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HARMONIC FUNCTIONS WITH POSITIVE
COEFFICIENTS INVOLVING TWO-PARAMETER

MITTAG-LEFFLER TYPE POISSON DISTRIBUTION

K. Vijaya, K. Uma and G. Murugusundaramoorthy

Abstract. Making use of a special case of the two-parameter Mittag-Le�er type Poisson

distribution, we introduce a new class of complex valued harmonic functions which are orientation

preserving and univalent in the open unit disc and obtained the coe�cient bounds. In addition

to the distortion results and extreme points, there is a thorough discussion of inclusion relations,

integral means, convolution properties, and partial sum results for this generalized class of functions.

1 Introduction and preliminaries

The study of the geometric behaviour of analytic functions has become one of the
most interesting topics in recent years. The main objective in geometric function
theory is to study and characterize the properties of analytic functions through
geometrical and topological methods. One seeks to connect the analytical properties
of functions with geometrical and topological insights, providing a deeper understanding
of how analytic functions behave. Now we introduce some basics in geometric
function theory and subclasses of analytic and harmonic functions that are in the
scope of this study.

Let be A the class of analytic(holomorphic) in the open unit disk U = {z : |z| <
1} functions h (z), normalized by h (0) = 0 = h′ (0)− 1 of the form

h(z) = z + a2z
2 + a3z

3 + ...+ anz
n + ... = z +

∑︂
n≥2

anz
n (1.1)

and S denote the class of all functions in A which are univalent in U. Also, let S∗(α)
and C(α) denote the well known subclasses of A consisting of functions which are,
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respectively, starlike and convex functions of order α ∈ [0, 1) in the open unit disk
U. By de�nition, we have (see for details, [2, 13])

S∗(ϖ) =

{︃
h ∈ S : ℜ

(︃
zh′(z)

h(z)

)︃
> α, z ∈ U;α ∈ [0, 1)

}︃
,

and

C(α) =
{︃
f ∈ S : ℜ

(︃
1 +

zh′′(z)

h′(z)

)︃
> α, z ∈ U;α ∈ [0, 1)

}︃
.

We recall the following two subclasses of analytic functions with positive coe�cients
V, de�ned and studied by Uralegaddi et al., [39] extensively.

A function f ∈ V is said to be starlike of order ϖ (0 ≤ ϖ < 4
3), if and only if

ℜ
(︃
zh′(z)

h(z)

)︃
< ϖ (z ∈ U).

This function class is denoted by VS∗(ϖ).

A function f ∈ V is said to be convex of order ϖ (0 ≤ ϖ < 4
3) if and only if

ℜ
(︃
1 +

zh′′(z)

h′(z)

)︃
< ϖ (z ∈ U).

This class is denoted by VK(ϖ). It is an established fact that f ∈ VK(ϖ) ⇐⇒
zh′ ∈ VS∗(ϖ). For functions h ∈ A given by (1.1) and h ∈ A given by h(z) =
z +

∑︁
n≥2 cnz

n, the Hadamard product (or convolution) of h and g is given by

(h ∗ h)(z) = z +
∑︂
n≥2

ancnz
n, z ∈ U.

A new class T of analytic functions of the form h(z) = z−
∑︁
n≥2

|an|zn was introduced

by Silverman [30] in 1975. This opened up a new line of research in the theory
of univalent functions as well as harmonic functions with negative coe�cients [31].
Similar categories were introduced by Uralegaddi et al.[39] of convex, star-like functions
with positive coe�cients and provided a fresh, intriguing line of investigation. Actually,
they took into account functions with positive coe�cients as opposed to those with
negative real numbers.

1.1 Harmonic univalent functions-H:

A continuous function f = u+iv is a complex- valued harmonic function in a complex
domain G if both u and v are real and harmonic in G. In any simply-connected domain
D ⊂ G, we can write f = h + g, where h and g are analytic in D. We call h the
analytic part and g the co-analytic part of f. A necessary and su�cient condition
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Starlike harmonic functions with positive coe�cients 235

for f to be locally univalent and orientation preserving in D is that |h′(z)| > |g′(z)|
in D (see [5]).

Denote by H the family of functions

f = h+ g (1.2)

which are harmonic, univalent and orientation preserving in the open unit disc so
that f is normalized by f(0) = fz(0)−1 = 0. Thus, for f = h+ g ∈ H, the functions
h and g are analytic in U can be expressed in the following forms:

h(z) = z +
∑︂
n≥2

anz
n, g(z) =

∑︂
n≥1

bnz
n (0 ≤ b1 < 1),

and f(z) is then given by

f(z) = z +
∑︂
n≥2

anz
n +

∑︂
n≥1

bnzn (0 ≤ |b1| < 1). (1.3)

We note that the family H of orientation preserving, normalized harmonic univalent
functions reduces to the well known class S of normalized univalent functions if the
co-analytic part of f is identically zero, i.e. g ≡ 0.

For functions f ∈ H given by (1.3) and F ∈ H given by

F (z) = H(z) +G(z) = z +
∑︂
n≥2

Anz
n +

∑︂
n≥1

Bnzn, (1.4)

we recall the Hadamard product (or convolution) of f and F by

(f ∗ F )(z) = z +
∑︂
n≥2

anAnz
n +

∑︂
n≥1

bnBnzn (z ∈ U). (1.5)

1.2 Two-parameter Mittag-Le�er- type Poisson distribution MLPD

In�uenced by Srivastava's methodology of embedding Pochhammer symbols into
Mittag-Le�er types, the special case of the two-parameter Mittag-Le�er function
Eν,℘(z) and its much more general multi-parameter pΨq(z) have been and are being
thoroughly studied by Srivastava et al., [37], and Miller and Ross [18], who proposed
the special function as the foundation for the solution of the fractional order initial
value problem, Eν,℘(z) = zνe℘zΥ∗(ν, ℘z), whereΥ∗ is the incomplete gamma function
[20, 21, 37]. It is simple to write the particular case of the two-parameter Mittag-
Le�er function (p. 314, [18]) using the characteristics of incomplete gamma functions
as

