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Abstract:  SCARA  robot mechanisms can be divided into two categories namely : mechanisms 
consisting of open kinematic chains and mechanisms consisting of closed  kinematic chains. The 
second category includes Double SCARA robot, which comprises a five bar mechanism. The paper 
will propose several variants of mechanisms for Double SCARA robots, modeled by CATIA 
software. 

 
Keywords: SCARA robot, five-bar mechanism, modelling, CATIA software 

 
 
1. Introduction   

The SCARA is acronym for Selective Compliant Assembly Robot Arm or Selective 
Compliance Articulated Robot Arm [1]. It was first developed in Yamanashi University of 
Kofu, Japan by Hiroshi Makino. Today this configuration is adopted by companies all over 
the world like AIBO, COBRA, EPSON, KUKA, STÄUBLI, YAMAHA, for industrial tasks 
and also in the medical field [2]. 

This type of robot has been first used as an industrial robot for pick and place tasks, 
assembly tasks, painting etc. after, entering into the medical field as well. As the name 
describes, the main function is to simulate an articulated arm, having in its structure an open, 
articulated kinematic chain, placed in the horizontal plane of the robot [2]. The described 
mechanism is the serial SCARA Robot. 

Further in this paper the design of a Double SCARA Robot is detailed. The 
configuration is obtained by linking two serial kinematic chains into a closed five-bar- 
mechanism. This new configuration has the advantage of a wider workspace and a higher 
capability to carry loads. 
 
2. Modelling of different configurations of planar five-bar mechanism 

Planar five-bar mechanism is included in the category of parallel mechanisms [3, 4]. 
They may present two versions: the general case (Fig. 1a, ) and the particular case (Fig. 
1b, ). 

To model the five-bar mechanism, kinematic joints and the all system, we utilised 
CATIA V5, because of advantages offered by this software [5, 6]. 

mailto:iosiftempea@yahoo.com
mailto:adriana.livadariu@gmail.com
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For the 3D modelling of the elements, we used CATIA-Part Design product, and for the 
execution design CATIA-Drafting. The assembling conditions required that the elements 
must be having different forms. The definition of kinematic joints we achieved with CATIA-
DMU Kinematics product, obtaining the mechanism with Assembly Design. 
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              a)                                                              b) 

Fig. 1 Five-bar mechanisms 
 
To model the five-bar mechanism, kinematic joints and the all system, we utilised 

CATIA V5, because of advantages offered by this software [5, 6]. 
For the 3D modelling of the elements, we used CATIA-Part Design product, and for the 

execution design CATIA-Drafting. The assembling conditions require that the elements must  
have different forms. The definition of kinematic joints we achieved with CATIA-DMU 
Kinematics product, obtaining the mechanism with Assembly Design. 

The lengths of the elements 1-4, respectively 2-3 are equal (Fig. 1a, b), but the 
assembling conditions required that the elements must be having different forms. Also, for the 
1 and 4 elements we achieved the constructive solution (see Fig. 2a) and the execution design 
is shown in the Fig. 2 b. 

           
                a)                                                                         b) 

Fig. 2 Constructive solution (a) and execution design for 2 and 3 elements (b) 
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For 2 and 3 elements, the constructive solution is represented in fig. 3a, and the 
execution design in fig. 3b. 

  
a)                                                                                 b) 

Fig. 3 Constructive solution (a) and execution design for 2 and 3 elements (b) 
 
With CATIA Assembly Design we have obtained the models of kinematic chains of 

five-bar mechanisms from Fig. 1 (a, b). 

   
                a)                                                                                 b) 
 Fig. 4 Kinematic chains generators of five-bar mechanisms 

 
By mounting of kinematic chains on a support we have obtained five-bar appropriate 

mechanisms (Fig. 5a, b). 

    
a)                                                             b) 

Fig. 5 Five-bar modelled mechanisms 
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The second version of the mechanism (Fig. 5b, d=0) has the advantage of compact 

building, but comparing it to the first version (Fig. 3a, d≠0), the workspace is reduced. 
To double the number of operations that this kind of mechanism can perform, starting 

from the previous configuration, a double five-bar linkage can be built as shown in the Fig. 4. 

 
Fig. 6 Double five-bar mechanism 
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Fig. 7 A new acting solution of the mechanism from Fig. 5b and CATIA‟s design of the five-bar 
mechanism with translation actuator 
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For the particular five-bar SCARA mechanism (Fig. 5b) the actuators are located in fix 
joints, in which case there are some constructive complications. For these reasons, we propose 
a new acting solution of a five-bar mechanism presented in Fig. 7a.  

The design of this mechanism is represented in Fig. 7b. 
 The mechanism act is performed in this manner:  - the distance between the joints A-B modifies thanks to the linear motor action, 

located between joints C-D; 
- the mechanism can rotate around the joint A0, by acting one of element 1, 4. 

In this way, the motors overlap from A0 joint can be eliminated. The command 
parameters are s and . 
 
3. Double SCARA robot models with three degrees of freedom 

To obtain three-dimensional workspace of the SCARA robot on attaches of five-bar 
linkages‟s base a translational joint, to control the vertical translation of the end-effector. This 
way a 3D workspace is defined [7]. This configuration can be also presented as two design 
solutions that can be seen in Fig. 8a (general case d≠0) and in Fig. 8b (particular case ). 

 
a)                                                                                     b) 

Fig. 8 SCARA robots 
 

An application of this type of design is a pick and place robot. In the pictures 5 and 6, 
various positions of the end-effector‟s trajectory are presented. The mechanism‟s trajectory is 
simulated with the DMU Kinematics Module of the CATIA V5 software [6]. 
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Fig. 9 Positions 1 and β of the “pick and place” Double SCARA Robot 
 

   
 

Fig. 10 Positions γ and 4 of the “pick and place” Double SCARA Robot 
 
4. Conclusions 

Double SCARA robots mechanisms can be modularized through two sub-assemblies: a 
five-bar kinematic chain (five-bar linkage) and a support by which it is linked on a 
translational joint. The paper presents several variants of  five-bar mechanisms, modeled 
using CATIA software. These constructive solutions  differ one from another by  
configuration and actuation  mode. Finally, it shows the constructive model of a SCARA 
robot for pick-and-place applications. The models were validated, their operation can be 
watched by an animation program. 
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Abstract:  The paper presents a synthesis of the Double SCARA Robot modelling, leading to an 
optimal solution, from workspace point of view, as well as precision and stability of the end-
effector in performing the planned trajectory. For the design of the final mechanism CATIA 
software has been used, as well as NASTRAN/PATRAN software, for the mechanism analysis 
under mechanical and thermal loads. 

 
Keywords: CATIA, NASTRAN/PATRAN, modelling, mechanical analysis, Double SCARA Robot 
 
 
1. Introduction 

Due to the fact that the workspace depends directly by the element‟s geometry and the 
configuration of the mechanism, a new architecture of the Double SCARA Robot has been 
developed. 

This new architecture of Double SCARA Robot presents a wider workspace, due to the 
additional translation joints, a lighter structure, due to the configuration of a new kinematic 
element and a higher capability for higher workload, due to the doubled structure of a serial 
SCARA robot, was designed. The design is performed using Part and Assembly Module of 
CATIA V5 software [1]. 
 
2. Geometrical configuration of new architecture of Double SCARA Robot 

As mentioned, because of the kinematic element‟s new architecture, the structure is 
lighter and reduces the risk of bending moments at the active joints. 
The new kinematic element used for this manipulator is also a torsion box type, to avoid high 
torque into the elements.  
Two types of design have been used in order to permit assemblage a wide rotation of the joint 
[1]. 

mailto:iosiftempea@yahoo.com
mailto:adriana.livadariu@gmail.com
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Fig. 1 Three-dimensional modelling in Part Module (CATIA software) of a new kinematic element of 

the Double SCARA Robot 

 
 

Fig. 2 Bi-dimensional drawing in Drafting Module (CATIA software) of a new kinematic element of 
the Double SCARA Robot 

 
The mechanism is presented below where all rotational and translational joints can be seen. 
The definition of the mechanism has been performed with DMU Kinematics Module (CATIA 
software). 

 
Fig. 3 Rotation and translational joints of the Double SCARA Robot 
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The translational movements, both in vertical and horizontal are transmitted through 2 
rotation-translation links operated by two electric motors 

The presented mechanism, only by changing its end-effector, the use can be changed as 
well as follows:  Double SCARA Robot for laser engraving tasks. 
 Double SCARA Robot for pick and place tasks. 

 

     
 

Fig. 4 Double SCARA Robot for laser engraving tasks and pick and place tasks 
 

2. Static and dynamic analysis under mechanical and thermal loads 
In order to see the limitations of this kind of manipulator, a study with 

NASTRAN/PATRAN has been performed. The mechanism has been analyzed under 
mechanical and thermal loading to determine its capability [2]. 
 
 
2.1. Finite element model 

For the study, a finite element model of the mechanism has been performed. The 
materials taken into account for this configuration are aluminum 2024T6 for the kinematic 
elements, for its lighter but resistant properties, and steel AISI316L for the support, to add 
mass for balance, due to the fact that the mechanism behaves like a cantilever. 
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Fig. 5 Finite element Model of the Double SCARA Robot 

 
The hypotheses used for the finite element model are [3, 4, 5]:  The analyzed position is a stationary one; 

 The kinematic joints cannot transmit rotational movements around their own axis of 
symmetry; 

 2D elements are used, for the representation of the kinematic elements; 

 3D elements are used for the support; 
 1D elements are used for screws and bolts representation. 
 The structure is clamped, through MPC elements and SPC1 boundary conditions, at all 

its interface points. 
 
 

2.2. Static analysis 
The structure is loaded with a 100N force in the end-effector, to determine the 

capability of the mechanism for the material used and given geometry. 
The maximum stress in the structure is 213Mpa. 
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Fig. 6 Maximum tension of 213MPa under mechanical loads 
 

The bonding elements are the dimensioning ones for the mechanism, with a maximum 
tension of 261MPa and the tension yield allowable of 290Mpa [6]. 

The reserve factor is determined by the formula: 

 

111.1 
VM

allowableyieldRF 


                                                                                 

(1) 
 
Therefore, for a RF of 1, is determined the maximum load that the structure can 

sustain, this load being 110 N. 
 
2.3 Thermo elastic analysis 

These kinds of manipulators can work in quite rough environments with high 
temperatures. In order to determine the maximum temperature at which the robot can work, a 

thermo-elastic analysis has been made. 
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Fig. 7 Maximum Tension at 30ºC temperature gradient 
 

The most loaded part is the structure with 187Mpa, the allowable at yield tension 
being 315MPa [6]. 

 

168.1 
VM

allowableyieldRF 


                         (2) 

 
Therefore, for a RF of 1, the maximum temperature that the manipulator can sustain is 50°C 
 
4. Conclusions 

Studying various designs for the five bar-linkage mechanisms, an optimization of the 
design has been performed, in order to obtain a balance between the workspace, the precision 
of the mechanism and the stability in performing the planned trajectory. 

The geometric shape of the kinematic elements has been optimized in order to reduce the 
torque that can appear during the functionality of the mechanism, as well as the weight in 
order to reduce the bending moments. 
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For a detailed capacity of the mechanism, a study under mechanical and thermal loads 
has been performed. It has been studied the maximum load that the end-effector can sustain 
and the thermal environment in which the mechanism can work. 
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CONSIDERATIONS CONCERNING THE MECHANISM CALLED THE 
CHEBYSHEV’SăPARADOX 
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Abstract. We study the kinetics of the mechanism called the Chebyshev’s paradox. We show the mechanism 
consecutive positions, than detailed according to the trigonometrical dials. We notice complex movements, the 
conducted final part has an irregular movement, with returns. The whole is explained by the appearing of 6 
positions where the last conducted part and the anterior crank superpose or prolong each other, the dead point 
positions where the movements may change the direction. We give the diagrams explaining this ingenuous 
system. 
 
Key-words: Chebyshev‟s paradox, mechanism dead point. 
 
1.Introduction 
 The Russian mathematician P.L. Chebyshev worked too in the mechanism theory 
field, focusing on the analytical synthesis methods, on generating segments (linearization 
mechanisms), useful in locomotives, on the centrifugal regulator and on other mechanisms. 
An interesting mechanism created by Chebyshev is a mechanical paradox. The mechanism 
given in figure 1 [3, 2] contains the ABCM Chebyshev dyad with equal sides. 

 

 
Fig. 1 

  
 Chebyshev calculated the mechanism sizes obtaining the values: 
AB=CB=MB=1; EA=0,557; CE=1,324; FC=1,387; DM==0,584; FD=0,123; ȕ=900 
 If the EA rod does a complete rotation clockwise, then the ED rod does two rotations 
clockwise or four rotations anticlockwise. 
 In [1] we proceed from the Chebyshev dyad to generate a symmetrical curve, one 
point following another given symmetrical curve. Furthermore the given curve is a circle, and 
for the prescribed part sizes we obtain a equilateral triangle-type crank curve with large ray-
round tips. We reach the Chebyshev paradox and realize its animation, noticing that there are 
6 points where the last rod and the connected crank are prolonging each other or superposed 
(figure 2). We check the observations of Chebyshev and we confirm them. 
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Fig. 2 

In [5] we present the Chebyshev‟s paradox and we give various mechanism positions, 
confirming its functioning. In [6] we realize the mechanism animation, following in details 
the movement of the last conducted part. In [7] we give the Chebyshev‟s mechanism, pointing 
out its geometrical sizes. In [4] we studied the mechanism kinetics, obtaining the diagram ψ‟ 
(φ‟), with some difficulties caused by the arctangent function. 
  
2. Research on this mechanism 
 We realized the mechanism scheme in figure 3 and we detailed the CFE triangle in 
figure 4. 

 
 Fig. 3      Fig. 4 

  
 We write the following equations for the positions: 
XE

2=EF2=FC2+CE2                   (1)                   
FE/sin90=FC/sinį=FC/(KC/CE)        (2) 
YE=YF=KC           (3) 
 İ = π-į-90=90-į          (4) 

XC=FCcos İ                    (5) 
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     (6) 

       (7) 

         (8) 

         (9) 

                      (10) 

               (11) 
By their derivation related to time we obtain the equations for speeds: 

              (12) 

               (13) 

                (14) 

                (15) 

                (16) 

                (17) 
 
It results: 
 

                (18) 
 

                       (19) 
 

                         (20) 
 
3. Obtained results  
 Based on the equations above we realized a program obtaining the results above. We 
used the following data, calculated based on Chebyshev‟s data: 
XC=200:XB=XC+132.4*COS(55):YB=132.4*SIN(55):XF=XC-138.7*COS(35) 
YF=138.7*SIN(35):EA=55.7:AB=100:CD=100:BM=100:MD=58.4:FD=12.42.   
In figure 5 we show the kinetic chain to M, obtained on display. In figure 6 we see the crank 
curve realized by the point M, a symmetrical curve. 
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  Fig. 5       Fig. 6 
  
 The successive positions of this kinetic chain are shown in figure 7. 
 

 
Fig. 7 

 
 The coordinate variation of the point M is given in figure 8. 
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Fig. 8 
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The calculated trajectory of M is seen in figure 9. 
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Fig. 9 

 
We are interested especially in the movement of the dyad MDF; the small length of 

EF makes invisible the movement of DF with all the mechanism, so it was shown separately. 
So, in figure 10 we show the successive positions of the part MD, noticing positions with 
many superpositions. 

In figure 11 we show the successive positions of part FD and the trajectory of M, 
noticing irregular movements of FD. 
 

                   
   Fig. 10      Fig. 11 
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The positions of FD on a larger scale are given in figure 12. 
We give the more detailed positions of FD for the trigonometrical dials of φ, so: figure  1γ 
(dial I), figure 14 (dial II), figure 15 (dial III) and figure 16 (dial IV). 
 

