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HARMONIC FUNCTIONS WITH POSITIVE
COEFFICIENTS INVOLVING TWO-PARAMETER
MITTAG-LEFFLER TYPE POISSON DISTRIBUTION

K. Vijaya, K. Uma and G. Murugusundaramoorthy

Abstract. Making use of a special case of the two-parameter Mittag-Leffler type Poisson
distribution, we introduce a new class of complex valued harmonic functions which are orientation
preserving and univalent in the open unit disc and obtained the coefficient bounds. In addition
to the distortion results and extreme points, there is a thorough discussion of inclusion relations,

integral means, convolution properties, and partial sum results for this generalized class of functions.

1 Introduction and preliminaries

The study of the geometric behaviour of analytic functions has become one of the
most interesting topics in recent years. The main objective in geometric function
theory is to study and characterize the properties of analytic functions through
geometrical and topological methods. One seeks to connect the analytical properties
of functions with geometrical and topological insights, providing a deeper understanding
of how analytic functions behave. Now we introduce some basics in geometric
function theory and subclasses of analytic and harmonic functions that are in the
scope of this study.

Let be A the class of analytic(holomorphic) in the open unit disk U = {z : |z| <
1} functions h (z), normalized by h (0) =0 = h'(0) — 1 of the form

h(z) :z+a2z2+a3z3+...—|—anz"+...:z—i—Zanz" (1.1)
n>2

and S denote the class of all functions in A which are univalent in U. Also, let S*(«)
and C(«) denote the well known subclasses of A consisting of functions which are,
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respectively, starlike and convex functions of order @ € [0,1) in the open unit disk
U. By definition, we have (see for details, [2, 13|)

S*(w) = {heS:%(Téi?) >a,z€Usa e [0,1)},
" C(a)z{fES:%(l—i—Z:;;S))>a,zeU;ae[O,1)}.

We recall the following two subclasses of analytic functions with positive coefficients
V), defined and studied by Uralegaddi et al., [39] extensively.
A function f € V is said to be starlike of order w (0 < w < %), if and only if

R (ZZ;S)> <w (ze€U).

This function class is denoted by VS*(w).
A function f € V is said to be convex of order w (0 < w < 3) if and only if

R <1 + Z:,Zi?) <w (zeU).

This class is denoted by VK(w). It is an established fact that f € VK(w) <~
zh! € V§8*(w). For functions h € A given by (1.1) and h € A given by h(z) =
z+ D 59 n2", the Hadamard product (or convolution) of b and g is given by

(hxh)(z) =2+ Zancnz”, z € U.

n>2

A new class T of analytic functions of the form h(z) = z— >_ |a,|2z" was introduced
n>2

by Silverman [30] in 1975. This opened up a new line of research in the theory
of univalent functions as well as harmonic functions with negative coefficients [31].
Similar categories were introduced by Uralegaddi et al.[39] of convex, star-like functions
with positive coefficients and provided a fresh, intriguing line of investigation. Actually,
they took into account functions with positive coefficients as opposed to those with
negative real numbers.

1.1 Harmonic univalent functions-H:

A continuous function f = u+iv is a complex- valued harmonic function in a complex
domain G if both u and v are real and harmonic in G. In any simply-connected domain
D C G, we can write f = h + g, where h and g are analytic in D. We call h the
analytic part and ¢ the co-analytic part of f. A necessary and sufficient condition
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Starlike harmonic functions with positive coefficients 235

for f to be locally univalent and orientation preserving in D is that |h/(2)] > |¢'(2)]
in D (see [5]).
Denote by H the family of functions

f=h+g (1.2)

which are harmonic, univalent and orientation preserving in the open unit disc so
that f is normalized by f(0) = f.(0) —1 = 0. Thus, for f = h+g € H, the functions
h and g are analytic in U can be expressed in the following forms:

h(z) =z+ Zanz”, g9(z) = anz” (0<b; <1),

n>2 n>1
and f(z) is then given by
f(z)=z+ Zanz" + anz" (0 <1b1| <1). (1.3)
n>2 n>1

We note that the family H of orientation preserving, normalized harmonic univalent
functions reduces to the well known class S of normalized univalent functions if the
co-analytic part of f is identically zero, i.e. g = 0.

