γr + . . .+ βΓ0+1γ
Γ0+1)p

b
(mod P eb+Γ0+3)

...

if Γr < Γ0, and⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

βΓ0 ≡ 0 (mod P ) or (γΓ0βΓ0)
p−1 ≡ −p (mod P e+1)

pbβΓ0+1γ
Γ0+1 ≡ 1− (1 + βΓ0γ

Γ0)p
b

(mod P eb+Γ0+2)

pbβΓ0+2γ
Γ0+2 ≡ 1− (1 + βΓ0γ

Γ0 + βΓ0+1γ
Γ0+1)p

b
(mod P eb+Γ0+3)

pbβΓ0+3γ
Γ0+3 ≡ 1− (1 + βΓ0γ

Γ0 + βΓ0+1γ
Γ0+1 + βΓ0+2γ

Γ0+2)p
b

(mod P eb+Γ0+4)
...

if Γr = Γ0.

To illustrate Theorem 19, consider the equation x9 = 1 in KP , where K = Q(
√
6)

and P = (3,
√
6). Here p = 3 and e = 2, so p− 1 | e. According to the computation

performed in Example 16, it follows that this equation has 3 distinct solutions and
that the P -adic expansions of these roots are

x = 1

x = 1− γ − γ2 − γ4 + γ5 + . . .

x = 1 + γ − γ2 − γ4 − γ5 + . . .
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where γ =
√
6.

In Theorem 7, we described the number of pb-th roots of unity in KP in the case
where P∥(p). In the next theorem we shall provide results for speci�c rami�ed cases.

Theorem 20 ([4, p. 61]). Let K be a number �eld, b is a positive integer, P is a

prime ideal lying above the rational prime p with rami�cation index e ⩾ 2 and let

N denote the number of pb-th roots of unity in KP . Then, the following statements

hold:

(a) If p− 1 ∤ e, then N = 1.

(b) If p− 1 | e but p ∤ e, then

N =

{︄
p if xp−1 ≡ −p (mod P e+1) is solvable

1 otherwise.

As we can see, the question of whether the congruence xp−1 ≡ −p (mod P e+1)
is solvable is crucial for determining the structure of the pb-th roots of unity. Theo-
rem 21 below gives a su�cient condition for the solvability of this congruence.

Theorem 21 ([4, p. 62]). Let K be a number �eld and let P be a prime ideal lying

above the prime number p with rami�cation index e. If K contains a non-trivial

(i.e., ζ ̸= 1) complex p-th root of unity ζ, then x = ζ − 1 satis�es the congruence

xp−1 ≡ −p (mod P e+1).

9 The �concise" form of the n-th roots of unity modulo

P a

Theorem 5 states that if p ∤ n, then the incongruent solutions of xn ≡ 1 (mod P a)
are of the form

x ≡ ua−1 (mod P a),

where u ∈ UK∗
P
(n). Recall that ua−1 denotes the (a−1)-th partial sum of the P -adic

integer u = θ0 + θ1γ + θ2γ
2 + . . .. Our goal in this section is to express the solutions

of xn ≡ 1 (mod P a) when p | n in the same manner, in terms of P -adic expansions.
Consider the quantity a− eb and let k be the unique non-negative integer such that
mk < a − eb ⩽ mk+1. In Section 6, we determined the structure of the solutions of
xp

b ≡ 1 (mod P a) according to several cases. These cases were determined by the
values of the quantities k, a − eb, Γ0 and Γr. Table 1 below summarizes the cases
addressed when p | n.
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Table 1

Case 1 Case 2 Case 3 Case 4 Case 5

2 ⩽ a ⩽ e e < a e < a e < a e < a
p− 1 ∤ e p− 1 | e p− 1 | e p− 1 | e

0 ⩽ k < Γr Γr ⩽ k < Γ0 Γ0 ⩽ k

We are now in a position to handle the case of a general exponent n. Theorem 22
below summarizes this discussion and presents the structure of n-th roots of unity
modulo P a for the Cases 1�3 and 5 (excluding Case 4) in terms of P -adic numbers.