                        
  Fig. 12      Fig. 13 
 

               
 
  Fig. 14      Fig. 15 
 
 We notify a great irregularity of the positions of the part FD depending on the rod 
movement, there appear returns, according to the Chebyshev‟s affirmations. The coordinate 
variation of D is given in figure 17. 
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  Fig. 16      Fig. 17 
   
 In figure 18 we see the variations of the angle ψ realized by the final conducted part 
FD by the abscissa; we notice six subintervals where there appear skips, caused by the 
superposed positions or by the prolongation of the parts MD and FD, corresponding to the 
points noted on figure 2. 
 Considering the angular speed of EA equal to 1 (φ‟=1), we obtain the angular speed 
variation of FD (ψ‟) in figure 19; on the same diagram there appears also the situation where 
φ‟=-1. The curves are symmetrical related to the axis x. 
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   Fig. 18     Fig. 19 
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This diagram explains the mechanism functioning. In fact all is due to the dead point 
positions, of which the movement may be in any direction. We realized an experimental 
model but it did not work out, needing large sizes of the parts and very tight tolerances, so the 
movement in joins change the law of movement of the last conducted part. On launching on 
the computer we noticed that in order for the mechanism to function, the length must be 
FD=12.4+0.02. 
 

 
Fig. 20 

 
A dynamic study will simplify the problem, the part inertias help the passage through 

the dead points, in the antecedent direction. Chebyshev used a wooden model (figure 20), 
manually operated, subsequently for neglected inertia forces, following the movement and the 
influence of the dead point positions on the mechanism kinetics. However, the mechanism is 
very ingenuous. 
 
  
4. Conclusions 
 We studied the kinetics of the mechanism called the Chebyshev‟s paradox, following 
the successive positions, including for dials, noticing the existence of the dead point positions 
from which the movement may go on in any direction. We give many examples of 
mechanism position, explaining the situations obtained. We give diagrams explaining the 
functioning of the mechanism. We establish the accurate value of the final conducted part 
length, with tolerance. We conclude that the mechanism is a geometrical curiosity, a dynamic 
study showing that it passes through the dead point positions due to inertia. We notice the 
Chebyshev‟s ingenuity who conceived such a mechanism. 
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Abstract. We study the trajectories generated by the articulated quadrangle, crank-rod and articulated pentagon 
mechanisms, each containing the Chebyshev dyad, characterized by the equality of three segments (two welded 
together), forming a RRR-type dyad. We chose mechanism sizes not mentioned by Chebyshev. We obtain 
symmetrical trajectories for the articulated quadrangle, trajectories formed of lines and circle arcs for the 
crank-rod mechanism and incomplete trajectories for the articulated pentagon because of not observing the 
geometrical conditions for a full rotation of the cranks. 
 
Key-words: Chebyshev dyad, trajectories, fourbar, crank-rod, pentagon. 

 
1.Introduction 
 The Chebyshev dyad consists of a bent rod, with the angle Ȗ among the two bars and 
another part (figure 1), all these segments of length “a”. It is given in [γ], and in [β] it is 
shown how with this dyad, connected to a mechanism, we may create symmetrical curves. 
This dyad was studied thoroughly by Prof. Dijskman within various papers, connecting it to 
other observations on the mechanism geometry. So, in [4] the author connects it to a 
symmetrical Watt mechanism, with 6 bars, we may generate an 8-degree curve. In [1] it is 
synthesized a spherical quadrangle mechanism using functions and the superposition method, 
and finally reaching Chebyshev-type approximation functions. In [6] it is shown how the 
Chebyshev dyad is used for aeolian turbines. The Chebyshev dyad mechanism insures the 
regularization of the turbine paddle position depending on the wind force and direction. In [5] 
it is shown how to generate a symmetrical curve using the Chebyshev dyad (figure 2), with 
the side sizes calculated by Chebyshev and given in [2]. 

 
                 Fig. 1      Fig. 2  

 

mailto:lylyanaluca@yahoo.com
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2. Chebyshev dyad within the articulated quadrangle mechanism  
 This time we did not use mechanism sizes given by Chebyshev. We considered the 
mechanism in figure γ where we see the BCDE Chebyshev dyad, have sides equal to “a”. We 
look for the trajectories generated by the point E. 

 
Fig. 3 

  
We write the following equations: 
XB=XA + AB cosφ;  YB=YA + AB sinφ;        (1) 
XE=XC + a cos(Ȗ-π+α); YE=YC + a sin(Ȗ-π+α).      (2) 
 
 We created a computer program where we used these equations and the RRR dyad 
subroutine. We used the following values, determined by attempts: XA=163, AB=25, a=48, 
Ȗ=variable. We give beneath curves obtained for various values of Ȗ, mentioned under the 
images. 
 

        
 Fig. 4 ( =0)   Fig. 5 ( =10)   Fig. 6 ( =20) 
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 Fig. 7 ( =45)   Fig. 8 ( =60)   Fig. 9 ( =80) 
 

              
 Fig. 10 ( =90)  Fig. 11 ( =100)  Fig. 12 ( =120) 
 

                                 
 Fig. 13 ( =160)  Fig. 14 ( =175)  Fig. 15 ( =180) 

                        
 Fig. 16 ( =210)    Fig. 17 ( =250)  Fig. 18 ( =270) 
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 Fig. 19 ( =300) Fig. 20 ( =330)  Fig. 21 ( =345) 
  
 We notice that all curves generated are symmetrical, the symmetry axis varying from 
an angle to another. 
 
3. Chebyshev dyad within the crank-rod mechanism 

For the mechanism in figure 22, where AB=BC=BD=a, we write the equations: 
XB =XA + a cosφ;  YB=YA + a sinφ;         (3) 
XB=S + a cos α;  YB=a sin α;         (4) 
XD=XB + a cos(Ȗ-π+α);   YD=YB + a sin(Ȗ-π+α).       (5) 

 

 
Fig. 22 

 Here we also look for the trajectories generated by a point, D. In figure 23 we show 
the mechanism generated for a position with the sizes: AB=a=60, Ȗ=ββ0. 
 Furthermore we worked with Ȗ=1β0. In figure β4 we show the consecutive positions 
of the mechanism. 
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 Fig. 23       Fig. 24 
  
 We notice the generation of segments and of a circle arc; in figure 25 we may see this 
trajectory. 
 Because from an equation already mentioned we calculate sin α, and furthermore we 
need too the value of cos α, we use the sign in front of the radical, which may change. The 
trajectory in figure 25 connects to Se=-1, and the one in figure 26 to Se=+1, the same, but 
displaced in the base part of the image. 
 In order to explain the way to obtain this trajectory, we checked the movement in the 
trigonometrical dials: figure 27 – dial I, figure 28 – dial II, figure 20 – dial III, figure 30 – dial 
IV. For dial I we notice that the trajectory is a segment. 
 
 

                                          
  Fig. 25     Fig. 26    Fig. 27  
 For dial II the trajectory is a circle arc. The cause consists of that φ=90 CB segment is 
superposed on AB segment, furthermore acting as AB rod, meaning S=0, and point C remains 
in the center of the axes system. The same applies to dial III. 
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  Fig. 28    Fig. 29    Fig. 30 
   
 In dial IV, after the rod passed φ=β70 degrees, we come back to the trajectory after a 
segment, with S not zero and larger than zero. 
 In conclusion, for the crank-rod mechanism we do not obtain spectular trajectories. 
 
4. Chebyshev dyad within the articulated pentagon mechanism 
 We consider the articulated pentagon mechanism in figure 31, similar to the 
quadrangle in figure 3, with the GD part besides. The Chebyshev dyad is BCDE. The new 
conductor part GD may rotate independently of the AB conductor, or dependently by a linear 
equation  .c , modifying “c” from a case to another. 

 
Fig. 31 

 
 We used the following input: XA=63, AB=25, a=48, GD=γ0, Ȗ=156. Beneath we give 
the trajectories generated for various values of “c”, values mentioned under the images. 
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 Fig. 32 (c=1)     Fig. 33 (c=0) 

                                  
  Fig. 34 (c=0,1)    Fig. 35 (c=0,2) 
 
 

                                                     
  
  Fig. 36 (c=1,1)    Fig. 37 (c= – 0,1) 
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 Fig. 38 (c= –1)  Fig. 39 (c= – 0,9)  Fig. 40 (c= – 1,2) 
 
 We notice that some curves are symmetrical, and others are asymmetrical, some being 
incomplete, with different branches. 
 Furthermore we worked with GD=50, obtaining the images beneath. 
 

                        
  
 Fig. 41 (c=1)        Fig. 42 (c=0,1) 
 

                      
Fig. 43 (c=0,9)    Fig. 44 (c=0,2) 
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 We notice that other curves are generated, consequently the GD rod length influence 
the generated curves. And here, as in the examples above (still for the pentagon), there appear 
incomplete curves and more branches, caused by the Grashof-type conditions avoiding the 
complete rotation of both rods, for the adopted sizes. Furthermore the “c” value influences the 
position of the point D and of the rod GD related to AB, which modifies the conditions 
concerning the complete rotations. 
 
5. Conclusions 
 It checked by many examples what trajectories are obtained for three types of 
mechanisms using the Chebyshev dyad, but with sizes not calculated by him. For the 
articulated pentagon mechanism we obtained symmetrical curves, but not spectacular. For the 
crank-rod mechanism the trajectories are not interesting because the rod and the crank are 
equal, they superpose within dials II and III, acting as a unique rod. For the articulated 
pentagon the curves are not special, generating many incomplete curves, or more different 
branches, caused by the values of “c” and by the part lengths, so they do not observe the 
complete rotation conditions of both rods. 
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Abstract. A synthesis for a mechanism relying on a sequence of articulated quadrilaterals which 
plot lunules along a penthagon is made. The plotting is successful. The speeds of plotting points 
are neither equal, nor constant. Afterward the synthesis of another mechanism, relying on a 
sequence or articulated  parallelograms is performed. In this case the lunules’ plotting was made 
at constant speed. 
 
Keywords: Hyppocrates‟s lunules, mechanism to plot lunules 

 
 
1. Introduction 

The lunule, similar to a half-moon, represents a surface between two arcs of circle: one 
belongs to a circle on which a chord AB is placed, the second one is built along that chord, 
with the radius AB/2 and the centre in the middle of the chord. Hyppocrates from Chios (430-
380 B.C.) has tried to solve the squaring of a circle – that is to built (by using only a only the 
ruler and compass) a squre with aria equal to that of a circle [2]. Ferdinand von Lindemannn 
has proven in 1882 that this technique cannot be successful, because of the irrational character 
of the constant  . 

[3] presents an analysis of lunules and surfaces at isosceles triangles. Other 
demonstrations are provided by [4]. The case of a rectangular triangle is also approached in 
[5]. Detailed calculations are given in [6] with respect to the values of some surfaces for 
lunules when dealing with rectangular, isosceles and equilateral triangles. The correlation 
between the surfaces of lunules and that of a triangle, by using the Pitagora‟s Theorem, is 
demonstrated in [7]. δunules are also plotted for a hexagon, by computing the lunules‟ arias. 

A synthesis of two mechanisms plotting lunules is made in [1]. One is plotting lunules 
along the sides of a rectangular triangle, the other is plotting lunules along the sides of a 
square. To our knowledge, no other information on mechanisms generating lunules could be 
found in the specialty literature.  

 
 

2. Synthesis of a mechanism for plotting lunules 
Fig. 1 represents the starting point. It depicts a pentagon with notations on the angles 

presenting interest. The point B from the crank AB is plotting the arc HBF. The lunule for this 
side is obtained as the surface between the traced arc of circle and the arc with the radius OF, 
generated by a leading crank, as independent leading element. In order to avoid useless 
elements on the drawing, only the lunules corresponding to two sides are studied. The 
mechanism for the other sides is conceived in a similar manner.  
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The solving was made by using an articulated quadrilateral mechanism (ABCD), where 
CD=AB=a/β, BC=a. The sides AB and CD are not parallel and „a” represents the length of 
the pentagon‟s side. 
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Fig. 1. Articulated quadrilateral mechanism used to plot lunules 
 

The following equations can be written by using Fig. 1: 
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Calculations with respect to ABCD are made from this point on.  
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Fig. 2 depicts the pentagon and the quadrilateral mechanism for a certain position, 
generated by a program relying on the above equations, which call a procedure dedicated to 
the quadrilateral mechanism.  

The point B is running from H up to F whilst C is running from F up to G. It means that 
the crank AB will cover an angle equal to 180o. 

Fig. 3 depicts the successive positions of the mechanism for this range, corresponding to 
the plotting of two lunules. 

 
 

         
     
       Fig. 2. The articulated quadrilateral mechanism                     Fig. 3. Successive positions  

   in a certain position            of the mechanism          
   

It is easy to see that the rod BC is not parallel to previous positions of itself and the 
point C moves with a variable speed across the arc FCG. The angles FDC are variable (feature 
specific to an articulated quadrilateral). The point C reaches the position D. The figure 
represents a sub-range out of the rod‟s route – the explanation residing in the high value of the 
step  chosen for cycling.  

Fig. 4, representing the lunules plotted for both analyzed sides, reveals that C reaches 
the position G. Fig. 5 depicts the successive positions of the cranks plotting both lunules.  
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Fig. 4. Lunules plotted across both   Fig. 5. Successive positions of the cranks   
analyzed sides of the pentagon                                 AB and CD which plot both lunules   

 
Providing that an articulated parallelogram mechanism is used (Fig. 6), the deficiencies 

occurred when using an articulated quadrangle are avoided. In this case the lunule from the 
side HF, instead of being plotted by the point B, is plotted by the crank AP, made rigidly 
secured with AB, but shifted to it by the angle between the pentagon‟s sides. 
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Fig. 6. Plotting lunules with the articulated parallelogram mechanism  
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 The following equations can be written: 
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A program was conceived and used to plot the mechanism for a certain position (Fig. 7).  
The successive positions of the mechanism are depicted by Fig. 8. One can see that the 

point B, which does not plot lunules, overcomes the point F. The crank AP stops in F – at the 
end of race. This represents a drawback for this mechanism. 

 
 
 

                   
  

Fig. 7. Articulated parallelogram mechanism        Fig. 8. Successive positions of the              
mechanism 

  
 Fig. 9 depicts the cranks AP and DC which plot lunules. The yielded lunules are given 

in Fig. 10.  
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    Fig. 9. The positions of the cranks                      Fig. 10. Two lunules plotted along the sides 

AP and DC which plot lunules                                         HF and FG of the polygon 
 

 For the rest of the polygon‟s sides, shifted cranks (by an angle of 108o) cranks and 
parallelogram are built, in a manner similar to that described above.  

 
 

Conclusions 
- Two mechanisms were conceived in order to generate lunules along the sides of a 

polygon with 5 sides. 
- The first mechanism used to plot lunules was built by using a sequence of articulated 

quadrangles.   
- The speeds of plotting points are not equal to each other.  
- A second mechanism was built afterward. It relies on a sequence of some articulated 

parallelogram mechanisms. The cranks are shifter relative to the leading ones.  
- The lunules are plotted with constant and equal speeds.  
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Abstract. A synthesis for a mechanism generating lunules across the sides of an equilateral 
triangle is performed. The mechanism consists of an articulated quadrilateral, prolonged with a 
RRR dyad. It is proved that lunules can be generate, but the speeds of plotting points are neither 
equal, nor constant. The synthesis of another mechanism, composed of two articulated 
parallelograms is afterward performed. Delayed cranks are used this time and consequently equal 
speeds are obtained. 
 
Keywords: Hyppocrates‟s lunules, mechanism to plot lunules 

 
 
1. Introduction 

A lunule represents a plane geometric surface with a half-moon shape. It is built across 
a chord on a circle and it is delimited by the arc from a circle and another arc of circle, built 
across that chord, now representing the diameter for the new arc. 

 Hyppocrates from Chios (430-380 B.C.) has built lunules across the sides of a 
rectangular triangle. The small surfaces from the basis of people fingers‟ nails are also called 
lunules.  