For functions f € H given by (1.3) and F' € H given by

F(z)=H(z) + G =2+ Y Ape"+ Y Boa, (14)

n>2 n>1

we recall the Hadamard product (or convolution) of f and F by

(f*F)(z) =2+ ) anAnz"+> b,By2" (z€ ). (1.5)

n>2 n>1

1.2 Two-parameter Mittag-Lefler- type Poisson distribution MLPD

Influenced by Srivastava’s methodology of embedding Pochhammer symbols into
Mittag-Leffler types, the special case of the two-parameter Mittag-Lefler function
E, ,(z) and its much more general multi-parameter ,¥,(z) have been and are being
thoroughly studied by Srivastava et al., [37], and Miller and Ross [18], who proposed
the special function as the foundation for the solution of the fractional order initial
value problem, E, (z) = 2"e*T*(v, pz), where T* is the incomplete gamma function
[20, 21, 37]. It is simple to write the particular case of the two-parameter Mittag-
Leffler function (p. 314, [18]) using the characteristics of incomplete gamma functions
as

v (92)" .
EV,W(Z) =z Z m, vV, 0,2 € C, with Rev > O, Rep >0 (16)
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which can be stated as
E, o(2) = 2"E114.0(p2)

where Eq 14, (pz) is the Mittag-Leffler function of two parameters [41]. Srivastava

et al., [37] and Eker and Ece [38], shown that for ¢ > 0 and if v > 2p — 1 then

normalized form of E,, is univalent and starlike in D1 = {z € C : |2| < 4}. More
2

over it has been proven that if v > (2 + v/2)p — 1 then normalized form of E, , is
univalent and convex in D1 for more details refer to |1, 2, 18, 37, 38| and references
cited therein. ’

In Geometric Function Theory the elementary distributions such as the Pascal,
Poisson, logarithmic, binomial and beta negative binomial have been partially studied
from theoretical point of view(for detailed study we refer the readers to see |3, 12,
24, 29, 42]). Srivastava pioneered mathematical tools that link special functions
to probability distributions (see [37]), which led later researchers to formulate the
probability mass function of the special case of the two-parameter Mittag-Leffler
function Poisson distribution as given below:

. (mp)* m”
Bup(m, k) := E, (m)[(v+tk+1)

k=0,1,2,3,-- (1.7)

where v > —1,0 > 0 and E,, is as given in (1.6). The normalized form of the
two-parameter Mittag-Leffler- type Poisson distribution MLPDI37], is given by

2) =z
v, = E,,(m)(v+n)
also
(mgp)" " m”
T 2) =22 =M (2) =2z — "
Vi vy “— Eyo(m)I'(v+n)

1.3 Two-parameter Mittag-Leffler- type Poisson distribution MLPD
on H

:For h € A by the definition of Hadamard product (convolution) of two series, we
consider the following operator (see[l, 2, 18, 37, 38]):

My (z) = h(2) ML) =2+ ) Tean2", (1.8)
n=2
where X
(mp)”* mu
T, = . 1.9
E,..(m)L(v + n) (1.9)
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Starlike harmonic functions with positive coefficients 237

Now, for functions f € H by convolution on harmonic functions, we have

mytt f(2) = myth(z) + myp g(2) (1.10)
and inspired by earlier studies on class of harmonic functions involving special
functions and derivative operators [6, 19, 20, 21, 22] , in this article we define the two-
parameter Mittag-Leffler- type Poisson distribution MLPD operator on harmonic
functions as below

D (my f(2)) = 2(myth(z)) — z(myp'g(2)) (1.11)
where
my (2 —z—l—ZTnanz and my'g(z ZT by 2" (1.12)
n>2 n>1

Many researchers were inspired by Uralegaddi et al.’s original work (see [8, 9, 10,
27, 38]) presented and examined a number of novel subclasses of analytic functions
with positive coefficients in volving special functions; however, the literature has
not yet examined analogous results for harmonic univalent functions related to the
special case of the two-parameter Mittag-Leffler type Poisson distribution MLPD.
In this article we attempt to fill this gap by introducing a new subclass of harmonic
univalent functions with positive coefficients related to MLPD.