Eν,℘(z) := zν
∞∑︂
n=0

(℘z)n

Γ(n+ ν + 1)
, ν, ℘, z ∈ C, with Re ν > 0, Re℘ > 0 (1.6)
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which can be stated as

Eν,℘(z) ≡ zνE1,1+ν(℘z)

where E1,1+ν(℘z) is the Mittag-Le�er function of two parameters [41]. Srivastava
et al., [37] and Eker and Ece [38], shown that for ℘ > 0 and if ν > 2℘ − 1 then
normalized form of Eν,℘ is univalent and starlike in D 1

2
= {z ∈ C : |z| < 1

2}. More

over it has been proven that if ν > (2 +
√
2)℘ − 1 then normalized form of Eν,℘ is

univalent and convex in D 1
2
for more details refer to [1, 2, 18, 37, 38] and references

cited therein.

In Geometric Function Theory the elementary distributions such as the Pascal,
Poisson, logarithmic, binomial and beta negative binomial have been partially studied
from theoretical point of view(for detailed study we refer the readers to see [3, 12,
24, 29, 42]). Srivastava pioneered mathematical tools that link special functions
to probability distributions (see [37]), which led later researchers to formulate the
probability mass function of the special case of the two-parameter Mittag-Le�er
function Poisson distribution as given below:

Pν,℘(m, k) :=
(m℘)k mν

Eν,℘(m)Γ(ν + k + 1)
, k = 0, 1, 2, 3, · · · (1.7)

where ν > −1, ℘ > 0 and Eν,℘ is as given in (1.6). The normalized form of the
two-parameter Mittag-Le�er- type Poisson distribution MLPD[37], is given by

Mm,n
ν,℘ (z) = z +

∞∑︂
n=2

(m℘)n−1 mν

Eν,℘(m)Γ(ν + n)
zn

also

Tm,n
ν,℘ (z) = 2z −Mm,n

ν,℘ (z) = z −
∞∑︂
n=2

(m℘)n−1 mν

Eν,℘(m)Γ(ν + n)
zn.

1.3 Two-parameter Mittag-Le�er- type Poisson distribution MLPD

on H

:For h ∈ A by the de�nition of Hadamard product (convolution) of two series, we
consider the following operator (see[1, 2, 18, 37, 38]):

mm,n
ν,℘ h (z) = h (z) ∗Mm,n

ν,℘ (z) = z +

∞∑︂
n=2

Υnanz
n, (1.8)

where

Υn =
(m℘)n−1 mν

Eν,℘(m)Γ(ν + n)
. (1.9)
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Starlike harmonic functions with positive coe�cients 237

Now, for functions f ∈ H by convolution on harmonic functions, we have

mm,n
ν,℘ f(z) = mm,n

ν,℘ h(z) +mm,n
ν,℘ g(z) (1.10)

and inspired by earlier studies on class of harmonic functions involving special
functions and derivative operators [6, 19, 20, 21, 22] , in this article we de�ne the two-
parameter Mittag-Le�er- type Poisson distribution MLPD operator on harmonic
functions as below

DH(m
m,n
ν,℘ f(z)) = z(mm,n

ν,℘ h(z))
′ − z(mm,n

ν,℘ g(z))′ (1.11)

where

mm,n
ν,℘ h(z) = z +

∑︂
n≥2

Υnanz
n and mm,n

ν,℘ g(z) =
∑︂
n≥1

Υnbnz
n. (1.12)

Many researchers were inspired by Uralegaddi et al.'s original work (see [8, 9, 10,
27, 38]) presented and examined a number of novel subclasses of analytic functions
with positive coe�cients in volving special functions; however, the literature has
not yet examined analogous results for harmonic univalent functions related to the
special case of the two-parameter Mittag-Le�er type Poisson distribution MLPD.
In this article we attempt to �ll this gap by introducing a new subclass of harmonic
univalent functions with positive coe�cients related to MLPD.

Denote by VH the subfamily of H consisting of harmonic functions f = h+ g of
the form

f(z) = z +
∑︂
n≥2

anz
n −

∑︂
n≥1

bnzn (an ≥ 0; bn ≥ 0 and 0 ≤ |b1| < 1). (1.13)

Inspired by previous research on harmonic functions with di�erential operators
and special functions (see [6, 14, 15, 19, 20, 21, 22, 28], ) now we de�ne the following
subclass of harmonic functions f ∈ VH related to the MLPD as below:

For 1 < ϖ ≤ 4
3 we let, Pυ

H(℘,ϖ) a new subclass of H, consist of all functions of
the form (1.3) satisfying the condition

ℜ
(︃
DH(m

m,n
ν,℘ f(z))

mm,n
ν,℘ f(z)

)︃
< ϖ (1.14)

where DH(m
m,n
ν,℘ f(z)) is given by (1.11). Also let, Vυ

H(℘,ϖ) = Pυ
H(℘,ϖ)

⋂︁
VH.

Additionally, using (1.3), we derive an adequate coe�cient condition for functions
f ∈ H, which is also demonstrated that f ∈ VH, the class of harmonic functions with
positive coe�cients, require this coe�cient necessary. In addition to the distortion
results and extreme points, there is a thorough discussion of inclusion relations,
integral means , convolution properties, and partial sum results.
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2 Coe�cient bounds

In our �rst theorem, we obtain a su�cient coe�cient condition for harmonic functions
in Pυ

H(℘,ϖ).

Theorem 1. Let f = h+ g be given by (1.3). If∑︂
n≥2

Υn
(n−ϖ)

ϖ − 1
|an|+

∑︂
n≥1

Υn
(n+ϖ)

ϖ − 1
|bn| ≤ 1. (2.1)

where a1 = 1 and 1 < ϖ ≤ 4
3 , then f ∈ Pυ

H(℘,ϖ).