[3] presents an analysis of lunules and surfaces at isosceles triangles. Lunules generated 
along the sides of a trapezoid are studied in [4]. A history of Hyppocrates‟s lunules is 
presented in [5], along with their analysis when considering a isoscel rectangular triangle and 
a trapezoid. The lunules‟ aria is computed in [6] for a regular triangle. Geometrical aspects of 
lunules are approached in [1], along with details on the modality to construct. A synthesis of a 
mechanism used to trace lunules for a rectangular triangle can be found in [1]. Here is also 
provided a description for a mechanism used to plot lunules along the sides of a square. No 
other similar information was found with respect to lunules‟ plotting in the specialty 
literature.  

 
2. Synthesis of the first mechanism 

An equilateral triangle GHK was firstly built (Fig. 1). The angles which present interest 
for our paper are emphasized. The generated lunules are between the circle of radius OH and 
centre in O - described by the road OH, and arcs of circle whose diameters are the sides of the 
equilateral triangle. OH is a separate leading element, not related to the mechanism which 
generates the other arcs of lunules. 

The mechanism‟s synthesis is made by noticing the following particular movements. If 
the road AB is rotating and the point B is plotting the arc corresponding to the lunule from the 
side GH, starting from G, then the point C, starting from H is plotting the arc corresponding to 
the lunule of the side HK. The articulated quadrilateral mechanism ABCD is built as 
described above.  
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For the lunule corresponding to the side KGM, a tracing point F is used. F belongs to 
the element EF which belongs to the dyad BFE of type RRR, added to the quadrangle. 

In this way a mechanism DCBAFE was obtained. It consists of a leading element and 
two dyads.   

 

x
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0
.5

a

 
 

Fig. 1. Mechanism with two dyads tracing lunules 
 

The following equations can be written: 
 aBFBCGHKGKH                                         (1) 

 oo aGHEH 30cos30cos                                           (2) 
OaEG 30sin                                                      (3) 

o

a
R

30cos

5,0                                                         (4) 

 oROEODOA 30sin                                          (5) 


 


o

A

o
A

OAy

OAx

30sin

30cos
                                                   (6) 







AD

AD

yy

xx
                                                         (7) 







OEy

x

E

E 0
                                                        (8) 

 aEFCDAB 5,0                                              (9) 
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 
 










sin
2

cos
2
a

yy

a
xx

AB

AB

                                        (10) 








OAy

a
x

G

G 2                                                   (11) 







OEay

x
o

H

H

30cos

0
                                        (12) 








GK

K

yy

a
x

2                                                    (13) 

 
A program was built to trace the mechanism for  =55o  (Fig. 2). 
 

                      
Fig. 2. The mechanism in a certain position                    Fig. 3. Successive positions  
 
Certain successive positions of the mechanism are depicted by Fig. 3. As long as the 

quadrilateral mechanism does not provide constant angles of the rocker CD, when rotating the 
road AB at constant angles one can notice crescent values for the angle CDH toward the zone 
neighboring K. When the cycling step is adopted to get more clarity for the drawing, a higher 
angle is obtained toward extremity. The same phenomenon is noticed in the zone EK.  

One can see that for small cycling steps, these areas are swept too. Fig. 4 depicts the 
lunules traced with this mechanism across the three sides of the triangle. 
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 Fig. 4. Traced lunules            Fig. 5. Successive positions of radii      Fig. 6. Arcs at a certain moment  
 

Fig. 5 depicts the successive positions of the elements AB, CD and EF for an 
operational cycle.  

Variable angles can also be noticed at the road CD. The different speeds of the tracing 
point are emphasized by Fig. 6. Here, for the same range of variation of the generalized 
coordinate, the traced curves have different lengths. Only at the end they get fulfilled. The 
arcs traced at a given moment are presented here. 
 
 
3. Synthesis of the second mechanism 

The second step was to realize the synthesis of another mechanism, relying on a 
sequence of articulated parallelograms, each having two welded cranks (Fig. 7). The 
mechanism is represented by dashed lines. The lunule across the side GH is plotted by the 
point P belonging to the crank AB, welded to AB1. The lunule across the side KH is traced by 
the point P1 from the crank DP1, welded to the crank DC, and the lunule across the side KG is 
traced by the point C2 from the crank EC2. 
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Fig. 7. The second mechanism, built across a sequence of parallelograms  
 

Based on the angle  between the crank AB1 and the abscissa, on the coordinates of the 
points A, D, E (provided by the corresponding equations) and on the equations (6), (7) and 
(8), we get: 

ADCB 1                                                         (14)   
 





060sin5,0

60cos5,0

ayy

axx

DC

o
DC                                         (15) 

  
 


o

AB

AB

ayy

axx

60sin5,0

60cos5,0

1

0
1




                                        (16) 

  
 


o

AP

o
AP

ayy

axx

60sin5,0

60cos5,0




                                      (17) 

  







120sin5,0

120cos5,0

1

1

ayy

axx

DP

DP                                      (18) 

  
  








2sin5,0

2cos5,0

2

2

ayy

axx

EC

EC                                       (19) 

  







sin5,0

cos5,02

ayy

axx

D

DB                                         (20) 
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The resulting mechanism is given by Fig. 8, which also presents both shifted cranks. 
Fig. 9 depicts the successive positions of the mechanism. 

 

                  
Fig. 8. The mechanism in a certain position                     Fig. 9. Successive positions  
 
The successive positions of the plotting cranks are presented by Fig. 10.  
 

     
 
Fig. 10. Positions of plotting cranks          Fig. 11. Lunules            Fig. 12. Curves at a certain moment  

 
Fig. 11 presents the lunules traced by this mechanism across the three sides of the 

equilateral triangle.  This time the curves‟ plotting is performed at constant speeds (Fig. 12), 
unlike the case of articulated quadrilaterals. The curves plotted at a certain moment are also 
plotted and one can see that they are equal.  

 
Conclusions 
- The synthesis of two original mechanisms was performed. They plot lunules across the 
sides of an equilateral triangle.  
- The first mechanism relies on an articulated quadrilateral, prolonged with a dyad of type 
RRR.  
- The checking of the mechanism‟s successive positions demonstrated its correct operation. 
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- Because at this mechanism the last driven element has angles which are variable from one 
position to another (and therefore exhibits a non-uniform movement), the lunules, although 
correct, are plotted with variable speeds. 
 
- The second mechanism relies on two articulated parallelograms, with shifted cranks, welded 
to real cranks from mechanism. 
- In this last case the lunules‟ plotting speeds are equal and constant. 
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DETERMINATION OF THE TECHNICAL (GEOMATRICAL) 
DEVIATIONS EXPRESING IN PLÜCKER COORDINATES  FOR 4R 

ASYMMETRICAL QUADRILATERAL MECHANISM 

Ion BULAC 
Doctor, University of Pitești, email: ionbulac57@yahoo.com 

Abstract-The technological (geometrical) deviations which inevitable appear during the 
manufacturing and montage process at the component elements of the mechanism lead to 
supplementary efforts in the kinematic pairs.Being statically undetermined, for  calculating the 
reactions it is using  the elastic linear calculation For this is necessary the knowledge  the forms of 
the technical (geometrical) deviations in the general system of reference for writing the  the  
equations of elastic balanced.This paper presents the calculation modality of these deviations . 

         Keywords:  cardan joint, kinematic pair, quadrilateral mechanism, cardan transmission . 

1. INTRODUCTION 
The technical (geometrical) deviations lead to supplementary efforts in the kinematic 

pairs and changes the  kinematic parameters of the mechanism.This deviations are defined in 
the local systems of reference  of the elements.Mechanism elements are found in different 
systems of reference [1,2].The equations of elastic balanced for calculating the reaction from 
kinematic pairs are written in the chosen general system of reference.In this paper is presented 
the mathematic model for passing the geometrical deviations from the local systems of 
reference  in the general system of reference of the mechanism.  
 
2. GENERAL ASPECTS 
 

 

 
 
 

Fig.1 Angle bar 
 

It is considered the angle bar ABCD [3] (see Fig. 1) made of the sections AB, BC, 
CD.  Because of the geometrical deviations   the bar is distorted and the normal sections from 
A and D reach the position DA , .These displacements are small and defined by the low 

rotation vectors DA  ,  and by the small displacements  

mailto:ionbulac57@yahoo.com
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AAA   ; DDD   of points A and D. In the local reference systems with the 
abscise along the bars AB, CD and with the other axes along the other main central inertia                           
axes of the sections, the displacements are assigned the    column matrixes of the plücker 
coordinates  

       TDzDyDxDzDyDxD
T

AzAyAxAzAyAxA ,,,,,;,,,,, 
  

(1) 

then the displacements of the sections from A, D expressed in the OXYZ  system, are [3,4]: 

         DCDDAABA T;T       (2) 

where  ABT  ,  CDT  , are the position matrixes of the local reference system towards the 

system OXYZ  

3. GEOMETRICAL DEVIATIONS AT 4R ASYMMETRICAL SPHERICAL 
QUADRILATERAL  MECHANISM 
   
  It is considered the 4R asymmetrical spherical quadrilateral mechanism [1,2],  (see 
Fig. 2) with the axes OA, OB, OC, OD  concurrent in O and also considered that the parts 

AB, BC, CD have geometrical deviations  CBA
~

,
~

,
~  ., deviations considered in general 

system of reference.               

 

Fig. 2. The 4R Asymmetrical spherical quadrilateral mechanism 
 

The deformation of part AB, indexed with the number 1 is defined by the 

displacement of the section noted with  Bs

~  and then:      sBAAB
~~~

1
       

(3)      

The deformation of part BC, indexed with number 2 is  dB
~

2  and the deformation of 

part CD, indexed with 3 is sD
~

3  and to that is added the displacement  D~  of the bearing, so 

results:          DsDCDsCBC
~~~

;
~~  32      

(4)   
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In the elastically linear calculation it is considered that the kinematic pair from A is 
fixed and the technical deviation of the AB element, represented in Fig. 3, is given in the local 

reference system Bxyz , by the small rotation angle l
B  and by the small 

displacement BBl
B  . 

 
Fig. 3. The technical deviation of element AB 

In plücker coordinates [3,5], the deviations  l
B  , in the local system of referenceBxyz  

is written under the form:    Tl
Bz

l
By

l
Bx

l
Bz

l
By

l
Bx

l
B ,,,,, 

     
(5) 

where  Tl
Bz

l
By

l
Bx

l
Bz

l
By

l
Bx ,,,,,  are the projections on the local axis of the vectors l

B
l
B , . 

It is considered the reference systems [4]:     
 000 ZYOX , fixed system; 

 00ZYXO  , obtained by rotating the reference system 000 ZYOX ,around the axis 0OY  with 
the angle , that contain the elements of exit fork (see Fig. 4,a); 

 ZYOX 
0 , obtained by rotating the system 000 ZYOX around the axis 0OX  with the angel 

1 ,  that contain the elements of entry fork (see Fig. 4, b); 

   0YZXO , obtained by rotating the system 00ZYXO   around the axis XO with the angle 

2 , that contain the elements of cardan cross (see Fig. 4,c); 

 iii zyix , D,C,B,Ai   the local systems of reference.  

 
                       a                                                 b                                                         c 

Fig. 4. The mobile reference systems 
(a – 00ZYXO  ; b – ZYOX 

0 ; c –  0YZXO ) 
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Notating next with  

    Tl
iz

l
iy

l
ix

l
iz

l
iy

l
ix

l
i ,,,,,  , D,C,B,Ai  -geometrical deviations in local systems 

of reference  

    Tiziyixiziyixi ,,,,,  , D,C,B,Ai  -geometrical deviations in systems of 

reference, 00ZYXO   ,   ZYOX 
0  , 

 0YZXO   . 

    Tiziyixiziyixi
~

,
~

,
~

,
~

,
~

,
~~  , D,C,B,Ai  -geometrical deviations in general system 

of reference .  
Solving the equations system of elastic balanced [3]  , written for this mechanism who is 
multiple statically undeterminate  are obtained the relations for the relativ rotations    and for 

the rection forces from kinematic pair A under form [3] , where appears  ~  which to be 

calculated: 

                      ~
UKR;

~
KUUKU

~
ADAADAD

1

  (7) 

The deviations are first locally defined and then in one of the three reference systems 
ZYOX 

0 , YZOX  , 
 0YZXO    that do not depend on 21, and then in the system 000 ZYOX  

and under this form by summing:        CDBCAB  ~~~
     (8) 

the relation (7) are involved. 

4. THE GEOMETRICAL DEVIATIONS IN THE MOBILE REFERENCES SYSTEMS  

00ZYXO   ,   ZYOX 
0  , 

 0YZXO   . 

The calculation of  AB . (see Fig. 5) 
 The deviation from A, in local reference system 

AAA zyAx  is writed under the form    Tl
Az

l
Ay

l
Ax

l
Az

l
Ay

l
Ax

l
A  ,,,,,

  
(9) 

 
OAXA  ,   0AY ,   0AZ   (10) 

         Fig.5. Entry fork 

 

           
    




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




























AAA

A

AA

A

AA
RRG

R
T;IR;

X

XG
0

100

010

001

00

00

000

 

(11)                                  

    l
AAA T 

     
(12) 



 Fiabilitate si Durabilitate - Fiability &  Durability    No 1/ 2016 
 Editura “Academica Brâncuşi” , Târgu Jiu, ISSN 1844 – 640X 

 
 
 
 
 
 
 

52 

The deviation from B, in local reference system BBB zyBx  is writed under the form (5)    Tl
Bz

l
By

l
Bx

l
Bz

l
By

l
Bx

l
B ,,,,,   

                                     0BX ,      0BY ,      OBZB  ;                                         (13) 

 

           
    





































BBB

B

BB

B

B

B
RRG

R
T;IR;

Y

Y

G
0

100

010

001

00

000

00

 

(14) 

                                                      l
BBB T 

     
(15) 

The calculation of  BC . (see Fig. 6) 

   The deviation from C, in local reference system CCC zyCx  is 

writed under the form 

   Tl
Cz

l
Cy

l
Cx

l
Cz

l
Cy

l
Cx

l
C ,,,,, 

  
(16)

                               
 

  0CX , OCYC  , 0CZ    (17)  
                Fig. 6. Cross 
 

 

           
    
































 

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C
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C

C

C
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R
T;IR;

Y

Y

G
0

100

010

001

00

000

00

  

(18)         

    l
CCC T 

      
(19)   

The calculation of  CD . (see Fig.7) 

The deviation from D, in local reference system 

DDD zyDx  is writed under the form    Tl
Dz

l
Dy

l
Dx

l
Dz

l
Dy

l
Dx

l
D ,,,,, 

  
(20)

   
     

ODXD  ,  0DY ,   0DZ      (21)
       

              Fig.7. Exit fork
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DDD T                                                  (23) 