Denote by Vg the subfamily of H consisting of harmonic functions f = h + g of
the form

2)=z+ Zanzn - anz” (an, > 0;b, > 0 and 0 < |b1| < 1). (1.13)

n>2 n>1

Inspired by previous research on harmonic functions with differential operators
and special functions (see 6, 14, 15, 19, 20, 21, 22, 28|, ) now we define the following
subclass of harmonic functions f € Vy related to the MLPD as below:

For1l <w < % we let, Py, (p, ™) a new subclass of H, consist of all functions of
the form (1.3) satisfying the condition

QLI _

where Dy (my75' f(2)) is given by (1.11). Also let, Vj,(p,w) = Py (p, =) Vx-
Additionally, using (1.3), we derive an adequate coefficient condition for functions
f € H, which is also demonstrated that f € Vg, the class of harmonic functions with
positive coefficients, require this coefficient necessary. In addition to the distortion
results and extreme points, there is a thorough discussion of inclusion relations,
integral means , convolution properties, and partial sum results.
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2 Coefficient bounds
In our first theorem, we obtain a sufficient coefficient condition for harmonic functions
in Py, (p, @).
Theorem 1. Let f = h+§ be given by (1.3). If
(n + w)
T, < )
ST T < (2.1)
n>2 n>1
where a1 =1 and 1 < w < %, then f € Py (p,w).
Proof. We let (2.1) holds for the coefficients of f = h 4+ g. It suffices to show that,

A(z) -1
A(Z)B(Z) <1,2€U (2.2)
76 (2w —1
where
A(z) = 2(mh(2)) = 2(mpg'g(2)) = 2+ Y nTpanz" =Y nYyb,z"(2.3)
n>2 n>1
and
n>2 n>1

Substituting for A(z) and B(z) in (2.2), we get

2 Tu(n = Dlanll2]"™ = 32 Ta(n+1)[by||z[*
< n>2 n>1
= Az D)= % Tuln— @= — Dllanll2 ' — 5 Taln + 2 — D]Jbal ]2
n>1

£ Tuln = Dlan] = X Tuln+ 1)
S > Toln = @ = Dllar = = T+ 2=~ D]’

The last expression is bounded by 1, if
2> Tu(n—Dan[+2 > Tu(n+1)|ba| < 2(w—1)=Y _ Toln—(2w—1)]|an|— | Tnln+(2w—1)]|bnl,
n>2 n>1 n>2 n>1
which is equivalent to

A ”+”|b|<1

n>2 n>1
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A(z)
Bé) —1

Az)
50y —(2w—1)

for A(z) and B(z) is given by (2.3) and (2.4) respectively.

But (2.1) is true by hypothesis. Hence, < 1,z € U and the theorem is proved

[
Theorem 2. Fora; =1and 1 <w < 4, [ =h+geVy(p @) if and only if
(n—w)Y, n—i—w)
> 1 |n|+z “Jon| < 1. (2:5)
n>2

Proof. Since Vj,(p,w) C Py)(p, @), we only need to prove the "only if" part of the
theorem. To this end, for functions f of the form (1.13), we notice that the condition

R <W37éﬁ‘(z)>><w

myp' f(2)
Equivalently,
(1-—w)z— > Tpn—w)apz" — >, Th(n+ w)b,z"
n>2 n>1
R = = > 0.
z— > Thapz"+ > Tpbyz" -
n>2 n>1

All values of z € Umust satisfy the aforementioned necessary condition. When
selecting the values of z on the positive real axis, where 0 < z = r < 1,, we must

have
l—w— Y Thln—@a,r" = 3 T,(n+w@)b,r"t
n>2 n>1 >0 (2.6)
1= Thaprt 4 3 Ypb,rn1t =7 )
n>2 n>1

The numerator in (2.6) is negative for r that is close enough to 1 if the criterion (2.5) is
not true. Therefore, zy = rg exists in (0, 1) for which the (2.6) has a negative quotient. The
necessary condition for f € Vj(p,w) is in conflict with this. This concludes the theorem’s
proof. O

3 Distortion bounds and Extreme Points

By routine procedure(see [9, 14, 20, 21|)we can easily prove the following results
hence we state the following theorems without proof for functions in Vj)(p, @).