Proof. We let (2.1) holds for the coe�cients of f = h+ g. It su�ces to show that,⃓⃓⃓⃓
⃓⃓ A(z)

B(z) − 1

A(z)
B(z) − (2ϖ − 1)

⃓⃓⃓⃓
⃓⃓ < 1, z ∈ U (2.2)

where

A(z) = z(mm,n
ν,℘ h(z))

′ − z(mm,n
ν,℘ g(z))′ = z +

∑︂
n≥2

nΥnanz
n −

∑︂
n≥1

nΥnbnz
n(2.3)

and

B(z) = mm,n
ν,℘ f(z) = z +

∑︂
n≥2

Υnanz
n +

∑︂
n≥1

Υnbnz
n. (2.4)

Substituting for A(z) and B(z) in (2.2), we get⃓⃓⃓⃓
⃓⃓ A(z)

B(z) − 1

A(z)
B(z) − (2ϖ − 1)

⃓⃓⃓⃓
⃓⃓

≤

∑︁
n≥2

Υn(n− 1)|an||z|n−1 −
∑︁
n≥1

Υn(n+ 1)|bn||z|n−1

2(ϖ − 1)−
∑︁
n≥2

Υn[n− (2ϖ − 1)]|an||z|n−1 −
∑︁
n≥1

Υn[n+ (2ϖ − 1)]|bn||z|n−1

≤

∑︁
n≥2

Υn(n− 1)|an| −
∑︁
n≥1

Υn(n+ 1)|bn|

2(ϖ − 1)−
∑︁
n≥2

Υn[n− (2ϖ − 1)]|an| −
∑︁
n≥1

Υn[n+ (2ϖ − 1)]|bn|
.

The last expression is bounded by 1, if

2
∑︂
n≥2

Υn(n−1)|an|+2
∑︂
n≥1

Υn(n+1)|bn| ≤ 2(ϖ−1)−
∑︂
n≥2

Υn[n−(2ϖ−1)]|an|−
∑︂
n≥1

Υn[n+(2ϖ−1)]|bn|,

which is equivalent to ∑︂
n≥2

Υn(n−ϖ)

ϖ − 1
|an|+

∑︂
n≥1

Υn(n+ϖ)

ϖ − 1
|bn| ≤ 1.
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Starlike harmonic functions with positive coe�cients 239

But (2.1) is true by hypothesis. Hence,

⃓⃓⃓⃓
A(z)
B(z)

−1
A(z)
B(z)

−(2ϖ−1)

⃓⃓⃓⃓
< 1, z ∈ U and the theorem is proved

for A(z) and B(z) is given by (2.3) and (2.4) respectively.

Theorem 2. For a1 = 1 and 1 < ϖ ≤ 4
3 , f = h+ g ∈ Vυ

H(℘,ϖ) if and only if∑︂
n≥2

(n−ϖ)Υn

ϖ − 1
|an|+

∑︂
n≥1

(n+ϖ)Υn

ϖ − 1
|bn| ≤ 1. (2.5)

Proof. Since Vυ
H(℘,ϖ) ⊂ Pυ

H(℘,ϖ), we only need to prove the "only if" part of the
theorem. To this end, for functions f of the form (1.13), we notice that the condition

ℜ
(︃
DH(m

m,n
ν,℘ f(z))

mm,n
ν,℘ f(z)

)︃
< ϖ

Equivalently,

ℜ

⎛⎜⎝(1−ϖ)z −
∑︁
n≥2

Υn(n−ϖ)anz
n −

∑︁
n≥1

Υn(n+ϖ)bnz
n

z −
∑︁
n≥2

Υnanzn +
∑︁
n≥1

Υnbnzn

⎞⎟⎠ ≥ 0.

All values of z ∈ Umust satisfy the aforementioned necessary condition. When
selecting the values of z on the positive real axis, where 0 ≤ z = r < 1,, we must
have

1−ϖ −
∑︁
n≥2

Υn(n−ϖ)anr
n−1 −

∑︁
n≥1

Υn(n+ϖ)bnr
n−1

1−
∑︁
n≥2

Υnanrn−1 +
∑︁
n≥1

Υnbnrn−1
≥ 0. (2.6)

The numerator in (2.6) is negative for r that is close enough to 1 if the criterion (2.5) is
not true. Therefore, z0 = r0 exists in (0, 1) for which the (2.6) has a negative quotient. The
necessary condition for f ∈ Vυ

H(℘,ϖ) is in con�ict with this. This concludes the theorem's
proof.

3 Distortion bounds and Extreme Points

By routine procedure(see [9, 14, 20, 21])we can easily prove the following results
hence we state the following theorems without proof for functions in Vυ

H(℘,ϖ).

Theorem 3. (Distortion Bounds:)Let f ∈ Vυ
H(℘,ϖ). Then for |z| = r < 1, we have

(1− |b1|)r −
1

Υ2

(︃
ϖ − 1

2−ϖ
− 1 +ϖ

2−ϖ
|b1|
)︃
r2 ≤ |f(z)|

≤ (1 + |b1|)r +
1

Υ2

(︃
ϖ − 1

2−ϖ
− 1 +ϖ

2−ϖ
|b1|
)︃
r2

where

Υ2 =
(m℘) mν

Eν,℘(m)Γ(ν + 2)
(3.1)
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Corollary 4. (covering result:) If f(z) ∈ Vυ
H(℘,ϖ), then{︃

w : |w| < 2Υ2(1 +ϖ) + 1− [Υ2(1 +ϖ) + 1]ϖ

Υ2(2−ϖ)
− 2Υ2(1 +ϖ)− 1− [Υ2(1 +ϖ) + 1]ϖ

Υ2(2−ϖ)
b1

}︃
⊂ f(U)

where Υ2 as given in (3.1).

Next we state the extreme points of closed convex hulls of Vυ
H(℘,ϖ) denoted by

clcoVυ
H(℘,ϖ).