5. THE GEOMETRICAL DEVIATIONS IN GENERAL  SYSTEM OF 
REFERENCE 000 ZYOX   

The calculation of  AB

~
               

     AABA T
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0
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R
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                               BAABBABB

~~~
;T

~  ;                                               (26) 
 

The calculation of  BC

~          CBCCBCC

~~
;T

~        (27) 
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
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22121 0

0

0

cscsss

scssc

sscsscc

R;
R

R
T BC

BC

BC
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(28)

         

The calculation of  CD~      DCDD T
~  ;    DCD

~~       (29)
 

 
                 

(30) 

The angle 2  is are calculed with the expressions of the form [4]:  
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
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2
2
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2

2

3
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3
2

3

2

1
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2
0

1
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1
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1
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2

<);tg
c

(arctg

;

<);tg
c
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;

<);tg
c

(arctg

                                                 

(31) 

6. CONCLUSIONS 
 
  By using the plücker coordinates and the method of relative displacements [5]. it is 

possible to obtain final analytical results for calculating the influence of technical deviations 
over the efforts from the 4R asymmetrical spherical quadrilateral mechanism, multiple 
statically undetermined. Using this mathematical model, make possible the elaboration an 
calculation algorithm that by numerical simulation can highlight the influence of different 
technical deviations that appear in the mechanism elements.  
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DETERMINATION OF THE TECHNICAL (GEOMATRICAL) 
DEVIATIONS EXPRESING IN PLÜCKER COORDINATES  FOR 4R 
SYMMETRICAL SPHERICAL QUADRILATERAL MECHANISM  

Ion BULAC 
Doctor, University of Pitești, email: ionbulac57@yahoo.com 

Abstract-The technological (geometrical) deviations determine in the intermediate couples of the 
mechanism supplementary efforts due to restrained movement. The 4R asymmetrical spherical 
quadrilateral mechanism is multiple statically indeterminate, and for  calculating the reactions  
from the kinematic pairs it is applied the elastic linear calculation using the relative displacements 
method. The equations of elastic balanced are written in the general system of reference.For this 
is necessary the knowledge  the forms of the technical (geometrical) deviations in the general 
system of reference.This paper presents the calculation modality these deviations . 

         Keywords:  cardan joint, kinematic pair, quadrilateral mechanism, cardan transmission . 

1. INTRODUCTION 
The technical (geometrical) deviations lead to changing of kinematic parameters and to 

the supplementary efforts from kinematic pairs of the mechanism.The technical (geometrical) 
deviations are defined in the local systems of reference of the elements .In mechanism, the 
elements are found in different systems of reference [1,2]. The equations of elastic balanced 
are written in the chosen general system of reference.In this paper is presented the mathematic 
model and the necessary relations for passing the geometrical deviations from the local 
systems of reference in the general system of reference of the mechanism. 

2. THE TECHNOLOGICAL (GEOMETRICAL) DEVIATIONS AT  THE 4R 
SYMMETRICAL SPHERICAL QUADRILATERAL MECHANISM 

It is considered the 4R symmetrical spatial spherical mechanism (see Figure 1), and the 
reference systems 3: 

 

Figure 1. The 4R symmetrical  spherical quadrilateral mechanism 

 000 ZYOX , fixed system; 

 00ZYXO  , obtained by rotating the reference system 000 ZYOX ,around the axis 0OY  with 

mailto:ionbulac57@yahoo.com
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the angle (see Figure 2,a); 
 ZYOX 

0 , obtained by rotating the system 000 ZYOX around the axis 0OX  with the angle 

1  (see Figure 2, b); 

   0YZXO , obtained by rotating the system 00ZYXO   around the axis XO with the angle 

2  (see Figure 3,c); 

 

                  a                                                b                                                 c 
              Figure 2. The mobile reference systems  (a – 00ZYXO  ; b – ZYOX 

0 ; c –  0YZXO ) 

Notating next with    ii
l
i

~
,,  , s,d,d,s,s,d,d,s,s,Ai 865653232   the technological 

(geometrical) deviations expressed in plücker coordinates 4,5 in the local systems of 
reference, the mobile systems of reference ZYOX 

0  , 00ZYXO      , 
 0YZXO , and in the general 

system of reference  s,s,Ai 32 , for the entry fork at joint A, 1 and 2 ; 

  s,s,d,di 6532 , for the cardan cross at joint 2, 3, 5 and 6;  

  s,d,di 865  for the exit fork  at joint 5, 6 and D; 

3. CALCULATION OF THE TEHNICAL (GEOMETRICAL) DEVIATIONS IN THE 
MOBILE REFERENCE  SYSTEMS ZYOX 

0  , 00ZYXO      , 
 0YZXO  

 
Notating with:  

      iii Z,Y,X  - the coordinates of the origins of the local systems of reference where 

deviations are defined; 

      iii T,G,R  , s,d,d,s,s,d,d,s,s,Ai 865653232  ,the rotation,  translation, position  

matrixes of the local reference systems towards the systems ZYOX 
0  

 

( s,s,Ai 32
 

)

 

, 

00ZYXO   ( s,s,d,di 6532
 

) , 
 0YZXO  ( s,d,di 865

 

); 

Then 4,5 
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       
         T;
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












 0

0

0

0

     

(1)   

4. CALCULATION OF THE TEHNICAL (GEOMETRICAL) DEVIATIONS IN THE 
GENERAL SYSTEM OF REFERENCE 000 ZYOX  
Notating with:  

      jjj T,G,R  , CD,BC,ABj   ,the rotation, translation, position  matrixes of  the 

systems ZYOX 
0  

 

( ABj 
 

)

 

, 00ZYXO   ( BCj 
 

) , 
 0YZXO  ( CDj 

 

) towards the 

system 000 ZYOX  ; 

    0jG , (the origin of the mobile systems of reference coincides with the origin of 

the general system of reference) ; 
Then 4,5 

     
        T

~
;

R

R
T iji

j

j

j 





0

0

    

(2)   

ABj;s,s,Ai  32 , for the entry fork ; BCj;s,s,d,di  6532 , for the cardan cross, 
CDj;s,d,di  865  for the exit fork ; 

The relations for calculating the geometrical deviations  expressed in plucker coordinates are 
presented  in TABLE 1 for each element of mechanism. 
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TABLE 1 
  A

~  the displacement of the bearing 
from A and the displacement of 

crosses tail 1  
   Tl
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l
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l
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l
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6. CONCLUSIONS 

The mathematic model for calculating the geometrical deviations in general system of 
reference, presentet in this paper, make possible writing the equation of elastic balanced and 
determination of  the reaction from kinematic pairs of the mechanism which is multiple 
statically indeterminate. 
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Motto; The Gaussian copula had „killed Wall Street‟ and „devastated the global economy‟.      
Felix Salmon, Recipe for Disaster: The Formula That Killed Wall Street, WIRED, 2009  
   
 
Abstract The copula function offers new opportunities for advanced engineering design and can model 

correlated structures between random variables in reliability; in other words the dependence can 
describe time varying and nonlinear features of statistical links of marginal distributions. The 
paper proposes the study of reliability block diagrams by the analysis of the bridge model with 
links like serial-parallel, parallel-serial, based on total probability formula. The proposed 
reliability model built by copula functions is a new possible variant for statistical approach in the 
quality practice. 

 
Keywords: quality, reliability, dependence, block model   
 
 
1. Introduction 

Reliability is an important and challenging subject, which involves the disciplines of 
science and engineering. Researchers in both these fields have been working on reliability 
problems for several decades, to summarize various ageing and dependence concepts of the 
lifetimes that have been widely studied in the field of reliability [9].  

The study of the system's reliability considers usually the components as independent, 
particularly in the case of reliability block diagrams. 
In reality there are the mathematical usages “dependent variable” and “independent 
variable”.These have been extremely effective in producing confusion when dealing with 
data. An event is dependent when the probability of its happening is altered by the happening 
of some other.  

The dependence function enables the study of interdependences of different 
characteristics in the reliability engineering too, which includes link between components, 
materials, environment, etc. The probability of failure of a structural component with given 
marginal distributions and correlation coefficient of two variables cannot be determined 
uniquely. 

A possibility to describe the implicit and explicit dependencies between random 
variables is the concept of copula (the name comes from the Latin for "link" or "tie", similar 
but unrelated to grammatical copulas in linguistics).  
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Copulas are popular in the high-dimensional statistical applications as they allow 
easily modelling and estimating the distribution of random vectors by estimating marginals 
and copulae separately. The concept of „„copulae,‟‟ is a tool for understanding relationships 
among multivariate outcomes. A copula is a function that links univariate marginals to their 
full multivariate distribution. Copulas were introduced in 1959 in the context of probabilistic 
metric spaces [3].  
In this paper, the goal is limited to the dependence functions (copulae) that are relevant to 
reliability analysis and particularly for the block diagrams. 

Copula is a device that fully quantifies the dependence among random variables.The 
multivariate normal distribution has been studied since the 19th century. The normal 
(Gaussian) copula has even come to the attention of the general public due to its use in the 
valuation of structured products and the decline of these products during the financial crisis of 
2007 and 2008 [6]. 
The Gaussian copula C of bivariate normal distribution with linear correlation coefficient R is: 

             (1)                    
where  is the joint distribution function  of the bivariate standard normal distribution 
function and denotes the inverse of the distribution function of the univariate standard 
normal distribution [5]. In the bivariate case the copula expression can be written as [2]: 
 

         (2) 

 
2. Copula models and software  
There are many parametric copulae families available, which usually have parameters that 
control the strength of dependence [3, 10].  
Even the simplest computer aided processing data for reliability models becomes difficult 
without specialized applications. An extended presentation of the statistical software was 
presented in [8]. More accessible software solutions are suggested in [7]; such a solution for 
the calculus of the bivariate standard normal distribution is illustrated in fig.1a and b. 
 

  
Fig.1a The Bathtub Curve    Fig.1b A  Polynomial hazard-rate function: 
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A possible illustration of the numerical results herein above is presented in fig. 2a for 
the cloud of experimental data and in fig.2b for the bivariate normal function. 
  

 
 

Fig.2a  3D scatterplot of C3 vs C2 and C1          Fig.2b Response surface plot of C3 vs C2 and C1 
 
3. Case study 

A structure is considered complex, when the reliability block diagram either cannot be 
reduced to a series-parallel structure with independent elements or does not exists. For 
instance, a reliability block diagram does not exists if more than two states (good/failed) or 
one failure mode (e.g. short/open) must be considered for an element of the system. 

Moreover, the reduction of a reliability block diagram to a series-parallel structure 
with independent elements is in general not possible with distributed structures or when 
elements appear in the diagram more than once [1]. 

As an example it was investigated a few different (classical) reliability block diagrams 
[9] with dependences and copulae functions (Fig.3a, 3b, 3s). The working variant used fix 
values for the time t. Standard notations are: P= Probability; R=Reliability; F=Failure 
function (Cumulative distribution function); C=Copula.   
 
Parallel-serial system (fig.3a) 
R1;2(t)=1-F1;2(t)=1- P1;2(T1≤t  T2≤t)=1-P(T1≤t)-P(T2≤t)+P1;2(T1≤t  T2≤t)= 
=1- F1(t)- F2(t)+C(F1(t),F2(t))         (3) 
R3;4(t)= 1- F3(t)- F4(t)+C(F3(t),F4(t))        (4) 
Ra(t)=1-(1-R1;2(t)) *(1-R3;4(t))=1-(F1(t)+F2(t)-C(F1(t),F2(t)))*(F3(t)+F4(t)-C(F3(t),F4(t)))     (5) 
 
Serial-parallel system(fig.3b) 
Rb(t)= R1;3(t)* R2;4(t)= (1- F1;3(t))*(1- F2;4(t))=(1-P(T1≤t T3≤t) (T2≤t T4≤t))= 
=1- C(F1(t),F3(t))- C(F2(t),F4(t))+ C(F1(t),F3(t),F2(t),F4(t))     (6) 
 
Bridge network(fig.3s) 
Rs(t)=R5(t)( 1- C(F1(t),F3(t))- C(F2(t),F4(t))+ C(F1(t),F3(t),F2(t),F4(t)))+ 
(1- R5(t))( 1-(F1(t)+F2(t)-C(F1(t),F2(t)))*(F3(t)+F4(t)-C(F3(t),F4(t))))    (7) 
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Fig.3a Diagram of parallel-serial Fig.3b Diagram of serial-parallel Fig.3s The five unit bridge network 
system        system  
 
4. Conclusions 

Copulae have been applied to construct bivariate cumulative distributions for the 
reliability analysis. The joint probability distribution of multiple random variables with given 
marginal distributions and correlation coefficients were achieved using copulae. The effect of 
copulae on reliability for modelling dependence structures between variables with the joint 
probability distribution of multiple variables is developed considering practical reliability 
structures. The copula approach embraces the reliability methods that use for example the 
Nataf transformation.  

The paper investigated a few different reliability block diagrams using dependences 
and copulae functions. It was detailed the bridge network reliability: serial-parallel and 
parallel-serial systems were first analysed and finally the proposed case.  
The efficient application of specialized statistical software was illustrated for the calculus of 
the bivariate standard normal distribution and the plot of the cloud of experimental data and 
for the bivariate normal function.  
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Abstract The paper details the variety of Taguchi methods, as important contribution to the quality 
improvement. The extended use of these methods imposes more and more complex calculi for the practical 
application and optimization. It should be necessary to benefit by the new software developments, assisted by the 
advanced statistical methods. The paper presents a few particular applications of some statistical software for 
the Taguchi methods as a quality enhancement insisting on the quality loss functions, the design of experiments 
and the new developments of statistical process control. 
 
Key words: Taguchi methods, software applications 
 
 
1. Introduction 
The Taguchi philosophy is a guide and reference source, with the principal goal of improving 
the quality of products in the industrial practice. From the practical point of view, the goal of 
Taguchi methods is to find a trade-off between quality loss and product price [8, 14]. The 
paper presents a few applications for Taguchi methods with software support, starting with 
the new quality loss laws, which have symmetrical and asymmetrical distributions and 
therefore more adequate models in the real world [17]. Many software applications approach 
the Taguchi‟s design of experiments. New trends try to apply effectively Taguchi‟s methods 
to the traditional statistical process control (SPC). 
The methods developed by Genichi Taguchi are applied mainly to engineering, but also 
to many others fields like marketing and advertising. Helpful to companies in both 
manufacturing and service industries, Taguchi's applications provide accessible material on 
such topics as:  Quality loss function  On-line quality engineering  Signal-to-noise ratio  Robust engineering  Design of experiments (known as the "Taguchi method")  Mahalanobis–Taguchi Systems (MTS), and more [2]. 
Nevertheless, many entrepreneurs pay insufficient attention to the introduction of those 
methods. One reason is that comprehensive data are often seen as expensive to obtain; another 
may be a lack of familiarity with methods for response-selective observational schemes and 
for combining information from different sources. There are several means of acquiring 
nonconformity cost data for a system such as and the like.     
   

https://en.wikipedia.org/wiki/Genichi_Taguchi
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2. Processing Taguchi data and software packages 
The use of mathematical software to modelling, mainly to analyze or numeric calculation is 
more and more popular with the new hardware developments. An important step forward was 
the explosion of mobile devices, like tablets and smart phones, making more accessible and 
rapid manipulation of data. More important, the new mobile operating system, Android 
(Google), based on the Linux kernel and designed primarily for touch screen mobile devices, 
has the largest deployment for those ones. The big advantage is the majority of free 
applications (including the mathematical and the statistical ones). MathAlly Graphing 
Calculator is quickly becoming the most comprehensive free Graphing, Symbolic, and 
Scientific Calculator for Android: it can solve equations, make a lot of graphs and even some 
frequent statistics like regression. For the experienced people with spreadsheets applications 
(MSExcel) there are similar software, like Polaris Office, a free office application to view, 
edit & share Microsoft Office compatible documents on the mobile device or PC. There is 
even a Romanian language spreadsheet (Foi de calcul, Google) with the same possibilities, 
making possible the cheapest solution (off line).  
Of course, more complex statistical calculations need additional software offers, with the      
on line access: more and more universities and specialists present Free Online Statistics 
Calculators or more complete sites (http://stattrek.com/; http://shodor.org/, etc.). In the end 
there are a lot of expensive complex statistical packages (SPSS, MINITAB, OriginLab, etc.)  
R, a programming language and software environment for statistical computing and graphics, 