Theorem 3. (Distortion Bounds:)Let f € Vy,(p,@). Then for |z| =r < 1, we have

l (fw—-1 1+w
(== 5 (52 - 52 ml) 2 <15
1l (w—1 14+w
<@g (50 - 5ol 7
where
E, ,(m)I'(v+2) ’
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Corollary 4. (covering result:) If f(z) € V§,(p, @), then

) 2V(14+w)+1-[T(l4+w +1lw  2T(1+w)—1-[To(l+w)+ 1w
{w.|w| < o w) T2 - ) bl} c f(U)

where Lo as given in (3.1).

Next we state the extreme points of closed convex hulls of Vj,(p, @) denoted by
clcoVy (p, ).

Theorem 5. A function f(z) € Vj,(p, @) if and only if f(2) = > (Xnhn(2) + Yagn(2))

n>1
where h1(z) = z, hp(2) = 2+ Tﬁn__lw) 2" (n>2) and g,(z) = z—i—%?’l; (n>1)
also > (Xp+Y,) =1, X, > 0and Y, > 0. In particular, the extreme points of

n>1

Vi, (9, @) are {hy} and {gn}.

Theorem 6. The family Vy,(p, @) is closed under convexr combinations.

4 Inclusion Results

Now, we will examine the closure properties of the class Vj,(p, @) under the generalized
Bernardi-Libera -Livingston integral operatorL.(f) which is defined by L.(f) =

z
L [t f(t)dt, e > —1.
0

Theorem 7. Let f(z) € Vj,(p,w). Then L(f(2)) € Vi (p, ).
Lemma 8. [f0] Let f = h+ 7 be given by (1.3). If

ZM|an‘+ZM|bn| <1 (4.1)

n>2 n>1
where a; =1 and 0 < h < 1, then f € M;j,(h).

Theorem 9. Let f = h+g € Vy(h) be given by (1.13). Then f € V3 (p, 552).

Proof. Since f € Vj,(p,w) then by Theorem 1, we must have

w—1
n>2

To show that f € Vy,(p, %:—gg), by virtue of Lemma8 we have to show that

Yo[n — (432 Yo[n + (552)]

—52 )]
Z 1— 43313 ‘an‘ + Z 1_ 41—3w |bn’ < 1. (43)

n>2 3—2w n>1 3—2w
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where 0 < 4=2% < 1. For this, it is sufficient to prove that

3—2w
4—3w
_ n —
n w > [ (z:gw)]’(n:2’3’.”)
w—1 1 =352
and s
n+ (7752
n+w > [ (2:?7)],(”:1’2’37”)
w—1 1—3=52
or equivalently (w—1)(n—w) >0, (n=2,3,..)and (w—1)(n+w) >0, (n=
1,2,3,..), which is true and the theorem is proved. O

Corollary 10. V3 (p,@) C V3 (p,3) C V3.

5 Integral Means Inequalities

In this section, we obtain integral means inequalities for the functions in the family
V3, (p, @) due to Dziok[7]and Silverman [34].

Lemma 11. [16] If the functions ¢ and ¢ are analytic in U with ¢ < ¢, then for
n>0,and 0 <r <1,

7’¢(r6i9)’nd9 < 7‘¢(r6i9)‘nd9. (5.1)
0 0

Due to recent work of Dziok [7], we suppose h € Vj,(p, @) n > 0,0 < w < 1,
0 <N <1, and &19(2) is defined by

&19(2) = Z_(nzi_w;'fgzz (n>2),
Ea9(2) = Z+(ni_w)1’r222? (n>2)

where Y9 as given in (3.1). Since

fa(:) &5 o BR) &3

=<
z z z z
by Lemma 11 we have
27 . n 27 . -
/ fln(Z) do S / ng(Z) d97 (Z — reie)
z z
0 0

752;:@) " 752n<z> "d9<7
0 0 _’O

Thus we have the following result:

n

§12(2) do (z:reie).

z

z z
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Lemma 12. Let 0 <r < 1,7 > 0. Then