Theorem 5. A function f(z) ∈ Vυ
H(℘,ϖ) if and only if f(z) =

∑︁
n≥1

(Xnhn(z) + Yngn(z))

where h1(z) = z, hn(z) = z+ ϖ−1
Υn(n−ϖ)z

n, (n ≥ 2) and gn(z) = z+ ϖ−1
Υn(n+ϖ)z

n; (n ≥ 1)

also
∑︁
n≥1

(Xn + Yn) = 1, Xn ≥ 0and Yn ≥ 0. In particular, the extreme points of

Vυ
H(℘,ϖ) are {hn} and {gn}.

Theorem 6. The family Vυ
H(℘,ϖ) is closed under convex combinations.

4 Inclusion Results

Now, we will examine the closure properties of the class Vυ
H(℘,ϖ) under the generalized

Bernardi-Libera -Livingston integral operatorLc(f) which is de�ned by Lc(f) =

c+1
zc

z∫︁
0

tc−1f(t)dt, c > −1.

Theorem 7. Let f(z) ∈ Vυ
H(℘,ϖ). Then Lc(f(z)) ∈ Vυ

H(℘,ϖ).

Lemma 8. [40] Let f = h+ g be given by (1.3). If∑︂
n≥2

(n− ℏ)
1− ℏ

|an|+
∑︂
n≥1

(n+ ℏ)
1− ℏ

|bn| ≤ 1. (4.1)

where a1 = 1 and 0 ≤ ℏ < 1, then f ∈ M∗
H(ℏ).

Theorem 9. Let f = h+ g ∈ VH(ℏ) be given by (1.13). Then f ∈ Vυ
H(℘,

4−3ϖ
3−2ϖ ).

Proof. Since f ∈ Vυ
H(℘,ϖ) then by Theorem 1, we must have∑︂
n≥2

Υ2(n−ϖ)

ϖ − 1
|an|+

∑︂
n≥1

Υ2(n+ϖ)

ϖ − 1
|bn| ≤ 1. (4.2)

To show that f ∈ Vυ
H(℘,

4−3ϖ
3−2ϖ ), by virtue of Lemma8 we have to show that

∑︂
n≥2

Υ2[n− (4−3ϖ
3−2ϖ )]

1− 4−3ϖ
3−2ϖ

|an|+
∑︂
n≥1

Υ2[n+ (4−3ϖ
3−2ϖ )]

1− 4−3ϖ
3−2ϖ

|bn| ≤ 1. (4.3)
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Starlike harmonic functions with positive coe�cients 241

where 0 ≤ 4−3ϖ
3−2ϖ < 1. For this, it is su�cient to prove that

n−ϖ

ϖ − 1
≥

[n− (4−3ϖ
3−2ϖ )]

1− 4−3ϖ
3−2ϖ

, (n = 2, 3, ...)

and
n+ϖ

ϖ − 1
≥

[n+ (4−3ϖ
3−2ϖ )]

1− 4−3ϖ
3−2ϖ

, (n = 1, 2, 3, ...)

or equivalently (ϖ− 1)(n−ϖ) ≥ 0, (n = 2, 3, ..) and (ϖ− 1)(n+ϖ) ≥ 0, (n =
1, 2, 3, ..), which is true and the theorem is proved.

Corollary 10. Vυ
H(℘,ϖ) ⊂ Vυ

H(℘,
4
3) ⊂ Vυ

H.

5 Integral Means Inequalities

In this section, we obtain integral means inequalities for the functions in the family
Vυ
H(℘,ϖ) due to Dziok[7]and Silverman [34].

Lemma 11. [16] If the functions ϕ and φ are analytic in U with φ ≺ ϕ, then for
η > 0, and 0 < r < 1,

2π∫︂
0

⃓⃓⃓
φ(reiθ)

⃓⃓⃓η
dθ ≤

2π∫︂
0

⃓⃓⃓
ϕ(reiθ)

⃓⃓⃓η
dθ. (5.1)

Due to recent work of Dziok [7], we suppose h ∈ Vυ
H(℘,ϖ) η > 0, 0 ≤ ϖ < 1,

0 ≤ ℵ ≤ 1, and ξ12(z) is de�ned by

ξ12(z) = z − ϖ − 1

(n−ϖ)Υ2
z2 (n ≥ 2),

ξ22(z) = z +
ϖ − 1

(n+ϖ)Υ2
z2; (n ≥ 2).

where Υ2 as given in (3.1). Since

ξ1
∗
n(z)

z
≺ ξ1

∗
2(z)

z
and

ξ2(z)

z
≺ ξ1

∗
2(z)

z

by Lemma 11 we have

2π∫︂
0

⃓⃓⃓⃓
ξ1

∗
n(z)

z

⃓⃓⃓⃓η
dθ ≤

2π∫︂
0

⃓⃓⃓⃓
ξ1

∗
2(z)

z

⃓⃓⃓⃓η
dθ, (z = reiθ)

2π∫︂
0

⃓⃓⃓⃓
ξ2

∗
n(z)

z

⃓⃓⃓⃓η
dθ =

2π∫︂
0

⃓⃓⃓⃓
ξ2n(z)

z

⃓⃓⃓⃓η
dθ ≤,

2π∫︂
0

⃓⃓⃓⃓
ξ1

∗
2(z)

z

⃓⃓⃓⃓η
dθ, (z = reiθ).

Thus we have the following result:
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Lemma 12. Let 0 < r < 1, η > 0. Then

1

2π

2π∫︂
0

⃓⃓⃓
ξ1

∗
n(re

iθ)
⃓⃓⃓η
dθ ≤ 1

2π

2π∫︂
0

⃓⃓⃓
ξ1

∗
2(re

iθ)
⃓⃓⃓η
dθ, (n = 1, 2, 3, ·)

1

2π

2π∫︂
0

⃓⃓⃓
ξ2

∗
n(re

iθ)
⃓⃓⃓η
dθ =

1

2π

2π∫︂
0

⃓⃓⃓
ξ1

∗
2(re

iθ)
⃓⃓⃓η
dθ, (n = 2, 3, 4, ·).

where ξ1∗n and ξ2∗n are de�ned as in Theorem (5) .