written primarily in C, Fortran, and R, and freely available becomes very popular in the last 
years. 
   
3. Regression andăcurveăfittingăforăTaguchi’sălossăfunction 
Regression is a conceptually simple technique for investigating functional relationship 
between output and input decision variables [10].  
All the important statistical packages offer a regression module [7], but there are also low cost 
solutions, suggested in [6]. 
 

       
 
Fig.1a adapted  hyperbolic cosine plot [17]          Fig.1b shifted  generalized gamma plot [17] 
 

http://stattrek.com/
http://shodor.org/
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The use of computer aided processing of experimental data opened new opportunities to 
develop the basic simple three forms of loss functions. The start-up was achieved with the 
asymmetric loss functions, using Pareto, generalized Pareto, and beta pattern [3, 12], adapted 
hyperbolic cosine model (Fig.1a), shifted generalized gamma (Fig.1b), etc. [17].  
The next step was the introduction of response surface methodology and the multivariate loss 
functions [3, 12, 16, 18, 19]:  the applications in quality control is illustrated by an example to 
improve the overall quality of a printing machine in applying coloring inks on package labels 
[4, 19]. The primary data from [4] are represented in Figure 2. 
A computer aided regression for the fitted hyper plane of the bivariate loss function L(y1, y2), 
results as the positive definite quadratic form with interactions (Fig. 3) [19]: 
L(y1

2,y2
2,y1y2)=0,0256y1

2+55,8 y2
2+0,60y1y2 

 
 

     
 

Fig. 2 The response surface with the initial data        Fig.3 A quadratic loss function [19] 
 
 
4. SoftwareăsolutionsăforăTaguchi’sădesignăofăexperimentsă 
Maybe the most frequent application of the Taguchi‟s methods is the design of experiments 
(DOE). Since the introduction of DOE by Fisher in the 1920s, and the 1940s, when Taguchi 
started to research with it, there was much development with this statistical technique. 
Taguchi first proposed that DOE could be used not only to improve quality, but also to 
quantify the improvements made in terms of savings [13]. Taguchi has developed some 
simple methods of constructing fractional factorial designs using orthogonal arrays and linear 
graphs and some methods of analyzing the resulting data [25].The extended use of adapted 
software makes the application of Taguchi‟s DOE more accessible (Fig.4 a, b, c, d). 
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Fig.4a Taguchi‟s DOE with Stat-Ease  Fig.4b Taguchi‟s DOE with εinitab 
 
The application of Taguchi method for optimizing turning process by the effects of machining 
parameters is presented in fig. 4d for the cutting of EN24steel [15]. 

 
Fig. 4c Taguchi‟s DOE with Statistica 
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Fig.4d Analyses Taguchi Design-Option [15] 
 
5.ăTaguchi’sălossăfunctionăandăSPC 
If should be used Taguchi`s quality loss function nominal-the-best, overlapping the control 
chart for mean, respectively the monetary value of loss, this is far more suggestive as the 
dimensional deviations for controlling process variability. [9]. 
An algorithm was developed for the optimization design of control charts based on the 
probability distribution of the random process shifts (e.g. mean shift). The design objective 
was to minimize the overall mean of Taguchi‟s loss function per out-of-control case (denoted 
as ML) by adjusting the sample size, sampling interval and control limits of the chart. The 
comparison studies show that the ML chart is significantly superior to the Shewhart control 
chart in view of overall performance [20]. 
The in-control and out-of-control costs can be easily found after examining the figure 5 (the 
loss function as dotted line). It can be seen that any deviation from the target value will incur 
a cost even if it was within the control limits [1]. 

            
Fig.5 A diagram for the new model [1] Fig.6 A simulation runs of the ML-CUSUM chart [5]  
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A CUSUM control chart detecting process shifts in the mean value through minimizing the 
overall mean value (εδ) of a Taguchi‟s loss function over the probability distribution of the 
random process mean shift (fig.6) is described in [5]. 
 
6. Conclusions 
 
A concise overview of Taguchi‟s methods and statistical software is presented in this paper 
with extension to specialized software solutions. A final choice for adequate software for 
quality data processing should consider the customer conditions for experience, data volume 
and necessary investment, starting with spreadsheets to the complex statistical software, with 
the new developments for smart phones, based on the new mobile operating system, Android. 
For small data samples and less details it is cheap to use low cost or freeware/shareware 
software packages. ζew trends try to apply effectively Taguchi‟s methods to the traditional 
statistical process control (SPC).    
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Abstract:  Fretting is now fully identified as a small amplitude oscillatory motion which induces a 
harmonic tangential force between two surfaces in contact. The present paper argues that 
adhesion forces and elastic deformation in the contact zone may contribute significantly to the 
relative displacement during  fretting of metals A tangential force whose magnitude is less equal 
on greater than the force of limiting  friction  will not give rise to a sliding motion. It is determined 
the energy loss dissipated per fretting cycle 
 

Keywords: Fretting, adhesion, friction coefficient. 
 
1. Introduction 
       To study the phenomenon of fretting it is necessary to determine appropriate working 
arrangements with the establishment of borders between different regions as accurate. You 
can establish criteria for transition between partial slip and slide, all these criteria depending 
on normal force and tangential displacement brought on the contact. 
       Experimental research aimed to determine the size of different existing regions within a 
sphere-plan contact subjected to tangential displacement of small amplitude [1,2,3]. 
        Following the experimental investigations there was determined the size of the wear 
resulting from fretting tests. Thus, there were determined the rays of gluing circles obtained in 
the central regions of the traces of wear, for variable normal pressure forces and for different 
durations, respectively the size of the ring area of microslip, that surrounds the seams.  
        In a theoretical approach to the phenomenon of fretting the size of the areas specific to 
the phenomenon (stick and partial slip) was considered depending on various factors that 
influence the phenomenon [4].  
       Also, the fretting phenomenon can be approached by two directions: a direction in which 
the friction coefficient between surfaces in contact is considered constant (the most common 
approach) and another approach to the phenomenon, involving variation of the friction 
coefficient in the fretting contact, variation due to the existence of adhesion between surfaces 
in contact. 
       This paper aims to address the phenomenon of fretting in terms of a variable coefficient 
of friction between the contact area.  
       For the experimental investigation of the phenomenon of fretting we used an 
experimental stand that allowed the investigation of four point contact under fretting. 
       There were thus determined the sizes of different fretting zones depending on the 
parameters of dependence, in this way being possible to determine the extent of these areas 
for a given configuration of the fretting contact. 
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2.Experimental means 
        Given the experimental stands on which it was tried to approach experimentally the 
phenomenon of fretting it was taken into account a point contact of I-st class ball / plane 
contact type. This contact was chosen because the actual contact area is approximately equal 
to the apparent contact area and for this type of contact there is a fairly comprehensive theory 
concerning the local tensions in contact and the size of contact area (Hertz, Mindlin, Johnson). 
      Also the sphere / plan contact highlights (experimental research) the fretting mechanism 
characterized by three regimes: I-adhesive, II- partial sliding, III total sliding.  
       For the study of the fretting phenomenon in case of elastics assemblages spring slides 
with multiple sheets, I used the experimental stall from fig.1[5]. 
      The stall can be used for the testing at fretting of some couples by different materials. This 
stall can be adapted for study of the lamellar springs with many sheets. 
      The lamellas used in experiments have the dimensions 560x56x2 mm and are realized by 
spring steel having hardness 55 HRC. 
      The balls are spring balls and have 19 mm in diameter. The lamella is supported in 
inferior side on 4 balls in superior side the charge of the contact is made through the agency 
of 4 balls. The rod-crank mechanism permits a displace at the end (extremity) of the 20 mm 
lamella and can modify this displace by changing of the system eccentricity. The system is 
auctioned through the agency of electrical engine having revolution of 750 rot/min. 
Helping with this experimental stall we can made fretting tries for normalness and different 
forces for different numbers of solicitation cycles. 
     After conducting various experiments there were obtained different traces of wear that 
correspond to a fretting wear. Thus, it could be determined the fretting wear dependence on 
the number of cycles and normal load force, and could be compared different traces of fretting 
by comparing the size of various areas of contact fretting for some conditions. 

 
        

   Fig. 1. Experimental stand for the study of fretting. [5] 
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Traces of wear obtained (Fig. 2) were taken with a video camera, subsequently being 
processed on the computer. The movement at the contact level was measured by video camera 
and computer. Measurement of the movement was for the two rows of balls. On these 
experimental traces obtained it can be observed a central area corresponding to the a central 
area of adhesion between balls and lamella, and a ring zone surrounding the central area, 
corresponding to a partial sliding area. 

 

 
 

Fig. 2  The wear traces of fretting 
 

The results are obtained with sufficient precision, being thus possible a proper experimental 
investigation of the fretting phenomenon and being possible to experimentally confirm this 
theoretical results obtained from investigating of a sphere-plan contact subjected to an 
oscillatory movement of small amplitude. 
 
3. The dependence of friction coefficient 
      After experimental tests, the size ratio between the radius of adhesion and the whole 
radius of the wear trace is shown in Table 1 and Table 2 for a normal pressing force of 250 N. 
The fretting coefficient between surfaces in contact is not constant but varies according to a 
law of the form[2]: 
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 with the normal pressure at  adhesion given by a law of the form[6]: 
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         Based on the theoretical diagrams of dependence of the central radius of adhesion the 
results obtained from experimental investigation of fretting contact can be checked. 
          So, in Fig.3 there are presented the radius of circles obtained following the fretting test 
with a normal force of 250N.  
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 _

0 ,,, ada kkc 

         The radius of the adhesion circle is represented by load factor "k". It is noted that the 
adhesion area corresponds to a loading factor approximately equal to 0.24[6]. 

 
Table 1.Traces of  wear (F = 250N, front) 

Nr. 
crt. 

Loading 
[N] 

Number of 
cycles 
 

Radius 
central 
[mm] 

Radius 
ext. 
[mm] 

 
c a=c/a 

 
pad 

 
 

1 250 20000 0.21621 0.5029 0.4299 0.87953 0.21370 
2 250 30000 0.22514 0.6518 0.3454 0.91599 0.20917 
3 250 40000 0.27878 0.6974 0.3997 0.89365 0.21190 
4 250 50000 0.29076 0.7640 0.3805 0.90198 0.21087 
5 250 60000 0.30679 0.8329 0.3683 0.90703 0.21025 

 
Table 2. Traces of wear (F = 250N, back) 

Nr. 
crt. 

Loading 
[N] 

Number 
of cycles 
 

Radius 
central 
[mm] 

Radius 
ext. 
[mm] 

 
c a=c/a 

 
pad 

 
 

1 250 20000 0.25508 0.4980 0.41048 0.88875 0.21252 
2 250 30000 0.26596 0.6285 0.42316 0.88279 0.21328 
3 250 40000 0.28529 0.6840 0.41709 0.88567 0.21291 
4 250 50000 0.37127 0.7634 0.48633 0.84965 0.21770 
5 250 60000 0.41306 0.7970 0.51826 0.83057 0.22040 

 

 
Fig. 3  Radius of the adhesion circle: 
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       In Fig.4. and fig.5 are the dependence of friction coefficient of adhesion normal pressure 
for two cases investigated (normal force of 250N and two ball positions: front and back) 

 
Fig. 4. The coefficient of friction ((pad)-front 

 

 
Fig. 5. The coefficient of friction ((pad)-back 
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3.Conclusion 
        Experimental tests have confirmed that the coefficient of friction between surfaces is not 
constant but variable. Variation is explained by the phenomena of adhesion that appear 
between the surfaces in contact. Thus, the assumption of a variable coefficient of friction 
between the surfaces was confirmed by experiments, theoretical results obtained in the study 
of fretting by considering a variable fretting coefficient receiving the confirmation of the 
experiment. 
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Abstract: The existence of stress concentrators at the intersection between base and  filler material in case of 
fillet welds, drastically reduces the fatigue life of these structures. For this reason, appreciation of the values of 
these concentrators tensions is useful for predicting fatigue life time. The paper aims to present some elements of 
calculation of stress concentrator is of great use in practical applications. 
 
Key-words: weld, stress concentrator, structure; 
 

1. Introduction 
 

Both welding and seam welding are based on a series of stress concentrators that 
worsen the fatigue life of the welded structures. This is due to the fact that these stress 
concentrators, known as peak stress, induce local small cracks that expand when dynamically 
stressed and cease the running of the respective welded structure. [1].  

The studies carried out before nowadays have proved that the decrease of the fatigue 
strength of parts when being welded, occurs even if there is a high quality welding which does 
not change the flow of the power lines of that part [2]. 

Regarding the behavior to fatigue of the welded joints, different methods of assessing 
the fatigue strength are presented, depending on the type of welded structure (vehicles, naval 
structures) [3]. 

Figure 1 illustrates three classes of stress concentrators: for example, a welded 
structure made of a plate with width s and a connection plate with length L and height H, 
welded to this plate [4]. 

 
Fig. 1  Stress definition for a welded joint [1] 
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The tensile force of the plate F has the same direction with the connection plate. The 
local geometry of the weld bead is given by the angle θ and the groove radius ρ. 
It is a fact that the spot likely to crack in this case is the upper part of the weld bead at the end 
of the connection plate. The potential crack line is shown by the dotted line A-A in Figure 1.  

As shown in Figure 1, there are three types of stresses such as: 
- , nominal stress of the horizontal plate located at a certain distance from the 

weld bead (line B-B ); 
- , stress given by the geometry of the potential initial crack spot (upper part of 

section A-A); 
- , stress given by the crack in the weld bead at the potential initial crack spot 

(upper part of section  A-A); 
In fact, only the nominal stress   and weld bead crack stress  are illustrated 

whereas the stress induced by the geometry effect is only theoretically defined.  
The ratios between nominal stress  and the other two are expressed as 

follows: 
 

 (1) 
 
and 
 

 (2) 
 
As a consequence: 
 

 (3) 
 
where:   Kg is the geometrical stress concentrator; KW- is the welding crack stress 
concentrator; Kt- stress concentrating factor including   and  . 

All these equations govern a linear elastic behaviour of the material. In fact, this is not 
the case of the crack stress of the weld bead . 

 The geometrical stress concentrator is given by the connection plate. This 
connection plate represents a geometrical irregularity whose stress value ranges from nominal 
stress value  to at the top of the weld bead. This stress fluctuation also takes place when 
the weld bead is inexistent and the connection plate is attached to the horizontal plate. In this 
case, the resulted stress can be calculated based on the geometrical effect, using strain 
gauges instead of weld beads. The geometrical stress concentrating factor can be easily 
highlighted, applying the Finite Elements Analysis (FEA) to our welded joint. This analysis is 
based on special requirements regarding the quality of the model such as the element type as 
well as the selected network.  This   depends on the height H of the connection plate and 
even more on its corresponding length L. Usually, ranges between 1.2 and 1.5.  
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The greater the length L of the connection plate, the higher the stress concentration.  
Since   is given by the total geometry of the joint (s, H and L), it becomes known as the 
geometrical stress concentration factor.  

If the weld bead is considered to be situated on the plate, then, the stress on top of the 
weld bead will grow as a result of the discontinuity produced by the weld bead itself [5]. 
Hence, the factor determining stress concentration is  and is called the welding crack 
stress. This stress concentration factor is given by the bending angle θ of the weld bead and 
by the ratio ρ/T between the groove radius of the weld bead and the material and the thickness 
of the respective part. The values of the θ must be low and the values of the ratio ρ/T must be 
high. Stress can be approximately determined by means of small strain gauges on the weld 
bead.  

The remaining stress which inevitably appear in the welding process also contribute to 
the decrease of the fatigue strength [6]. 
 

2. Methods of calculation of stress concentrators 
 
In the case of fillet welding, the theoretically thickness of the welded row is equal with  

the high of the isoscel triangle inscribed in the weld transversal section (figure 1). 
 

k

a

 

a

k

 

a

k

 

k

a
α

 

a b c d 
Fig. 2 Possible shapes of the welded corner rows 

a-plane; b – convex, c – concave, d – sharp concav 
 

 