21 27
= [laneen|'a0 < o [laswen)| s, =123
s 2w
0 0
1 2T . 2T
* NK * N
W/‘§2n(re 0)’ do = 27_‘_/’{12(7.6 9)‘ d07 (7122,3,4,').
0 0

where &1, and &, are defined as in Theorem (5) .
By Lemma 12 and Theorem 5 we have the following :

Theorem 13. Let 0 <r < 1,7 > 0. Then

21 2
1 10 1 * 10 n
i < - .
27T/(f(re )‘ o < %/‘512(706 )‘ 9, (n=1,2,3,")
0
27
1 m,n 10 n N
5 | [Pz ree) a0 = \@H sesre®)| o, (n=2,3,4,).
0

where &1 and &o) are defined as in Theorem (5) .

6 Convolution Properties

Let Fj(z) € V§(p, @), (j = 1,2,3...,p) be given by

2)=2-3 lanilz" =D |bnjlem, (6.1)
n>2 n>1
then the convolution is defined by
(Fy ... _Z_Z]'[mw\z —ZHw |27, (6.2)

n>2j=1 n>1j5=1

Theorem 14. Let Fj(z) € Vy,(p,w@;), (j = 1,2,3...,p) then (F1*...F)(2) € V3, (p, ),
where
p
Il (=; = 1)
0=14+—F— 7 : (6.3)
Ty [TQ2+w@)) - [1(w; - 1)
j=1 J=1
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Proof. We use the principle of mathematical induction in our

proof. Let F} €
Vi, (p,@1), and Fy € Vy(p, w2). By using Theorem 2 we have

ST T D, < (6.4
n>2 n>1 wj
then,
213
(n wl) w2)
Tni n - 4
2 el Z
213
+ Z \/T"(7;+WI)|bnl| XZ \/ n+w2)|b <1. (6.5)
n>1 1 n>1

Thus by applying Cauchy-Schwarz inequality, we have

2
( wl)( ’WQ)
7;2 <\/T2 (@1 = 1D(w2 — 1) '“nlanﬂ)

213 2
(n — wl) (n WQ)
< Z \/anl_lfan,l‘ X Z TnT‘an 2|

=

n>2 n>2
and
2
5 \/T%(n+w1)(n+w2)‘bnlbn2’
Z\V @ - D@ - 1)
213 213
n+w n+w
< |2 \/Tn( l)lbnll <D \/Tn( 2)|n2|
n>1 n>1
Then, we get

n — w n—+w
Z )( — 2))| nlan2| Z T%g‘bn,lbn,ﬂ < 1.

n>2 wl o 1)( n>1 w1 = 1

Therefore, if

ZT |an1an2]<z TZ —w1)(n — w2

|an, 1002
n>2 n>2 " - D@ —1)

ookl kR kokkk ok ko skl kot sk skt ok kot sk ok kot ook
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(n+ h) (n+w1)(n+ ws)
Y, ———=|bp1bna| < T2 bn.1bn
Eﬂ h1|,1,2!_n§>1 ”(1—D(271ﬂ 1bn 2|

h—1 [(n—w1)(n—ws)
h—1 [(n+w)(n+ @)
\/m<n+h\/(wl—l)(wz—1)

then (Fy x F3)(2) € V3, (p, h). By (6.4)we have

that is, if

S <
n>2
and
S <
n>1
Hence we get
lan| < wj —1
T (0 — @)
and .
o —
byl < 2.
" (n+w]~)

Consequently, if
(wl—l)(WQ—l) < h—1 (n—wl)(n—wQ)
n%(n — wl)(n — WQ) ~—n—~h (wl — 1)(@'2 — 1)

(wl—l)(WQ—l) < h—l (n+w1)(n+w2)
n2(n+w)(n+wy) ~ n+h\ (wg—1) (w2 —1)"

That is, if ( ) )
n—nh n—wi)(n — ws
h—1 = (@ 1)(ws— 1)
nth_ (n+ w1)(n + w2)
h—1= (@1 —1)(ws— 1)

then (F1 x F2)(2) € V§,(p, h). Then we see that

(n—1)(w1 — 1)(w2 — 1)
h>1+ Th(n+ @) (n+ws) + (w1 — 1)(wwg — 1)