By Lemma 12 and Theorem 5 we have the following :

Theorem 13. Let 0 < r < 1, η > 0. Then

1

2π

2π∫︂
0

⃓⃓⃓
f(reiθ)

⃓⃓⃓η
dθ ≤ 1

2π

2π∫︂
0

⃓⃓⃓
ξ1

∗
2(re

iθ)
⃓⃓⃓η
dθ, (n = 1, 2, 3, ·)

1

2π

2π∫︂
0

⃓⃓⃓
DH(m

m,n
ν,℘ f(re

iθ))
⃓⃓⃓η
dθ =

1

2π

2π∫︂
0

⃓⃓⃓
DH(m

m,n
ν,℘ ξ1

∗
2(re

iθ))
⃓⃓⃓η
dθ, (n = 2, 3, 4, ·).

where ξ1∗n and ξ2∗n are de�ned as in Theorem (5) .

6 Convolution Properties

Let Fj(z) ∈ Vυ
H(℘,ϖ), (j = 1, 2, 3..., p) be given by

Fj(z) = z −
∑︂
n≥2

|an,j |zn −
∑︂
n≥1

|bn,j |zn, (6.1)

then the convolution is de�ned by

(F1 ∗ ...Fp)(z) = z −
∑︂
n≥2

p∏︂
j=1

|an,j |zn −
∑︂
n≥1

p∏︂
j=1

|bn,j |zn, (6.2)

Theorem 14. Let Fj(z) ∈ Vυ
H(℘,ϖj), (j = 1, 2, 3..., p) then (F1∗...Fp)(z) ∈ Vυ

H(℘, ϑ),
where

ϑ = 1 +

p∏︁
j=1

(ϖj − 1)

Υ2

p∏︁
j=1

(2 +ϖj)−
p∏︁

j=1
(ϖj − 1)

. (6.3)
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Proof. We use the principle of mathematical induction in our proof. Let F1 ∈
Vυ
H(℘,ϖ1), and F2 ∈ Vυ

H(℘,ϖ2). By using Theorem 2 we have∑︂
n≥2

Υn
(n−ϖj)

ϖj − 1
|an,j |+

∑︂
n≥1

Υn
(n+ϖj)

ϖj − 1
|bn,j | ≤ 1 (6.4)

then,

⎡⎣∑︂
n≥2

⎛⎝√︄Υn
(n−ϖ1)

ϖ1 − 1
|an,1|

⎞⎠2

×
∑︂
n≥2

⎛⎝√︄Υn
(n−ϖ2)

ϖ2 − 1
|an,2|

⎞⎠2⎤⎦
1
2

+

⎡⎣∑︂
n≥1

⎛⎝√︄Υn
(n+ϖ1)

ϖ1 − 1
|bn,1|

⎞⎠2

×
∑︂
n≥1

⎛⎝√︄Υn
(n+ϖ2)

ϖ2 − 1
|bn,2|

⎞⎠2⎤⎦
1
2

≤ 1. (6.5)

Thus by applying Cauchy-Schwarz inequality, we have

∑︂
n≥2

(︄√︄
Υ2

n

(n−ϖ1)(n−ϖ2)

(ϖ1 − 1)(ϖ2 − 1)
|an,1an,2|

)︄2

≤

⎡⎣∑︂
n≥2

⎛⎝√︄Υn
(n−ϖ1)

ϖ1 − 1
|an,1|

⎞⎠2⎤⎦
1
2

×

⎡⎣∑︂
n≥2

⎛⎝√︄Υn
(n−ϖ2)

ϖ2 − 1
|an,2|

⎞⎠2⎤⎦
1
2

and

∑︂
n≥1

(︄√︄
Υ2

n

(n+ϖ1)(n+ϖ2)

(ϖ1 − 1)(ϖ2 − 1)
|bn,1bn,2|

)︄2

≤

⎡⎣∑︂
n≥1

⎛⎝√︄Υn
(n+ϖ1)

ϖ1 − 1
|bn,1|

⎞⎠2⎤⎦
1
2

×

⎡⎣∑︂
n≥1

⎛⎝√︄Υn
(n+ϖ2)

ϖ2 − 1
|bn,2|

⎞⎠2⎤⎦
1
2

.

Then, we get

∑︂
n≥2

√︄
Υn

(n−ϖ1)(n−ϖ2)

(ϖ1 − 1)(ϖ2 − 1)
|an,1an,2| +

∑︂
n≥1

√︄
Υ2

n

(n+ϖ1)

ϖ1 − 1
|bn,1bn,2| ≤ 1.

Therefore, if

∑︂
n≥2

Υn
(n− ℏ)
ℏ− 1

|an,1an,2| ≤
∑︂
n≥2

√︄
Υ2

n

(n−ϖ1)(n−ϖ2)

(ϖ1 − 1)(ϖ2 − 1)
|an,1an,2|
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∑︂
n≥1

Υn
(n+ ℏ)
ℏ− 1

|bn,1bn,2| ≤
∑︂
n≥1

√︄
Υ2

n

(n+ϖ1)(n+ϖ2)

(ϖ1 − 1)(ϖ2 − 1)
|bn,1bn,2|

that is, if √︂
|an,1an,2| ≤

ℏ− 1

n− ℏ

√︄
(n−ϖ1)(n−ϖ2)

(ϖ1 − 1)(ϖ2 − 1)√︂
|bn,1bn,2| ≤

ℏ− 1

n+ ℏ

√︄
(n+ϖ1)(n+ϖ2)

(ϖ1 − 1)(ϖ2 − 1)

then (F1 ∗ F2)(z) ∈ Vυ
H(℘, ℏ). By (6.4)we have

∑︂
n≥2

√︄
Υn

(n−ϖj)

ϖj − 1
|an,j | ≤ 1

and ∑︂
n≥1

√︄
Υn

(n+ϖj)

ϖj − 1
|bn,j | ≤ 1.

Hence we get √︂
|an,j | ≤

ϖj − 1

(n−ϖj)

and √︂
|bn,j | ≤

ϖj − 1

(n+ϖj)
.