According to the figure 2, depending of the fraction k/a, the welded rows could be: 

-plane, when  k/a ≈ 2  ( figure 2.a ), convex, when k/a > 2  ( figure 2.b ), concave, 

when k/a <  2  ( figure 2 c and d ). Because the weld convex shape, favorize concentration 
of the stresses in the deposed metal it is recomended to used the concave shape mostly to 
structures that works in oscillating conditions. It has to be mentioned that in the case of 
concave rows an optimally angle has to be define because when the concavity increases the 
residual stresses also increases. Some norms provides the α angle to be larger than 70o. 

The global factor that describes the influence of the welded geometry is the theoretic 
coefficient of the concetrating stres defined by: 

 

 
(4) 
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where ımax represents the maximal stress value near the stress concentrator and ın – represents 
the nominal stress. Any change of the shape that determines a stress concentration has a result  
in  lower strngth caracteristics and durability.  The degree of fatigue limit decrease is 
represent by the coefficient of efective concentration  k, calculated by the formula:   
 

 
(5) 

 
where:  - represents the fatigue limit that corresponds to a simetry degree R determined  
with a  probe without stress concentrator, and  - represents the fatigue limit determined 
with a probe  with stress concentrator.  
 The value for the coefficient of efective concentration  ( ) is different by the 
theoretic coefficient , because it depends, on a side, to the material properties, chemical 
properties and on the other side, depends by the technological properties and length factor. At 
the corner welding in convex shape that has tensile solicitations, the formula for the 
theoretical coefficient of concentration based on fotoelastic analyses is [1]: 
 

 
(6) 

  

 
Fig. 2 Stress distribution in danger sections of the corner weld 
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Fig. 3 Stress distribution in bisector plane of the corner weld in the case of  unpenetrated weld 

 
 At the complete merge weldings in isoscel triangle shape (  ), at the  
calculation of theoretical coefficient of concentration it is used the relation:  
 

 
(7) 

 
                       
The normal values of   are   
 A favorable situation are represented by the complete merge concave shape weldigs 
where [ 2 ],  where the theoretical coefficient of concentration is based on the relation: 
 

 
(8) 

                                          
Because, usually, in practice, R>>r, the values of   are lower than in previouse 

cases, the concave shape is prefred in welding technology.The usual values of concentration 
coefficient value are :  in the case of tensile testing and  in the case 
of bending testing. 
 

3. Conclusion 
 
The more radius between the base metal and filler material is higher when welding 

with both concentrators tensions decrease and increase fatigue life. 
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Abstract: In the work is presented the modeling of ultrasonic motor with three degrees of freedom. The basic 
and operating diagram of ultrasonic motor with piezoceramic active elements. The presentation of all vibration 
modes discovered by computer is make it and the possibility of being accomplished from practical viewpoint. 
From viewpoint all vibration modes presented are briefly described and as for the features of the useful are 
exhibited more to length.  
 
Key words: ultrasonic motor; vibration modes 
 
1. Theoretical considerations 

The modeling of motor with three degrees of freedom represents a very important step 
in the advanced study and design of one ultrasonic motor. 

The stage of modeling using the method of finite element is very useful because 
reduces a lot the necessary time of experimentations. 

This thing is owned to the fact that the practical scan range of frequencies is not 
anymore necessary in ultrasonic domain starting with the frequency of f=18000 Hz 

The method of finite element designate the frequency in which there are produced 
the oscillations of traveling necessary for transformation and delivery from piezoceramic 
active element to active element. 

 
2. Description of the operational way to an engine with three degrees of freedom 

In this work will be studied, design and achieve one ultrasonic engine with three 
degrees of freedom who can realize two translational motions and a motion of rotation. 

The ones three degrees of freedom consist in the translational motion along the OX si 
OY axis and in the motion of rotation around OZ axis of whole system. 

For the realization of translational motions are used two piezoceramic active elements 
and  from lamella shape and as for the rotation motion is used an piezo-ceramic element 
which acts the whole system. 

According as what was presented , the piezoceramic active femelements that serve this 
system are lamella and ring type.In this chapter will be presented  the modelling of the two 
types of piezoceramic elements , in first part the piezoceramic active element of lamella type 
and in the second part of the chapter  the active element of disk type. 

In this way shall be defined the frequencies of useful vibrations which there are able to 
produce through their shapes of „‟traveling‟‟type the desirable movements. 
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3. Modelling of the piezo-ceramic active element from lamella type 
Foget the liniar displacement on two directions of ultrasonic engine is used two piezo-

ceramic plates having the lenght L= 45 mm, width l=15mm and thickness h=2.5mm. For the 
realization of modal analyses that involve the introduction of a piezoceramic material 
properties  was choose right as an element of digitization a structure of Scalar Brick 5 type 
which has a parallelepiped form. 

Bellow it is presentet ones of the several modes of vibration which belong to 
piezoceramic plates. 

Another mode of vibration which can‟t be used-up in the ultrasonic engine operation is 
produced to frequency f=54246 Hz and is presented in figure 1. 

The oscillations of „‟traveling‟‟ type searched in sight of realization the movement 
are produced to frequency f=45105 Hz and there are presented in figure 2. 

Around this frequency the experiments were concentrated and where the movement 
of activated element with constant values in time was obtained . The motion of mobile 
element is continuous and produce the movement of mass driven by motor in both 
directions of plan. 

 
 

Figure 1. The mode of vibration to a frequency   
f = 54246 Hz. 

Figureβ. The vibration mode of‟‟ traveling‟‟ 
type  to  frequency f = 45105 Hz. 

 
In figure 3 is presented another one interesting mode of vibration which is produced to 

frequency f=90477 Hz in which the oscillation are from „‟traveling type‟‟but there are 
produced in two plans XOY and XOZ.In this situation the utilization of vibrations in the 
ultrasonic engine actuation is very difficult.. the continuation of the study for this kind of 
vibration is very interesting, only that is not represent a part from the activity of this work. 

There are presents the vibration ways of piezoceramic element from ring type , 
element that achive the rotation motion of the engines. The second one piezoceramic active 
element is from ring type and has the inside diameter d= 40mm, outside diameter D=46 mm 
and the thickness h=7 mm. For obtain the desirable vibration modes was achieved a modal 
analyses from which are presented the main vibration modes from the domain of ultrasonic 
frequencies. In figure 6 is presented the first mode of vibration to frequency =38857 Hz, 
which practically don‟t presents any kind of interest. 
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Figure γ. The vibration mode of‟‟ traveling‟‟ 
type  to  at frequency  f = 90477 Hz. 

Figure 4. The mode of vibration at 
frequency 
 f=38857 Hz. 

 
In the figures below are presented a mode of oscillations which isn‟t a „‟traveling type‟‟. 
After the procurance of periodic desirable oscillations to frequency f=45057Hz, these 

disappear in a such way as it can see it in figure5, these become unsymmetrical and can‟t be 
useful from practical viewpoint. 

This kind of rotation motion with same features is also obtained to a frequency f=65628 
Hz .The researches were concentrated around frequency f=65000Hz which is the most used in 
the operation of this ultrasonic motor. 

 

 
 

Figure 5. The mode of vibration from 
„‟traveling‟‟ type at frequency   

f = 45057 Hz. 

 
 

Figure 6. The mode of vibration from 
„‟traveling‟‟ type to frequency   

 f = 65628 Hz. 
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4. Conclusions 
 

The modeling stage using the method of finite element is very useful because reduces a 
lot the necessary time of experimentations and give the possibility of understanding what 
phenomena are produced to under-microscopically level. 

 In this way can be created an image for vibration modes of piezo-ceramic active 
elements therefore these must be useful for the production of activated element movements.  
The reduction of working time is owed the fact that is not anymore necessary the scanning of  
frequency ranges from the ultrasonic domain starting with a frequency f=18000Hz. The 
method of finite element denotes with higher precision the frequency where the oscillations of 
traveling type necessary transformation and transmission from piezoceramic active elements 
to the activated ones are produced. 

According as what was presented the points situated on the surface of piezo-ceramic 
element due to vibration form of travelling type, they will execute trajectories of elliptical 
shapes which will drive through the friction force among the two elements to the „‟step–by-
step‟‟ movements of the mobile activated elements  

In the same time the method of the finite element helps to understand this kind of 
oscillation and builds mentally one model of operation the ultrasonic engines.In a certain way 
in the article is presented the vibration modes of piezo-ceramic active elements from lamella 
and disk type used in the construction of the engines with three degrees of freedom.   
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Abstract: Lack of information about the history, the necessary data about the material characteristics and the 
presence of structural defects, leads to the need for detailed studies that have as a result more accurate 
determinations of the safety. The aim of this paper is to highlight the importance of a historic steel cantilever 
bridge in historical area from the city who host the structure. 
 
Keywords: historical bridges,  historical sights, Rehabilitation 
 
1. INTRODUCTION  
 

Bridges appeared at the crossing rivers, deep valleys, etc., and have evolved from tree 
trunks placed over the obstacle to complex solutions. Some natural bridges were formed by 
erosion of rocks, while some are still in operation today. An example of natural bridge is the 
so called "Bridge of God" from Ponoarele village. 

After 1850 when the industry has developed a lot, the question of using mild steel in 
structure of bridges appeared. In Romania the first bridge of mild steel was built in 1895, it 
was named King Carol I bridge and it was built by Saligny. After 1900, more precisely in 
1914, Traian bridge was erected in Arad. 

 

 
 

Fig. no. 1: King Carol I and bridge Traian 
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2. DESCRIPTION OF THE TWO HISTORICAL BRIDGES FROM ROMANIA 
 
Descriptionăofă“ăKing Carol I ”ăbridge 
 

Bridge "King Carol I" has 5 openings 4x140m +1 x190m consoles of 50 m 

 
Fig. no. 2:  Elevation of bridge King Carol I 

 
It was inaugurated in 1895, it was the first steel bridge built in Romania. Saligny made 

a documentary visit on the site of the Firth of Forth bridge, in order get same answers for the 
design and construction of the bridge “ King Carol I”. An attempt to start the project was in 
1887 when it was the first design contest, but only after the second design contest the 
company that provides delivery of the deck was established. The name of the company was 
Fives-Lille from Paris. The material used was mild . 

The most important structural rehabilitation was in 1963. Consolidation was achieved in 
continuous circulation since the bridge had a significant importance in the communication paths 
so that breaks in service for consolidation were short of about 90-180 minutes a day. 

 
Descriptionăofă“ăTraian”ăbridgeăofromăArad,bridgeăoverăMuresăRiver 

Traian Bridge from Arad has 3openings, carriageway width is 8.05 m and the width of 
the bridge is 9.6 m There are walkways that are suspended circulating width 1.5 m each of 
them. Traian Bridge was carried out between 1912-1914, deck frame was machined in Resita 
in The Bridge Factory. Now it is one of the iconic structures of Arad, part of the city's 
architectural heritage. 

 
Fig. no. 3: Elevation of bridge Traian from Arad City 
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Bridge‟s curves form gives the impression of a suspension bridge, but in reality it is 
the classical system of trusses with Gerber type joints. The bridge has three spans and a total 
length of 185 m: 

-central -span 85.30 m 
-marginal openings 50.05 m 
The cross sections of the main truss girders are composed of angle sections interlocked 

and riveted strap conductors with the following sections: 
-lower chord sections riveted with two vertical walls in the form of Π 
Both briges are Structural systems Decks with Gerber beams, cantilevers. A cantilever 

bridge is a structure using cantilevers, which are horizontal structures supported only on one end. 
Cantilevers must be anchored (or counterweighted) on one side in order to hold up the necessary 
weight on the free standing side. 
Structural systems Decks with Gerber beams have the following characteristics: 

Advantages: 
· Best balancing of moments between spans and supports 
· No settlements stresses 
· Esthetic appearance 
Disadvantages: 
· Less rigidity 
· Serious danger of deck fall during earthquakes due to narrow supports 
· Special connecting systems, required to reduce possibility of fall 
Structural verification of historical steel bridges is done by specific rules of the 

administration who have them in heritage. 
It is important and necessary to maintain the operation of old metal road bridges.  
Most of the steel bridges are built in the early twentieth century, with some great 

historical and artistic value as true monuments of the art construction. Their appearance is 
exquisite integrate harmoniously into the landscape. The current international trend is to keep 
operating safely the existing structures. For this purpose, information about the life and 
history of the bridge is necessary. In the western part of the country there are currently a large 
number of road bridges, built in the late nineteenth and early twentieth century, particularly 
bridges aesthetically capturing the elegance and slenderness. Structures still in good condition 
lasts, although in many cases poor maintenance is recorded numerous defects, collisions, 
broken parts, damaged and corroded some of them characterized by the total lack of 
documentation.  

Rehabilitation of bridges is done by means of two methods: 
-direct rehabilitation 
 
-indirect rehabilitation 
 
Direct rehabilitation  Adding new material to the old riveted elements. This gives a higher load capacity. In 

general for old deck, the new parts are not welded, only in exceptional cases. 
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Indirect rehabilitation  Introduced additional material by independent structural parts, works with existing 
structure as a whole becomes operative structures and especially for mobile tasks.  Rehabilitation is usually indirect curved elements by introducing a prestressed tie the feet 
stretched. 

 
CONCLUSIONS 
 

The safety of structures, including many important aspects of vulnerability, is an issue 
of general importance for a society. When structure fails, the subsequent consequences can be 
severe, resulting in loss of life, damage to environmental quality and economic losses to 
society. A large number of bridges are located in cities as the flagship for the area. Once 
rehabilitated can be also integrated into the city's heritage. 
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Abstract:  In the paper there are presented certain aspects concerning the determination of loads 
transmitted through the bearings of the extracting pulleys of the structure of the metallic towers of 
the extracting installations In the case of the application of the safety brake The exemplification of 
the determination of the loads transmitted to the metallic tower in the case of the application of the 
emergency brake has been done by taking into study the extracting installation ,, Auxiliary well 
No.12”, from Lupeni Mining Plant. The extracting installation is unbalanced. The wrapping organ 
of the installation machine is a double wheel with the wrapping of the extracting cable in one 
layer. The extracting vessels are untipping cages with two levels, with two trolleys per level. The 
drive of the installation‟s machine is asynchronous, the machine‟ s reducer having two drives. 

 
Keywords: analytical calcul, force 
 
Introduction 

The normal development of the schedule of the movement of the extracting vessels or 
the stopping of the machine in a certain position of the vessels (maneuver braking) and the 
automated stopping of the machine (safety brake), independent of the will of the operator in 
one of the cases considered perturbations or distress, is insured by a braking device supplied 
with every extracting machine. Cases considered perturbations or distress are: lack of tension, 
a decrease in fluid pressure required for acting the brake, over-height of the extracting vessels, 
passing the max. speed limit overweight etc. 

In the paper there are presented certain aspects concerning the determination of loads 
transmitted through the bearings of the extracting pulleys of the structure of the metallic 
towers of the extracting installations in the case when the emergency brake is applied due to 
an overcome of the max speed allowed. 

In order to study the loads from the extracting cables transmitted to the structure of the metallic 
towers of the extracting installations through the extracting pulleys in the case when the 
emergency brake is applied it has been taken into study the tower of the extracting installation 
Auxiliary well No.12 Lupeni Mining Plant. The general and exploitation data of the installation 
taken into study are presented as follow. 
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The extracting installation taken into study  
The extracting installation which works on auxiliary well no.12, from E.M. Lupeni, 

which is destined for the underground supply with materials and tools as well as for 