Theorem 22 ([5, p. 168]). Assume Notation 8. In addition, suppose that a ⩾ 2,
d = gcd(n,NP − 1) and let k be the unique non-negative integer such that mk <
a− eb ⩽ mk+1. Consider the Cases 1,2,3, and 5 de�ned in Table 1, and set

∆ =

⎧⎨⎩
⌈a/pb⌉ case 1
k + 1 cases 2, 3
a− eb case 5.

If p | n, then the incongruent solutions of xn ≡ 1 (mod P a) are of the form

x ≡ ua−1 + γ∆ta−∆−1 (mod P a),

where t ∈ Ma−∆(OP ) and either u ∈ UK∗
P
(d) in Cases 1,2,3 or u ∈ UK∗

P
(n) in

Case 5.

Unfortunately, we cannot say much about the structure of solutions in Case 4
in general, due to a lack of information about UPa(pb) in this case. Nevertheless,
knowing more about K and P can be very useful in Case 4, as we shall see in
Theorem 23 below, where an explicit analysis for the solutions of certain congruences
in the cyclotomic �elds of prime degree is provided. Recall that a cyclotomic �eld is
the number �eld Q(ζn) obtained by adjoining the complex root of unity ζn := e2πi/n.
It can be shown that the ring of integers of Q(ζn) is Z[ζn]. In addition, if p is a
prime number, then P = (1− ζp) is a prime ideal with norm NP = p. Furthermore,
the ideal (p) has the factorization (p) = P p−1, so the rami�cation index of P over p
is e = p− 1.

As an illustrative example of our results, we shall give the explicit solutions of
the congruences xn ≡ 1 (mod p) and xp ≡ 1 (mod pm) in the cyclotomic �eld Q(ζp),
where p is an odd rational prime and m is an arbitrary positive integer.

Theorem 23 ([5, p. 171]). Suppose that p is an odd rational prime and let K = Q(ζp)
be the cyclotomic �eld, where ζp = e2πi/p is the primitive p-th root of unity.

(a) Given a positive integer n, the solutions of xn ≡ 1 (mod p) over Z[ζp] are

x ≡ a+ t0(1− ζp) + t1(1− ζp)
2 + . . .+ tp−3(1− ζp)

p−2 (mod p),
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where ti ∈ {0, 1, 2 . . . , p − 1} and the values of a run over all solutions to

xd ≡ 1 (mod p) in Z, where d = gcd(p− 1, n). Consequently, the total number

of solutions is dpp−2.

(b) Given a positive integer m, the solutions to xp ≡ 1 (mod pm) over Z[ζp] are

x ≡ 1 + t0(1− ζp) + t1(1− ζp)
2 + . . .+ tp−3(1− ζp)

p−2 (mod p)

if m = 1, and

x ≡ ζkp + pm−1(t0 + t1(1− ζp) + t2(1− ζp)
2 + . . .+ tp−2(1− ζp)

p−2) (mod pm)

if m > 1, where ti ∈ {0, 1, 2 . . . , p − 1} and 0 ⩽ k ⩽ p − 1. Consequently, the

total number of solutions is pp−2 if m = 1, and pp if m > 1.

Example 24. We shall illustrate the result of Theorem 23 in detail for p = 3 and

m ⩾ 1, that is, we shall solve x3 ≡ 1 (mod 3m) in the cyclotomic �eld Q(ζ3). In this

case we have ζ3 = ω = −1
2 +

√
3
2 i, {1, ω} is an integral basis for Z[ω], ⟨ω⟩ = {1, ω, ω̄}

and we may take {−1, 0, 1} as a complete residue system modulo P = (1− ω).

If m = 1, then the solutions to x3 ≡ 1 (mod 3) are

x ≡ 1 + t(1− ω) = 1 + t− tω (mod 3),

where t ∈ {−1, 0, 1}. Thus x ≡ ω, 1, 2− ω (mod 3). But since 2− ω ≡ −1− ω = ω̄
(mod 3), we get the three solutions

x ≡ 1, ω, ω̄ (mod 3).