Consequently, if√︄
(ϖ1 − 1)(ϖ2 − 1)

n2ℓ(n−ϖ1)(n−ϖ2)
≤ ℏ− 1

n− ℏ

√︄
(n−ϖ1)(n−ϖ2)

(ϖ1 − 1)(ϖ2 − 1)√︄
(ϖ1 − 1)(ϖ2 − 1)

n2ℓ(n+ϖ1)(n+ϖ2)
≤ ℏ− 1

n+ ℏ

√︄
(n+ϖ1)(n+ϖ2)

(ϖ1 − 1)(ϖ2 − 1)
.

That is, if
n− ℏ
ℏ− 1

≤ (n−ϖ1)(n−ϖ2)

(ϖ1 − 1)(ϖ2 − 1)

n+ ℏ
ℏ− 1

≤ (n+ϖ1)(n+ϖ2)

(ϖ1 − 1)(ϖ2 − 1)

then (F1 ∗ F2)(z) ∈ Vυ
H(℘, ℏ). Then we see that

ℏ ≥ 1 +
(n− 1)(ϖ1 − 1)(ϖ2 − 1)

Υn(n+ϖ1)(n+ϖ2) + (ϖ1 − 1)(ϖ2 − 1)
= ϕ(n)
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and

ℏ ≥ 1 +
(n+ 1)(ϖ1 − 1)(ϖ2 − 1)

Υn(n+ϖ1)(n+ϖ2)− (ϖ1 − 1)(ϖ2 − 1)
= ψ(n).

Since ϕ(n) for n ≥ 2 and ψ(n) for n ≥ 1 increasing

ℏ ≥ 1 +
(ϖ1 − 1)(ϖ2 − 1)

Υ2(2 +ϖ1)(2 +ϖ2) + (ϖ1 − 1)(ϖ2 − 1)

and

ℏ ≥ 1 +
2(ϖ1 − 1)(ϖ2 − 1)

(1 +ϖ1)(1 +ϖ2)− (ϖ1 − 1)(ϖ2 − 1)
.

and also

(ϖ1 − 1)(ϖ2 − 1)

Υ2(2 +ϖ1)(2 +ϖ2) + (ϖ1 − 1)(ϖ2 − 1)
≤ 2(ϖ1 − 1)(ϖ2 − 1)

(1 +ϖ1)(1 +ϖ2)− (ϖ1 − 1)(ϖ2 − 1)

then (F1 ∗ F2)(z) ∈ Vυ
H(℘, ℏ) where

ℏ ≥ 1 +
(ϖ1 − 1)(ϖ2 − 1)

Υ2(2 +ϖ1)(2 +ϖ2) + (ϖ1 − 1)(ϖ2 − 1)
.

Next , we suppose that, (F1 ∗ F2 ∗ ... ∗ Fp)(z) ∈ Vυ
H(℘, ϑ), where

ϑ = 1 +

p∏︁
j=1

(ϖj − 1)

Υ2

p∏︁
j=1

(2 +ϖj)−
p∏︁

j=1
(ϖj − 1)

.
We can show that, (F1 ∗ F2 ∗ ... ∗ Fp+1)(z) ∈ Vυ

H(℘,w),where

w ≥ 1 +
(ϑ− 1)(ϖp+1 − 1)

Υ2(2 + ϑ)(2 +ϖp+1) + (ϑ− 1)(ϖp+1 − 1)
.

Since,

(ϑ− 1)(ℏp+1 − 1) =

p+1∏︁
j=1

(ϖj − 1)

Υ2

p∏︁
j=1

(2 +ϖj)−
p∏︁

j=1
(ϖj − 1)

and

(ϑ− 2)(ℏp+1 − 2) =

p+1∏︁
j=1

(ϖj − 1)

Υ2

p∏︁
j=1

(2 +ϖj)−
p∏︁

j=1
(ϖj − 1)
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we have

w = 1 +

p+1∏︁
j=1

(ϖj − 1)

Υ2

p+1∏︁
j=1

(2 +ϖj)−
p+1∏︁
j=1

(ϖj − 1)

.

Corollary 15. Let Fj(z) ∈ Vυ
H(℘,ϖ), (j = 1, 2, 3..., p) then (F1∗...Fp)(z) ∈ Vυ

H(℘, ϑ),
where

ϑ = 1 +
(ϖ − 1)p

Υ2(2 +ϖ)p − (ϖ − 1)p
. (6.6)

7 Partial Sums results

In 1985, Silvia [35] studied the partial sums of convex functions of order ℏ(0 ≤ ℏ < 1).
Later on, Silverman [32], several researchers studied and generalized the results on
partial sums for various classes of analytic functions only but few authors studied
analogues results on harmonic functions (see[25, 26] .Now in this section we discussed
the partial sums results for the class of harmonic functions with positive coe�cients
Pυ
H(℘,ϖ) with (1 < ϖ ≤ 4

3) on lines similar to Porwal [25] .

Let Pυ
H(

Ln
w ,

Mn
w ) denote the subclass of H consisting of functions f = h + g of

the form(1.3) which satisfy the inequality∑︂
n≥2

Ln

w
|an|+

∑︂
n≥1

Mn

w
|bn| ≤ 1 (7.1)

where
Ln

w
=

Υn(n−ϖ)

ϖ − 1
and

Mn

w
=

Υn(n+ϖ)

ϖ − 1

and w = ϖ − 1 unless otherwise stated.
Now, we discuss the ratio of a function of the form (1.13) with b1 = 0 are

fm(z) = z +
m∑︂

n=2

anz
n +

∑︂
n≥1

bnzn

,

fk(z) = z +
∑︂
n≥2

anz
n +

k∑︂
n=2

bnzn

,

fm,k(z) = z +
m∑︂

n=2

anz
n +

k∑︂
n=2

bnzn.