= ¢(n)
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and
(n+1)(w; — 1)(w2 — 1) — o(n
hz1+Tn(n+w1)(n+wQ)—(wl—l)(w2—1) 7w( )

Since ¢(n) for n > 2 and ¥ (n) for n > 1 increasing

(w1 — (w2 — 1)

h>1+ To(2 4+ @1)(2 + w2) + (w1 — 1) (g — 1)
and 2( 1)( 1)
w1 — w2 —
helt (I+ @)l +w@2)— (w1 —1)(w2 — 1)
and also
(w1 — 1)(2 — 1) < 2= i — )

To(24+ @) (2+w@2) + (w1 — (w2 —1) = (1 +@)(1+ @2) — (w1 — 1)(w2 — 1)

then (Fy * Fy)(2) € V5, (p, h) where

(w1 —1)(w2 — 1)
e A T o) @+ ma) + (1 = D= 1)

Next , we suppose that, (Fy x Fy % ... x F),)(2) € V§,(p, ), where

p
‘_1(@' -1)
=1+ — " >
Ty [T(2+ ;) - [1(w; — 1)
j=1 j=1

We can show that, (Fy * Fp x ... % F1)(2) € Vj,(p, 10),where

(0 = D(@pt1 — 1)

=1+ T2(2+9)(2+ wpr1) + (0 —1)(wpy1 — 1)
Since, -
[ (w; —1)
(9= D1 — 1) = —————
TQ jl:[1(2 + wj) — jljl(wj — 1)
and
p+1
[[ (= —1)
(9 =21 —2) = —5——————
Ty jH1(2 + @;) — jHl(wj‘ -1)

ookl kR okkok ok ko ksl sk kil sk stttk sk kst t o soskk kb kot ook
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we have
p+1
Hl(wj -1)
— ]:
=1+ p+1 pt1 :
To H1(2 +w@j) - Hl(wj' -1
J= J=

O

Corollary 15. Let Fj(z) € Vi, (p,w), (j = 1,2,3...,p) then (Fi*...F,)(z) € V3, (p, V),

where
(w—1)P

9=1 .
e rop— (@1

(6.6)

7 Partial Sums results

In 1985, Silvia [35] studied the partial sums of convex functions of order 2(0 < i < 1).
Later on, Silverman [32], several researchers studied and generalized the results on
partial sums for various classes of analytic functions only but few authors studied
analogues results on harmonic functions (see|25, 26| .Now in this section we discussed
the partial sums results for the class of harmonic functions with positive coefficients
PY(p, @) with (1 <@ < %) on lines similar to Porwal [25] .

Let 737“{(%, %) denote the subclass of H consisting of functions f = h + g of
the form(1.3) which satisfy the inequality
L, M,
— - < .
S an] + 302 bl < 1 (71)
n>2 n>1

where
L, _ Tr(n—w) and M, _ Y,(n+w)
o w—1 0 w—1
and v = w — 1 unless otherwise stated.

Now, we discuss the ratio of a function of the form (1.13) with b; = 0 are

fm(Z) =z+ Zanzn + anzn
n=2

n>1

k
fe(z) =2+ Z anz" + Z by 2"
n=2

n>2

m k
fmi(2) =2+ Z anz™ + Z bp2™.
n=2 n=2

We first obtain the sharp bounds for # { f{,fa)} .
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Theorem 16. If f of the form (1.18) with by = 0 satisfies the condition (7.1), then

f(z)} Ly —to
3?{ > , zeU 7.2
Jm(2) Lyt ( ) (7.2)
where
10 if n=23,...,m
> b ) ) )
Ln_{ L1, if n=m+1m+2,....