If m > 1, then the solutions to x3 ≡ 1 (mod 3m) are

x ≡ 1 + 3m−1(t+ s(1− ω)) (mod 3m)

x ≡ ω + 3m−1(t+ s(1− ω)) (mod 3m)

x ≡ ω̄ + 3m−1(t+ s(1− ω)) (mod 3m),

where t, s ∈ {−1, 0, 1}. Using the relation ω̄ + ω + 1 = 0, we can reformulate these

results as follows

x ≡ 1 + (t+ s)3m−1 − (3m−1s)ω (mod 3m)

x ≡ (t+ s)3m−1 − (3m−1s− 1)ω (mod 3m)

x ≡− 1 + (t+ s)3m−1 − (3m−1s+ 1)ω (mod 3m),

where t, s ∈ {−1, 0, 1}. The number of solutions in this case is 3 · 32 = 27.
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In particular, for m = 2, the solutions to x3 ≡ 1 (mod 9) over Z[ω] are

1 4 7
ω 3 + ω 6 + ω

2 + 2ω 5 + 2ω 8 + 2ω
1 + 3ω 4 + 3ω 7 + 3ω
4ω 3 + 4ω 6 + 4ω

2 + 5ω 5 + 5ω 8 + 5ω
1 + 6ω 4 + 6ω 7 + 6ω
7ω 3 + 7ω 6 + 7ω

2 + 8ω 5 + 8ω 8 + 8ω

10 Concluding Discussion and Comparative Summary

To conclude this synopsis, it is essential to place the results presented in the preceding
sections within the broader context of existing literature. By situating our �ndings
among established research, we highlight how the �lifting and tree" methodology
presented here (drawn from [3, 4, 5, 6]) di�ers from alternative structural, analytic,
and geometric approaches in the �eld.

The traditional approach to p-adic roots, as exempli�ed by Bachman [1], relies
heavily on Hensel's Lemma to establish the existence of solutions in the completion
�eld KP . While those results provide the theoretical �limit" toward which our in�nite
branches converge, they do not provide the explicit combinatorial structure of the
solutions in the intermediate residue rings. The methodology summarized in this
paper provides a constructive, recursive lifting method. This allows for the mapping
of every incongruent solution at each level a, providing the ��ne structure" of the
P -adic expansion that existence proofs generally omit.

Research by Tate and Voloch [10] and Voloch [11] explores p-adic roots of unity
primarily within the context of Diophantine geometry and linear forms. Their per-
spective is metric and geometric, treating roots of unity as points in a valuation �eld
to solve problems related to plane curves and linear forms. In contrast, the work
presented here is structural and algorithmic. By representing solutions as rooted
trees (as seen in Figures 1�8), we provide a visual and computational framework
for understanding how solution bifurcations and patterns of growth are governed
speci�cally by the rami�cation index e.

A signi�cant point of comparison can be made with the work of Elia et al. [7, 8],
who investigated the group structure of units in residue rings to identify isomorphism
classes and generators. Furthermore, recent work by Sarkar and Shaikh [9] explores
the image of the p-adic logarithm on principal units of p-adic �elds. Similar to the
investigation presented in this survey, the work of Sarkar and Shaikh deals with the
structural properties of cyclotomic �elds. However, while their work provides an
analytic perspective on the �ltration of the unit group through the properties of the
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logarithmic map, our survey provides a direct algebraic characterization. Speci�cally,
while the logarithmic approach o�ers insights into the image of the principal units
U1 within the cyclotomic setting, our Theorems 19 and 22 determine the speci�c
coe�cients βi in the P -adic expansion of the roots themselves. This allows for
a granular �coordinate-based" view of the torsion subgroup that complements the
analytic mapping of unit groups in cyclotomic extensions.

By bridging the gap between abstract �eld theory and the concrete group struc-
ture of residue rings, this survey o�ers a complete algorithmic path for determining
n-th roots of unity. The characterization of Cases 1 through 5 (Table 1) ensures that
regardless of the rami�cation index or the choice of n, the structure of the solutions
is fully accessible through the partial sums of P -adic integers.
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