We �rst obtain the sharp bounds for ℜ
{︂

f(z)
fm(z)

}︂
.
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Theorem 16. If f of the form (1.13) with b1 = 0 satis�es the condition (7.1), then

ℜ
{︃
f(z)

fm(z)

}︃
≥ Lm+1 −w

Lm+1
, (z ∈ U) (7.2)

where

Ln ≥
{︃

w, if n = 2, 3, . . . ,m
Lm+1, if n = m+ 1,m+ 2, . . . .

Mn ≥ w, if n = 2, 3, . . .

The result (7.2) is sharp with the function given by

f(z) = z +
w

Lm+1
zm+1. (7.3)

Proof. De�ne the function w(z) by

1 + w(z)

1− w(z)
=

Lm+1

w

[︃
f(reiθ)

fm(reiθ)
− Lm+1 −w

Lm+1

]︃

=

1 +
m∑︁

n=2
anr

n−1ei(n−1)θ +
∞∑︁
n=2

bnr
n−1e−i(n+1)θ − Lm+1

w

(︃ ∞∑︁
n=m+1

anr
n−1ei(n−1)θ

)︃
1 +

m∑︁
n=2

anrn−1ei(n−1)θ +
∞∑︁
n=2

bnrn−1e−i(n+1)θ

.

(7.4)
It su�ces to show that |w(z)| ≤ 1. Now, from (7.4) we can write

w(z) =

Lm+1

w

(︃ ∞∑︁
n=m+1

anr
n−1ei(n−1)θ

)︃
2 + 2

(︃ ∞∑︁
n=2

anrn−1ei(n−1)θ +
∞∑︁
n=2

bnrn−1e−i(n+1)θ

)︃
+ Lm+1

w

(︃ ∞∑︁
n=m+1

anrn−1ei(n−1)θ

)︃ .
Hence we obtain

|w(z)| ≤

Lm+1

w

(︃ ∞∑︁
n=m+1

|an|
)︃

2− 2

[︃
m∑︁

n=2
|an|+

∞∑︁
n=2

|bn|
]︃
− Lm+1

w

∞∑︁
n=m+1

|an|
.

Now |w(z)| ≤ 1 if

∞∑︂
n=2

|an|+
∞∑︂
n=2

|bn|+
Lm+1

w

∞∑︂
n=m+1

|an| ≤ 1.
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From the condition (7.1), it is su�cient to show that

∞∑︂
n=2

|an|+
∞∑︂
n=2

|bn|+
Lm+1

w

∞∑︂
n=m+1

|an| ≤
∞∑︂
n=2

Ln

w
|an|+

∞∑︂
n=2

Mn

w
|an|

which is equivalently to

m∑︂
n=2

(︃
Ln −w

w

)︃
|an|+

∞∑︂
n=2

(︃
Mn −w

w

)︃
|bn|+

∞∑︂
n=m+1

(︃
Ln − Ln+1

w

)︃
|an| ≥ 0.

To see that the function given by (7.3) gives the sharp result, we observe that for
z = reiπ/n

f(z)

fm(z)
= 1 +

w

Lm+1
zm → 1− w

Lm+1

=
Lm+1 −w

Lm+1
when r → 1−.

We next determine bounds for ℜ {fm(z)/f(z)} .

Theorem 17. If f of the form (1.13) with b1 = 0 satis�es the condition (7.1), then

ℜ
{︃
fm(z)

f(z)

}︃
≥ Lm+1

Lm+1 +w
, (z ∈ U) (7.5)

where

Ln ≥
{︃

w, if n = 2, 3, . . . ,m
Lm+1, if n = m+ 1,m+ 2, . . . .

Mn ≥ w, if n = 2, 3, . . . (7.6)

The result (7.5) is sharp with the function given by

f(z) = z +
w

Lm+1
zm+1. (7.7)

Proof. De�ne the function w(z) by

1 + w(z)

1− w(z)
=

Lm+1 +w

w

[︃
fm(reiθ)

f(reiθ)
− Lm+1

Lm+1 +w

]︃

=

1 +
m∑︁

n=2
anr

n−1ei(n−1)θ +
∞∑︁
n=2

bnr
n−1e−i(n+1)θ − Lm+1

w

(︃ ∞∑︁
n=m+1

anr
n−1ei(n−1)θ

)︃
1 +

m∑︁
n=2

anrn−1ei(n−1)θ +
∞∑︁
n=2

bnrn−1e−i(n+1)θ

.
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Hence we obtain

|w(z)| ≤

Lm+1+w
w

(︃ ∞∑︁
n=m+1

|an|
)︃

2− 2

[︃
m∑︁

n=2
|an|+

∞∑︁
n=2

|bn|
]︃
− Lm+1−w

w

∞∑︁
n=m+1

|an|
≤ 1.

The last inequality is equivalent to

ℓ∑︂
n=2

|an|+
∞∑︂
n=2

|bn|+
Lm+1

w

∞∑︂
n=m+1

|an| ≤ 1.

Making use of (7.1) and the condition (7.6) we obtain (7). Finally equality holds in
(7.5) for the extremal function f(z) given by (7.7).

We next turns to ratios for the for ℜ
{︂
f

′
(z)/f

′
m(z)

}︂
and ℜ

{︂
f

′
m(z)/f

′
(z)
}︂
.

Theorem 18. If f of the form (1.13) with b1 = 0 satis�es the condition (7.1), then

ℜ

{︄
f

′
(z)

f ′
m(z)

}︄
≥ Lm+1 − (m+ 1)w

Lm+1
, (z ∈ U) (7.8)

where

Ln ≥
{︃

w, if n = 2, 3, . . . ,m
Lm+1, if n = m+ 1,m+ 2, . . . .

Mn ≥ w, if n = 2, 3, . . .

The result (7.8) is sharp for f given (7.7).

Proof. De�ne the function w(z) by

1 + w(z)

1− w(z)
=

Lm+1

(m+ 1)w

[︄
f

′
(z)

f ′
m(z)

− Lm+1 − (m+ 1)w

Lm+1

]︄

=

1 +
m∑︁

n=2
nanr

n−1ei(n−1)θ +
∞∑︁
n=2

nbnr
n−1e−i(n+1)θ − Lm+1

(m+1)w

(︃ ∞∑︁
n=m+1

nanr
n−1ei(n−1)θ

)︃
1 +

m∑︁
n=2

nanrn−1ei(n−1)θ −
∞∑︁
n=2

nbnrn−1e−i(n+1)θ

.