M, > 1, if n=2,3,...
The result (7.2) is sharp with the function given by

fz)=z+ 2t (7.3)

Proof. Define the function w(z) by

1+w(z)  Lpgr [ f(re?”) Ly — m]
1—w(2) o | fm(re?) | D

m SR 0
1+ E anrnflei(nfl)G + Z bnrnflefi(n+1)9 _ L ( Z anrnlei(nl)G)

o
n=2 n=2 n=m-+1

1+ g anrn—lei(n—l)G + § Ern—le—i(n-i-l)@
n=2 n=2

(7.4)
It suffices to show that |w(z)| < 1. Now, from (7.4) we can write

oo
Lmt1 < Z a 7"n—lei(n—l)6>
0 n

w(z) _ n=m-+1

o0 oo 00 .
249 ( anrn—lei(n=1)0 4 3 bnrnlei(nJrl)G) + Lint1 < 3 anrnlei(nl)9>
n=2

o
n=2 n=m-+1

Hence we obtain

Loi1 s
@ (S )
|w<2)|S n=m+1 )
m o0 Lm+1 o0
2—2[21anr+zwbnr]—m S Jal
n=2 n=2

n=m+1

Now |w(z)] < 1if

oS ) L oS
D lanl D bal + == D0 Jan < 1.
n=2 n=2 n=m+1
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From the condition (7.1), it is sufficient to show that

00 00 L (e%s) [e's] L [e's) M

1
SUTED SRR SRIED DL ph TN
n=2 n=2 n=m-+1 n=2 n=2

which is equivalently to

n=2

n=2 n=m+1

To see that the function given by (7.3) gives the sharp result, we observe that for

z =rei™/m
f(z) o o
= 1 +— an_$ 1'_
fm(z) Lm+1 Lm+1
L _
—mil — 10 when r — 1.
Lm+1

We next determine bounds for ® {fn(2)/f(2)}.

Theorem 17. If f of the form (1.13) with by = 0 satisfies the condition (7.1), then

fm(z)} Lm+1
e > , zeU 7.5
{f(z) T Lt ( ) (7.5)
where
o, ’Lf n:2,3,...,m
>
L"{ Loy, if n=m+1m+2,....

M, > v, if n=23,... (7.6)
The result (7.5) is sharp with the function given by

F2) =2+ L:—l-l L (7.7)

Proof. Define the function w(z) by

1+w(z) Ly +w [fm(rew) | PR ]

1—w(z) o F(re?®) Lyl +w
m oo o0
1+ anrn—lei(n—l)e + 3 bnrn—le—z‘(nﬂ)o _ Lmis ( S anrn—lei(n—1)€>
n=2 n=2 v n=m-+1

m oo ]
1+ Z anrn—lez(n—l)e + Z bnrn—le—z(n-l—l)@
n=2 n=2
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Hence we obtain

L 1+t s
Loiiw ( » |an|)

n=m-+1 <1

[w(2)] <

m 00 Los 110 [es)
2=2 3 lanl+ 22 |bnl| —="5— X laa]
n=2 n=2

n=m+1

The last inequality is equivalent to

y4 ) L [e%S)
D lanl+ 3 lbal + =0 S fanl <1
n=2 n=2 n=m+1

Making use of (7.1) and the condition (7.6) we obtain (7). Finally equality holds in
(7.5) for the extremal function f(z) given by (7.7). O

We next turns to ratios for the for ® {f/(z)/f;n(z)} and R {f;n(z)/f/(z)} .

Theorem 18. If f of the form (1.13) with by = 0 satisfies the condition (7.1), then

f(2) L1 — (m+ 1w
R ; > ) zeU 7.8
{fm(Z) Lo et 79
where
10 if n=23,...,m
> ) = )
L"_{Lm+1, if n=m+1m+2,....
M, >, if n=2,3,...

The result (7.8) is sharp for f given (7.7).

Proof. Define the function w(z) by

1+w(z) Ly [f'(z) Lyt — (m + 1w

—w)  m+Dw | ) Lo
m ) oo ) L 00 ‘
1+ nanrn—lez(n—l)e + 3 nbnrn—le—z(n—i-l)@ _ (mr—i-{)lm < 3 nanrn—lez(n—1)9>

. n=2 n=2 n=m+1
= - —

14+ 3 nay,rn—leiln=10 — 5= np,rn-le-i(n+1)0

n=2 n=2

The result(7.8) follows by using the techniques as used in Theorem 16. O

Proceeding exactly as in the proof of Theorem 17, we can prove the following
theorem .