transporting personal. The personal and materials transport is done to and among levels 300, 
400, 480, 650 and 690. The extracting installation that supplies the well (Fig.1) is unbalanced 
(without a balance cable) and has an extracting machine type 2T-3,5 1,8 (Fig.2) equipped with 
two asynchronous motors type AKH2-16-39-12YXP4, of 500 kW power and a nominal  
rpm of 490 rot/min(fig.3). 
 

   
Figure 1. Extracting installation                Figure 2. Extracting machine 

 

   
Figure 3. Extracting pulleys                     Figure 4. Wrapping organ 

 
The reducer of the machine is of type 2U 1600 having the transmittance ratio of 11, 5 

The extracting cables with diameters of  44 mm and a mass (on a linear meter) of 7,05 kg/m 
on the left branch (from the extracting machine to the well) and  44 mm and a mass 7,03 
kg/m on the right branch are wrapped around the two extracting pulleys of  4000 mm with a 
mass (the pulley, the axel of the pulley and the bearing of the axel) of 1850 kg (Fig.3), laying 
on the tower at a height of  22,95 m (pulley axel). 
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The cables are wrapped in a single layer (row) on each of the two wheels (wrapping 
organ (Fig.4)) of the machine, from which one is fixed and one is mobile and which are 
hooked at one end by the exterior end (side margin) of them. The other end of the cables 
going through the extracting pulleys is hooked to the extracting vessel through the cable tie 
device ( D.L.C.). The extracting vessels are untipping cages with two levels, with two trolleys 
each level having a mass (own mass plus D.L.C.) of 4924 kg. 
The mass of a trolley is of 650 kg, and the effective load is 1800 kg/trolley. Another main 
compo-nent of the extracting installation is the metallic tower (Fig.5) with a height until the 
pulley axel of 22,95 m. The structure of the tower is composed of the extracting pulley 
platform sustained by the leading component and the two abutments set up as a frustum 
pyramid The extracting machine lies on the ground (at a height of 3.695 m to the 0 level of 
the well (well collar), sideways from the tower (well tower), at a distance (of the wheel axel), 
towards the vertical portion of the extracting cables which enter the well of 32m. The length 
of the cable chord (the distance between the tangent points of the cable to the deviating pulley 
from the tower and the wheel of the extracting machine, in the central position of the chord 
(perpendicular on the wheel axel)), is for the left branch Lcs=35,450m, and Lcd=35,646m for 
the right branch. The incline angles of the cables chords are s = 380 43‟ 55” for the left 
branch and d = 330 05‟ 4γ”, for the right branch, and the deviating angles (which are formed 
in the limit positions of the cable chord towards the interior side(interior angle) or exterior 
(exterior angle) of the wheel, over the central position of the chord) are: αe st =1038‟53‟‟ şi αi 

st=0042‟11‟‟ For the left branch and αe dr=1040‟33‟‟ şi αi dr=0039‟43‟‟ for the right branch. 
 

 
a)                                       b) 

Fig.5. Metallic tower 
a)North –West view; b) South-West view 
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Determination of loads  
For the determination of the loads(efforts) which act upon the installation taken into 

consideration it has been taken into study the case when one of the vessels loaded with 
materials is descending on one of the branches. 

On the calculation of loads it has been considered the fact that their variation is 
determined not only by the kinematics of the installation (kinematical parameters) but also by 
certain geometrical elements which define the position of the extracting machine towards the 
well  geometrical elements regarding only the installations where the extracting machine lies 
on the ground.([1],[3],[4]). 
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Figure 6. Deviating angles case 1           Figure 7. Deviating angles case 2 

 
In Fig 6 and Fig 7 is presented the variation diagram for the deviation interior and 

exterior angles on the two extracting branches and for the two wheels of the wrapping organ 
of the extracting cable in the two considered cases. 

For this purpose it has been taken into analysis the case when the full vessel(filled to 
max load) is descending  on the left branch (case 1, the right case is climbing and the left one 
is descending) and the case the vessel is descending on the right branch (case 2, left vessel is 
climbing and the right one is descending). 

The diagrams for the space, speed, and acceleration for the two cases taken into analysis 
are presented into Fig 8 case 1 and in Fig 9 case 2. 

The variations of acceleration and space have been used for the calculation of the loads  
applied to the tower. 
 



 Fiabilitate si Durabilitate - Fiability &  Durability    No 1/ 2016 
 Editura “Academica Brâncuşi” , Târgu Jiu, ISSN 1844 – 640X 

 
 
 
 
 
 
 

100 

 
Figure 8. Speed acceleration and space for case 1 

 

 
Figure 9. Speed acceleration and space for case 2 

 
The determination of the loads acting upon the tower through the deviating pulleys has  

been done using the d‟Alembert principle (the kinetics-static method [2]) taking into 
consideration the static forces (the weight of the extracting cable, the cage  the trolley the 
pulley and the load), the friction forces (multiple friction and aero-dynamic resistances which 
for installations with cages is approximated with a coefficient of k‟=0,β from the useful load 
[1]) and the dynamic forces (which intervene only in the acceleration and deceleration 
periods, Fig. 8 and Fig. 9)). 
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Figure 10. Reactions from the bearing of the         Figure 11. Reactions from the bearing of the 

left pulley when the left cage                             left pulley when the left cage 
descends and the right one climbs,                     climbs and the right one descends. 

 
The variation of the resultant forces from the bearings of the extracting pulleys for the  

two considered cases in the case of the application of the safety brake on the surpassing the 
max admitted speed is presented in fig 10 and fig 12, for case 1, for the left and right pulley 
and fig 11 and fig 13, for case 2, also for the left and right pulley. 

The variation of the total resultants (reactions) the forces from the extracting pulleys for 
the two cases taken into consideration in the case of the appliance of the safety brake on the 
surpassing of the max speed is presented in fig 14 case 1 and fig 15, case 2, for both pulleys. 

 

 
Figure 12. Reactions from the bearing of the               Figure 13. Reactions from the bearing of the 

right pulley when the left cage                             right pulley when the left cage 
descends and the right one climbs,                     climbs and the right one descends. 

 
In fig 16 and fig 17, there are presented the variations of the total loads on the tower for 

the two cases. 
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Figure 14. Reactions from the bearing of the          Figure15. Reactions from the bearing of the 
left and right pulley when the left cage              left and right pulley when the left cage 
descends and the right one climbs,                     climbs and the right one descends, 

Case 1                                                       Case 2 
 

Conclusions 
The calculation the structure of the mining extracting towers is done taking into 

consideration all the unfavorable combinations practically possible of the different loads 
called groups of loads. Following the classification and grouping of the loads transmitted to 
the extracting mining towers in the paper there are presented certain aspects concerning the 
establishing of the exceptional short term loads due to the extracting cycle in the case of the 
appliance of the safety brake which are transmitted to the structure of the metallic tower of an 
extracting unbalanced installation with extracting vessels untipping cages and an extracting 
machine with two wheels and the wrapping of the extracting cable on one layer and acting 
asynchronous. The loads transmitted to the tower through the bearings of the extracting 
pulleys from the tower due to the efforts from the extracting cables have been considered for 
an extracting cycle when the empty cages are climbing and descending on one of the two 
extracting branches. The variation of loads is due both for the cinematic parameters as well as 
for the geometric parameters of the extracting installation. As noticed from the variation of 
the total loads which act upon the tower during an extracting cycle in the case of the appliance 
of the safety brake the maximum values are in case 1 towards the end of the cycle and in case 
β at the beginning of the cycle (Fig 16 and Fig 17, and not at it‟s end like in case 1. The 
maximum values of the loads determined are further used to determine the values of 
mechanical stress and strain from the elements of the structure of the metallic tower of the 
installation in order to verify its resistance. 
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Figure 16. Total loads when the left cage              Figure 17. Total loads when the left cage 
descends and the right one climbs                      climbs and the right one descends 

Case 1                                                   Case 2 
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Abstract:  The development in safe conditions of the extracting process continuously imposes the 
need of optimal functioning of the extracting installations as important links in the transport flow 
of the mineral substance and of the sterile for the transportation between the underground and the 
surface of personal, machines and different mining tools. In the paper there is presented an 
analysis of the behavior of the towers of the extracting installation with regards to strains and 
displacements of the resistance structure during the functioning of the extracting installations with 
pulleys as a wrapping organ for the cables. 

 
Keywords: tower, extracting installation, strains, displacements. 
 
Introduction 

The calculation the structure of the mining extracting towers is done taking into 
consideration all the unfavorable combinations practically possible of the different loads 
called groups of loads and are established taking into account in their form the compatibility 
of their acting simultaneously. 

The loads are classified into: permanent, short term - temporary, long term - temporary, 
and exceptional. The groups of loads with loads that can be introduced into groups of loads 
are the fundamental group of loads which contains permanent loads, long term loads, one or 
more short term loads and the special loads grouped from the fundamental group and one of 
the exceptional loads.  

In order to establish the state of strain and displacements from the structure of the tower 
due to the short term functioning loads transmitted through the extracting cables during an 
extracting cycle, it has been taken into study the tower of the extracting installation 
,,Auxiliary well Jieţ“ δonea εining Plant, which has the general and working data presented 
as follows. 
 
The installation taken into study  

The extracting installation which works on auxiliary well Jieţ, from Lonea mining plant, 
which is devoted [4] for the underground supply with materials and tools as well as for 
transporting personal among levels 400 and 715 (the surface level being 715). 

The extracting installation that supplies the well (fig.1) is unbalanced and has a 
hoistingmachine type BAMERT 3000 900 equipped with two asynchronous motors type 
MAF, (fig.2) of 125 kW power and a nominal rpm of 585 rpm.  

The gear reducer of the machine is of type TD-170 having the gear ratio of 11,5. 
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The extracting ropes with diameters of Φ 27,5 mm and a mass (on a linear meter) of 3,2 
kg/m on the left branch (from the extracting machine to the well) and Φ 27,5 mm and a mass 
3,2 kg/m on the right branch are wrapped around the two extracting pulleys the superior and 
the inferior one, of Φ 2000 mm with a mass (the pulley, the axle of the pulley and the bearing 
of the axle) of 2050 kg (fig.3), laying on the tower at heights of 34,4 m respectively 31,4 m 
(pulley axle). 

 

   
  
  Figure 1.Extracting installation      Figure 2.Extracting machine       Figure 3. Installation tower 
            ,, Auxiliary well Jieţ “                  type BAMERT 30,9             ,, Auxiliary well Jieţ “ 

 
The ropes are wrapped in two layers on each of the two drums of the machine, from 

which one is fixed and one is mobile and which are hooked at one end by the exterior end 
(side) of them. The other end of the ropes going through the extracting pulleys is hooked to 
the extracting vessel through the rope tie device DLC. 

The extracting vessels are untipping cages with one level, with two trolleys per level 
having a mass (own mass plus D.L.C.) of 3355 kg. The mass of a trolley is of 650 kg, and the 
effective load is 1600 kg/trolley. 

 

   
      
   Figure 4. Pulley platform         Figure 5. Leading component            Figure 6. Abutment 
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The concrete made  tower (fig.3) with a height until the pulley axle of 34.4 m. The 
structure of the tower is composed of the extracting pulley platform (fig.4) sustained by the 
leading component(fig 5 ) and the abutment (fig 6) The extracting machine lies on the ground 
(at a height of 2,8 m to the 0 level of the well (well collar), sideways from the tower (well 
tower), at a distance (of the wheel axle), towards the vertical portion of the extracting ropes 
which enter the well of 27,32 m. 

The length of the rope chord (the distance between the tangent points of the rope to the 
deviating pulley from the tower and the wheel of the extracting machine, in the central 
position of the chord (perpendicular on the wheel axle)), is for the left branch Lcs=37,62 m, 
and Lcd=44,89 m for the right branch.  

The slope angles of the ropes chords are ȕs = 5γ0 47‟ 04” for the left branch and ȕd = 
490 γ9‟ γ6”, for the right branch, and the deviating angles (which are formed in the limit 
positions of the rope chord towards the interior side(interior angle) or exterior (exterior angle) 
of the wheel, over the central position of the chord) are: αe st =19‟β9‟‟ and  αi st=0 for the 
left branch and αe dr=γ1‟5γ‟‟ and αi dr=0 for the right branch [4]. 

 
Loads transmitted to the tower  

Considering the elevator leaving the horizon 580 until it reaches the surface ramp (783 
horizon) it has been taken into study the case of personal transport entering the underground 
when the left elevator full of personal is descending on the right wing (case 1), the right 
elevator is descending on the right wing (case.2) and in the case of the application of the 
safety brake (case 3 and case 4). 

The kinematics elements for the cases taken into analysis are presented in figure 7, 8, 11 
and 12. 
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Figure 7. Kinematic elements on the elevator  Figure 8. Kinematic elements on the elevator 

left climbing personal entrance, case1             left descending personal entrance , case 2 
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                     Figure 9. Deviating angles                                  Figure 10. Deviating angles   
                      for case 1 from Figure 7                                       for case 2 from Figure 8 
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Figure 11. Kinematic elements for case 3         Figure 12. Kinematic elements for case 4 

 
In the calculation of loads it has been used the d‟Alembert [1], [2] principle 

decomposing the efforts from the cable chords, in their touch points on the pulleys into 
components on three perpendicular directions which correspond to the axis system chosen in 
the discretisation of the structure of the tower of the installation. The components of the 
efforts from the cable chords variate both because of the incline angles of the chords but also 
because of the deviation angles [3] of them (Figures 9,10, 13 and 14). 
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                    Figure 13. Deviating angles                               Figure 14. Deviating angles   
                        for case 3 from Figure 11                                   for case 4 from Figure 12 

 
The variation the loads on the entire tower for each case taken into study is presented in 

figure 15, 16, 17 and 18. 
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          Figure 15. Total loads when the elevator         Figure 16. Total loads when the elevator  
          left climbing , right descending  case 1       left descending, right climbing, case 2 
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Figure 17. Total loads for case 3                 Figure  18. Total loads for case 4 
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Sstrain and displacements 
The strein and the deplacements [1], [2] for each case taken into study is presented in 

figure 19, 20, 21, 22, 23, 24, 25 and 26. 
 
Conclusions 

There have been determined and localized the max values of strain and displacements 
from the tower structure, in order to establish the measuring points, in order to verify through 
experimental measurements the values obtained through numerical calculation. 

Following these results there have been obtained information necessary in order to 
improve the maintenance of the extracting installations and to improve the existing system of 
repair and supply for this type of installations. 
 

 
          

Figure 19. Strain, case 1         Figure 20. Displacements, case 1        Figure 21. Strain, case 2 
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 Figure 22. Displacements, case 2        Figure 23. Strain, case 3         Figure 24. Displacements, case 3 

 

                  
                   Figure 25. Strain, case 4                                Figure 26. Displacements, case 4 
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Abstract: In this work it was analyzed a welded construction of a rollers  which is part  of a conveyor belt  of 
a roll 84 inches.  The roler taken  under discussion is a roler that has an outer diameter of 89 mm and  length of 
504mm. The roller  is accomplished up of a cylinder wherein spindles the axis of rotation are fixed with the help 
of some  double disc by  welds corner.  Because it is known that the roller is requested by the concentrated force 
5 kN, keeping account the dimensions of the elements and the material from which they are executed were 
determined requests that confronts the  roler. 
 
Keyword: weld, machine parts, welded construction 

 
 
1. INTRODUCTION 
According to the literature, the design and technological design of welded structures 