The result(7.8) follows by using the techniques as used in Theorem 16.

Proceeding exactly as in the proof of Theorem 17, we can prove the following
theorem .

Theorem 19. If f of the form (1.13) with b1 = 0 satis�es the condition (7.1), then
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ℜ

{︄
f

′
m(z)

f ′(z)

}︄
≥ Lm+1

Lm+1 + (m+ 1)w
, (z ∈ U). (7.9)

The result (7.8) is sharp for f given (7.7).
We next determine bounds for ℜ {f(z)/fk(z)} and ℜ {fk(z)/f(z)}.

Theorem 20. If f of the form (1.13) with b1 = 0 satis�es the condition (7.1), then

ℜ
{︃
f(z)

fk(z)

}︃
≥ Mk+1 −w

Mk+1
, (z ∈ U) (7.10)

where

Mn ≥
{︃

w, if n = 2, 3, . . . , k
Mk+1, if n = k + 1, k + 2, . . . .

Ln ≥ w, if n = 2, 3, . . .

. The result (7.10) is sharp with the function given by

f(z) = z +
w

Mk+1
zk+1. (7.11)

Theorem 21. If f of the form (1.13) with b1 = 0 satis�es the condition (7.1), then

ℜ
{︃
fk(z)

f(z)

}︃
≥ Mk+1

Mk+1 +w
, (z ∈ U) (7.12)

where

Mn ≥
{︃

w, if n = 2, 3, . . . , k
Mk+1, if n = k + 1, k + 2, . . . .

Ln ≥ w, if n = 2, 3, . . .

The result (7.12) is sharp for f given (7.11).

Proof. De�ne the function w(z) by

1 + w(z)

1− w(z)
=

Mk+1 +w

w

[︃
fk(re

iθ)

f(reiθ)
− Mk+1

Mk+1 +w

]︃

=

1 +
∞∑︁
n=2

anr
n−1ei(n−1)θ +

k∑︁
n=2

bnr
n−1e−i(n+1)θ − Mk+1

Mk+1+w

k+1∑︁
n=2

bnr
n−1e−i(n−1)θ

1 +
∞∑︁
n=2

anrn−1ei(n−1)θ +
k∑︁

n=2
bnrn−1e−i(n+1)θ

.

We omit the details of proof , because it runs parallel to that from Theorem 17.

******************************************************************************
Surveys in Mathematics and its Applications 21 (2026), 233 � 256

https://www.utgjiu.ro/math/sma

https://www.utgjiu.ro/math/sma/v21/v21.html
https://www.utgjiu.ro/math/sma


Starlike harmonic functions with positive coe�cients 251

Theorem 22. If f of the form (1.13) with b1 = 0 satis�es the condition (7.1), then

ℜ
{︃

f(z)

fm,k(z)

}︃
≥ Lm+1 −w

Lm+1
, (z ∈ U) (7.13)

where

Ln ≥
{︃

w, if n = 2, 3, . . . ,m,m+ 1
Lm+1, if n = m+ 1,m+ 2, . . . .

Mn ≥
{︃

w, if n = 2, 3, . . . ,m
Lm+1, if n = m+ 1,m+ 2, . . . .

The result (7.13) is sharp for f given (7.7).

Theorem 23. If f of the form (1.13) with b1 = 0 satis�es the condition (7.1), then

ℜ
{︃

f(z)

fm,k(z)

}︃
≥ Mk+1 −w

Mk+1
, (z ∈ U) (7.14)

where

Mn ≥
{︃

w, if n = 2, 3, . . . , k
Mk+1, if n = k + 1, k + 2, . . . .

Ln ≥
{︃

w, if n = 2, 3, . . . , k
Mk+1, if n = k + 1, k + 2, . . . .

Theorem 24. If f of the form (1.13) with b1 = 0 satis�es the condition (7.1), then

ℜ
{︃
fm,k(z)

f(z)

}︃
≥ Lm+1

Lm+1 +w
, (z ∈ U). (7.15)

Theorem 25. If f of the form (1.13) with b1 = 0 satis�es the condition (7.1), then

ℜ
{︃
fm,k(z)

f(z)

}︃
≥ Mk+1

Mk+1 +w
, (z ∈ U). (7.16)

The result(7.16)is sharp for f given (7.11).

Theorem 26. If f of the form (1.13) with b1 = 0 satis�es the condition (7.1), then

ℜ

{︄
f

′
(z)

f ′
m(z)

}︄
≥ Lm+1 − (m+ 1)w

Lm+1
, (z ∈ U) (7.17)

where

Ln ≥
{︃

w, if n = 2, 3, . . . ,m
Lm+1, if n = m+ 1,m+ 2, . . . .

Mn ≥
{︃

w, if n = 2, 3, . . . ,m
Lm+1, if n = m+ 1,m+ 2, . . . .

The result (7.17) is sharp for f given (7.7).
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Theorem 27. If f of the form (1.13) with b1 = 0 satis�es the condition (7.1), then

ℜ

{︄
f

′
m,k(z)

f ′(z)

}︄
≥ Lm+1

Lm+1 + (m+ 1)w
, (z ∈ U). (7.18)

The result (7.18) is sharp for f given (7.7).

Concluding Remarks: By choosing the values of the parameters the various
results presented in this paper would provide interesting extensions and generalizations
of the subclasses of harmonic starlike functions with positive coe�cients of order
ϖ(1 < ϖ ≤ 4

3) based on Miller-Ross-type Poisson distribution and similarly for
convex functions. The details involved in the derivations of such specializations of the
results presented in this paper are fairly straight- forward, hence omitted. Moreover
the study can be extended to meromorphically harmonic functions convoluting with
Poisson distribution [?], Pascal distribution [12] and Borel distribution[43]. Data
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