Theorem 19. If f of the form (1.13) with by = 0 satisfies the condition (7.1), then
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f?ln(z) L1
R { 7 } Lot miDn €Y (7.9)

The result (7.8) is sharp for f given (7.7).
We next determine bounds for ® {f(2)/fr(z)} and ® {fc(2)/f(2)}.

Theorem 20. If f of the form (1.13) with by = 0 satisfies the condition (7.1), then

f(z)} My4q — 1
R > , ze U 7.10
{fk(z) My 11 ( ) ( )
where

10, if n=23,...,k

>
M"—{ My 1, if n=k+1,k+2,....
L, > o, if n=2,3,...

. The result (7.10) is sharp with the function given by

W k1
= e — . 7.11
1) =2+ g (1.11)

Theorem 21. If f of the form (1.13) with by = 0 satisfies the condition (7.1), then

fk(Z)} Y P
R > , 2eU 7.12
{f(z) ~ Mgy + 1o ( ) ( )
where

ro if n=2.3,...,k

> b ) ) )
M”—{MkH, if n=k+1,k+2,....
L, > v, if n=2,3,...

The result (7.12) is sharp for f given (7.11).

Proof. Define the function w(z) by

1+w(z) My +w fu(re®) Mgy
1—w(z) o f(ret?)  Myyq +to

. Li(n—1)0 | S~ 71 —i(n+1)g M R = o1 —i(n—1)0
n—1_i(n— n—1_—i(n o k41 n—1_—i(n—
1+ nE:2 a,r™ e + n§:2 br" e My o n§:2 b,r" e

00 k
14 z anrn—lei(nfl)G 4 z Ern—lefi(nJrl)H
= n=2

n=2

We omit the details of proof , because it runs parallel to that from Theorem 17. [
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Theorem 22. If f of the form (1.18) with by = 0 satisfies the condition (7.1), then

f(2) } Lyt —tw
R > , zeU 7.13
{fmk(z) Ly ( ) (7.13)
where
L > 10, if n=23,.... mm+1
"=\ Lpnt1, if n=m+1m+2,....

1o, if n=2,3,....,m
>
Mn_{LmH, if n=m+1m+2,....

The result (7.13) is sharp for f given (7.7).
Theorem 23. If f of the form (1.18) with by = 0 satisfies the condition (7.1), then

f(2) } M1 —w
oo > , 2eU 7.14
{fmk('z) Mj11 ( ) ( )
where
1o, if n=23,...,k
>
M"—{Mk+1, if n=k+1,k+2,....
v, if n=23,.. k
>
L”_{Mk+1, if n=k+1,k+2,....
Theorem 24. If f of the form (1.13) with by = 0 satisfies the condition (7.1), then
Jm k(z)} Lyt
R : > , z € U). 7.15
{ f(z) ] 7 Lyt ( ) (7.15)
Theorem 25. If f of the form (1.13) with by = 0 satisfies the condition (7.1), then
fm k(z)} Mk+1
R 4 Im > , 2 e ). 7.16
{ f(z) ] 7 My +mw ( ) (7.16)

The result(7.16)is sharp for f given (7.11).
Theorem 26. If f of the form (1.13) with by = 0 satisfies the condition (7.1), then

f/(z) Lyt — (m+ 1w
R - > , z€eU 7.17
{fm(Z) Lo et (740
where
1o, if n=23,...,m
>
Ln_{LmH, if n=m+1,m-+2,....

10, if n=2,3,...,m
>
M"_{Lm+1, if n=m+1lm+2,....

The result (7.17) is sharp for f given (7.7).
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Theorem 27. If f of the form (1.18) with by = 0 satisfies the condition (7.1), then

fr,n,k:(z) | P
R { o } > e (€U (7.18)

The result (7.18) is sharp for f given (7.7).

Concluding Remarks: By choosing the values of the parameters the various
results presented in this paper would provide interesting extensions and generalizations
of the subclasses of harmonic starlike functions with positive coefficients of order
w(l < w < %) based on Miller-Ross-type Poisson distribution and similarly for
convex functions. The details involved in the derivations of such specializations of the
results presented in this paper are fairly straight- forward, hence omitted. Moreover
the study can be extended to meromorphically harmonic functions convoluting with
Poisson distribution [?], Pascal distribution [12] and Borel distribution[43]. Data
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