occupy more than 75-80% of labor making for a device, machinery or a structure made by 
welding [1], [2] . 

The design activity and design of welded structures technological consists of several 
stages: determining the technical and economic conditions on the welded construction; 
establishing the conditions for stress and exploitation, choice of shape and size of each piece 
of construction, of  material quality elements, choice of welding process and quality class of 
weldment; final determination indications and transit Technology manufacturing of welded 
construction. 

For preparation of  manufacturing sequence of a welded construction it is necessary to 
respect the following steps: assembly drawing and welded parts drawings; manufacturing 
technology preparation and implementation of operations plans. 
 

2. STRESS DETERMINATION AND CHECKING CALCULATION OF  
WELDINGS OF A ROLLER 
In this paper we analyze welded construction of a conveyor roller. The roll is part of a 84 

inches rolling conveyor [3], [4]. The conveyor belt has two types of rolls : upper rolls and 
lower rolls. The upper roller is a subassembly consisting of a cylinder (shell) in which a shaft 
is mounted, and at  the ends are fixed  boxes, bearings, felt  rings and bearings caps. The 
lower roller is made of a cylinder (shell) in which the rotation axis spindles are secured by 
means of double disc with welds corner (figure 1). Also it is known that the rolling conveyor 
is  requested by the concentrated force of 5 KN.  

mailto:rpc10gj@gmail.com
mailto:cirtinaliviu@gmail.com
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To do the calculation and verification of welds is necessary to establish first the grade of 
material. Thus, for cylinder (mantle) roll it is chosen a brand S235JR EN125-2 steel.  

 
Fig.1. Rola transportorului cu bandă 

 
Because the  conveyor rollers working at temperatures of 10-15, will choose the grade of 

material like in the literature as follows: geometric form factor K = 1.4; functional importance 
factor S = 0.7 and loading factor B = 1. 

In this case, the hazard ratio will be: 
0,1 BSKG                                                          (1.1.) 

For the  roll shell will choose a S235JR EN125-2 steel , grade 2 of quality and for the 
drives ring  will choose a S235JR EN125-2 steel grade1 of quality. For determining the 
request, we will consider the sizes of elements in I-I and II-II   sections. 

In section III -III , it is considered  the general system of rollers like a simply leaning 
beam, static determined (fig.2). 

 

 
             Fig. 2. Forces and reactions from sections,,III-III ‟‟ 
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The reactions of A and B will be: 

kNTTTkN
F

T

kNARMkNARM

kNm
l

FMkN
F

BA

5,2
132

,5,2
21

15,0058,0306,0023,02

68,0
4

540,0
.5

4
15,2

2
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



           (1. 2) 

When the roll has accelerated motion on the rollers acts an additional torsional stress 
which  is: 

 kNm
t

M 028,0
max

          (1.3) 

Once calculated this, you can proceed to determine the sizes of the welds in sections ,,I-I‟‟ 
and ,,II-II‟‟. 

 
 

Fig.3. Forces and reactions from sections ,,I-I,, și  ,,II-II,, 
 

Because the roll axes are fixed in its shell through two welded with welding corner can 
consider that these claims are without bending. In this case, the forces in real plane are shown 
in figure 3 and determined by relations: 

kN
A

RTTsikNA
R

T 63,25,213,5,
2

,
3

13,5
38

785,2

38

78
,
2

  (1.4) 

For checking of sections ,,I-I” and ,,II-II‟‟ starts from the fact that both contain the same 
corner welds. In section ,,I-I‟‟ stress elements are: 

mmN
t

MsikNT  31028
2

13,5,
2             (1.5)      

It will do the calculations to verify the weld from A-A section which is connecting shaft 
to the annular disc. In this case it will be considered that the shear force is taken fully of 
welding. The tangential stress, in these circumstances, it will be determined using 
relations:
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The resultant tangential stress is given by: 

2/3,23

2
,
2

.
mmN

M
T

csr
       (1.7) 

Because we have a dynamic loading and fatigue is not a request, it follows that [5], [6]: 

   0R   and   2/60 mmN
acs

      (1.8) 

The safety factor is: 
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Further calculation will be checking calculation for weld section A-A , which connects 

the annular disc to roll shell, so :   mmN
t

MsikNT  31028
2

13,5,
2 . 

It is calculated: 
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The resultant tangential stress resultant is given by:  
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T
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      (1.11) 
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Because 2/60 mmN
acs

 , resulting safety factor: 

245,8
1,7

60 
a

c

cs

acs
c 


     (1.12) 

In this way are determined the welding sizes and  the requests size for cross-section of 
the roller. 
 

3. CONCLUSION 
 
After all these calculation resulting the welds sizes corresponding  to stresses to which 

the rolls are subjected for feeding tread band of the 84 inches rolling conveyor. 
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Abstract: In this paper is shown a model (together with mathematical modeling) for quantification 
the resistance of a wooden item, with and without composites reinforcement. As reinforcement will 
be used composite materials from carbon fiber (CFRP).Wooden items are from beach dry wood 
reinforced with special carbon fibers glued with epoxy resin so the obtained composite has a very 
good flexure and great stifness. 

 
Key words:composite materials, carbon fiber, epoxy resin, flexure, stiffening 

 
 
1.INTRODUCTION 
In Strength of Material we work with elements of resistance as beams, pillars, floor, masonry 
portal and is necessary to reinforce these elements when they present wear and fatigue 
phenomena [4]. Consolidation and reinforcement is done with items as sheets and plates of 
carbon fiber. We propose to use a section, from two materials, to make the beam. In the 
middle, where are low tensions  will have a low resistance material with E1 (wood), in the 
extreme (top-down) will have a material with greater resistance with E2 (carbon fiber) [8].The 
beam will be bending tested on a universal testing machine [3]. 
 
 
2. MATHEMATICAL MODELING   
The experimental test were done on two samples of un-reinforced beams, three samples of 
reinforced beams with one composite plate and one down slide of wood and three samples 
with two composite plates and two up and down slides of wood. We measured the load and 
the displacement of each beam. The un-reinforced beams crushed at a small loads and had 
also small displacements. The reinforced beams crushed at bigger loads and had also bigger 
displacements compare with the un-reinforced beams.  
 
 
 
 
 
 
 
 
 
 

Fig.1 Normal tension  for 
bending request in the inhomogeneous beam 

-m 
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We calculate the maximum axial tension at breaking request as:  
 

                                                
A

Fm
r  [MPa]                                (1) 

 
These parameters allow assessing the effectiveness of using the material, the largest of it 
indicating a better constructive solution. For the sample subjected to bending, located at the 
ends and middle driven with aforce which will increase to the maximum value Fm  producing 

break, we calculate the maximum   breaking tension [2]. Standard sample was a beam of 
dry beech, rectangular section, with approximate dimensions of 25x50 mm. Were used carbon 
fibers as a reinforcing material. 

                  lFM mm  25,0 [Nmm],    
6

2
00hb

Wt  [mm3 ],    
t

m
m W

M [MPa]                        (2) 

The  studied bending phenomenon studied give us conclusive results as studying 23 variants 
of reinforcement specimens subjected to bending test. 
 
3. EXPERIMENTAL RESULTS 
It is proposed to use a cheap and easily processed material that is a beam of dry beech. As a 
rigid material with good strength and relatively low cost we use a composite that can be a 
carbon fiber sheet and a carbon fiber plate. For the investigation leading to relevant results 
will be studied more constructive solutions. The results of the bending tests are shown in table 
number 1 from below. 
 
Table 1 Experimental calculated parameters 

Current 
issue 

Variant Sample 
F  

Force 
[daN] 

Sectional 
area 

Ao (mm2) 

Tension t (MPa) 
Comments 

1 a 1 0,2 1218 80 reference sample 
2  2 0,4 1218 135  
3 b 1 0,6 1180 198 one carbon plate 
4 c 1 0,8 1410 125  
5  2 1,0 1380 122  
6 d 1 1,2 1725 136  
7 e 1 1,4 1600 125 average t=133,3 MPa 
8  2 1,6 1600 140  
9  3 1,8 1675 148  

10 f 1 2,0 2610 102 average t=86,5 MPa; 
buckling 

11  2 2,2 2610 82  
12 g 1 2,4 2610 168  
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13 h 1 2,6 2400 156 reference sample 
14 i 1 2,8 20300 89 average t=94 MPa 
15  2 3,0 20300 112  

   16 j    1 3,2      18500      160 average t=139,4 MPa, 
one layer sheet 

   17  2 3,4      19200      140 one layer sheet 
   18  3 3,6      19000      147 one layer sheet 

19  4 3,8 19000 125 one layer sheet 
20  5 4,0 19000 159 two layers sheet 
21 k 1 4,2 26500 138 average t=120,6 MPa 
22  2 4,4 26500 140  
23  3 4,6 26500 122  

 
A wood beam, generally, can withstand a relatively small concentrated bending force because 
the maximum bending strength that can handle the material is also small [1]. If in the great 
strength area of the beam is added composite with greater strength than wood then the wood 
beam can withstand a bigger force because the maximum strength is bigger too [7]. The un-
reinforced beam has rectangular section 25 x 50 x 500mm (width x height x length) and is 
made from dry beech with 12% humidity factor. Experimental tests were performed at 20°C, 
on eight beech beams, some of them un-reinforced and other reinforced with CFRP composite 
plates. For this tests we use an universal hydraulic machine of 20 tons force, EDZ 20where 
beams are tested to bending with a punctuate force placed in the middle of the beams[5,6]. 
One type of reinforcement is a wood beam with rectangular section 2550500mm (width 
x height x length), down reinforced with one carbon fiber plate with rectangular section of 25 
x 1,2 x 500 mm (width x height x length), glued by the reference sample with epoxy resin. 
  

                                                                                    
Fig.2 Universal hydraulic machine of 20 tons force, EDZ 20, with a beam reinforced with CFRP 
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By the composite plate is glued, with the same epoxy resin, another slide of beech 

wood of  2510500mm (width x height x length).  
  Preparing the beams for bonding with epoxy resin consists of cleaning and polishing 
the contact surface with sandpaper. After that the resin is spread with a brush in a uniform 
layer over the entire contact surface of the beam. Allow the epoxy resin to dry for 23 hours 
then we can run the bending test. The results of the bending tests are shown in the graph  from 
below. 
 

 
Fig. 3 Maximum  t  variation in the samples  

 

Compression tests gave us the following results: sample reference: t=78 MPa, sample 
reinforced with one layer of sheet: t=139,4 MPa, sample reinforced with two layers of sheet: t=152 MPa,  sample reinforced with carbon fiber plate: t=200 MPa. 
 
CONCLUSIONS 
The greatest efficiency, in terms of rigidity, is obtained for c version followed by b version. 
Experiments have shown the viability of the method of increasing resistance of wood 
construction with composite materials. The solution is easy to implement and the costs are 
low. Use CFRP in composite reinforcement  is still modest, imposing itself further and deeper 
studies. 
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PRACTICAL STUDY ON THE CFRP REINFORCEMENT  
 

LecturerăPhD.ăCătălinaăIANĂŞI, “Constantin Brâncuşi” University of Tg-Jiu 
ianasi_c@yahoo.com  

 
Abstract: One of the defining goals of this paper is getting new resistant material which combine 
the qualities of basic materials that get into its composition but not to borrow from them their 
negative properties. In recent years, carbon fiber composites have been increasingly used in 
different ways in reinforcing structural elements. Specifically, the use of CFRP composite 
materials as reinforcement for wood beams under bending loads requires paying attention to 
several aspects of the problem which are presented in this paper. 

 
Keywords: wood beams, CFRP composites, epoxy resin, bending test. 

  
1. INTRODUCTION 
In this paper is described an experimental study which was designed to evaluate the effect of 
layers number of composite material on the stiffness of the wood beams [3]. The type of 
reinforcement used on the beams is the carbon fiber reinforced polymer (CFRP) sheet and an 
epoxy resin for bonding all the elements. Structural epoxy resins remain the primary choice of 
adhesive to form the bond to fiber-reinforced plastics [5,7,8,9] and are the generally accepted 
adhesives in bonded CFRP–wood connections. Advantages of using epoxy resin in 
comparison to common wood-laminating adhesives are their gap-filling qualities and the low 
clamping pressures that are required. 
Following the experimental tests we developed a numerical procedure, which can estimate the 
failure load of the wood beams reinforced with composite materials. The critical point of the 
numerical procedure consists in the selection of the most adequate characteristic values for 
wood limit stresses. This step was carried out using values found in other studies and from a 
comparison of the values obtained from the failure loads of the un-reinforced beams.  
 
2. EXPERIMENTAL STUDY 
The total number of wood specimens manufactured is 12, ten of them are reinforced and two 
are un-reinforced. The wood part of all beams was formed by beech dry wood which size is 
equal to 25 by 50 by 500 mm [3]. Three beams were reinforced using one carbon fiber sheet 
of thickness equal to 1.5 mm, width equal to 25 mm and the length is equal to 500 cm. The 
finished dimension of these beams is equal to 25 by 101.5 by 500 mm because they are two 
beams stick together with one carbon fiber sheet of SikaWrap 230C and Sikadur30 epoxy 
resin (fig.1). For carbon fiber sheet, once it is placed on the wood beam, with the epoxy resin, 
all what is required is to press the carbon fiber sheet with a simple roller and pull out the air 
[1,2,4,6]. In addition, the carbon fiber sheet has a very high tensile strength (with respect to its 
weight), it is available in any length, no joints are required, low thickness, easy to transport, 
laminate intersections are simple, economical application no heavy handling and installation 
equipment, available in various modules of elasticity, outstanding fatigue resistance, and it 
can be coated without preparation.  
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Moreover, the CFRP are compatible with wood with respect to its mechanical 
properties. The bending test results for a reinforced wood beam with one CFRP sheet are 
shown in table 1. 
 

 
Fig. 1 Tension failure of a reinforced wood beam with one CFRP sheet  

 
Table 1  Results for a reinforced wood beam with one CFRP sheet       

Force 
(daN) 

0,4 0,8 1,2 1,6 2,0 2,4 2,8 3,2 

Deflection 
f1 (mm) 

1 1,5 1,9 2,1 2,3 2,6 3 4 

f2 1,5 1,7 2,2 2,4 2,6 2,9 3,2 3,8 
f3 1,1 1,8 2,00 2,5 2,7 3,1 3,4 3,7 

 
Other four beams were reinforced using two carbon fiber sheets of thickness equal to 3 mm, 
width equal to 25 mm and the length is equal to 500 cm. The finished dimension of these 
beams is equal to 25 by 73 by 500 mm because they are two slides of wood up and down stick 
by the main wood beam, with two carbon fiber sheets and Sikadur 30 epoxy resin (fig.2). The 
bending test results for a reinforced wood beam with two CFRP sheets and two slides of wood 
are shown in table 2. 

      
Fig. 2 Tension failure of a reinforced wood beam with two CFRP sheets and two slides of wood  

(up and down) 
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Table 2      Results for a reinforced wood beam with two CFRP sheets           
Force (daN) 0,4 0,8 1,2 1,6 2,0 2,4 2,8 3,2 
Deflection 
f1 (mm) 

1 2,2 3,9 4,8 6,1 7,9 8,7 10,5 

f2 1,2 2,4 3,4 4,4 6,3 7,7 8,8 10,2 
f3 1,1 2,2 3,7 4,7 6,5 7,8 8,9 10,6 
f4 1 2,5 3,8 4,9 6,4 8,2 9,1 10,8 

The last three beams were reinforced using three carbon fiber sheets of thickness equal to 4.5 
mm, width equal to 25 mm and the length is equal to 500 cm. The finished dimension of these 
beams is equal to 25 by 114.5 by 500 mm because they are two beams stick together with 
three carbon fiber sheets and epoxy resin (fig. 3). The bending test results for a reinforced 
wood beam with three CFRP sheets are shown in table 3. 
 

          
Fig. 3 Tension failure of a reinforced wood beam with two CFRP sheets (in the middle of the beam) 

and one slide of wood 
 

Table 3    Results for a reinforced wood beam with three CFRP sheets       
Force (daN) 0,4 0,8 1,2 1,6 2,0 2,4 2,8 3,2 
Deflection 
f1 (mm) 

 

1,6 2,1 3,6 4,3 5,5 6,8 8,4 10,6 

f2 1,8 2,5 3,9 4,6 5,8 6,7 8,1 10,9 
f3 1,6 2,3 4,1 5,1 6,5 7,3 8,9 11,2 

 
The specimens tested were not subjected to lateral instability during loading. The total 

load on the beam was applied equally at one point equidistant from the reactions (the half 
length of the beam). 

We use the bending device of the universal machine for mechanical tests which has 
the distance between the rollers l = 460 mm. Standard samples was dry beech wood beam 
with a rectangular section of 25x50 x500 mm (bxhxl). 
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After we study those examples we observe that the reinforced wood beam with two 

CFRP sheet in the middle of the beam (fig.3) is the most resistant and has a good elasticity 
breaking into a 11,2 mm deflection. Also, we can say that the number of composite material 
layers influences the stiffness of the wood reinforced beams.  

 
CONCLUSIONS 

It is proposed to use an inexpensive and easily processed material that is wood. As a 
rigid material with good strength and relatively low cost, we use a composite. A several un-
reinforced and reinforced wood beams were tested in order to find their flexural capacity. The 
results indicate that the behavior of reinforced beams is totally different from that of un-
reinforced one. The reinforcement has changed the mode of failure from brittle to ductile and 
has increased the load-carrying capacity of the beams. 
Observations of the experimental load–displacement relationships show that vertical 
displacement increase for wood beams reinforced with CFRP composite plates, compared to 
those without CFRP plates, so we can say that the number of composite material layers 
influences the stiffness of the wood reinforced beams 
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